
• 

• 

• 

• 

THE NUMBER OF RESWITCHING 
FOR A 3-STAGE CONNECTING NETWORK 

Leonid A. Bassalygo, Inna I. Grushko, and Vladimir I. Neiman 

Institute of Information Transmission Problems, USSR Academy of Sciences 

Moscow, USSR 

ABSTRACT 

Discussed herein is a 3-stage network 

V(m,n,r) containing r switches with a capa

city of n x m in the first and third stages and 

m switches with a capacity of r x r in the 

second stage. Paull matrix is used to study 

the minimum number of reswitching ~(m,n,r) 

required for estaBlishing a new call in a most 

unfavourable case. An exact formula ~(2n-2, 

n,r) has been obtained. Estimates are given 

for 'f (m,n,r) with arbitrary values of struc

tural parameters m,n and r. 
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1. INTRODUCTION 

It is known (see for example (2] ) that non

blocking structures of simultaneous connect i on 

require fewer crosspoints than respective struc

tures of ordinary connection. Hence, simultaneous 

connection structures are expedient ~o be used 

in ordinary connection, employing special methods 

of control over call establishment which avoids 

blocking. Let us consider some such methods with 

special reference to a 3-stage two-sided network 

v(m,n,r) for which n~ 2, r~ 2, n~ m<2n - 1 

(Fig. 1). 

One of the control methods is based on simultane

ous connection, the list of all the necessary 

calls is given in advance and the task of the 

controlling device is simultaneous selection of 

paths for all the calls. This control method, 

as applied to ordinary connection, may be of 

interest only in the conditions of heavy traf

fic. Each new demand changes the list of calls 

to be established and a new selection of paths 

for call establishment is to be made. The control 

algorithm for this method was described in [1,6J. 

Another method is based on ordinary connection, 

a path is selected arbitrarily for each new call 

irrespective of other calls. In case of light 

traffic, a simultaneous connection structure 

ensures a lasting operation of the system in 

ordinary connection without blocking. If block

ing still comes into play, the task -of the cont

rolling device is to re-distribute the existing 

calls in order to unblock the paths for a new 

call. In (3,7J it was proved that the maximum 

number of reswitching ~(m,n,r) needed for es
tablishing any new call when m =n, is r-l. At the 

same time 'f (2n-l,n,r) = 0 [4] . 

However, the solution of the general problem of 

determining the maximum number of reswitching at 

arbitrary values of structural parameters m, n, 

and r encounters considerable difficulties. 

That is why obtaining individual results is of 



sufficient interest. In [5 ] for network 

v(2n-2, n,r) an algorithm was proposed for the 

establishment of calls using not more than 

c reswitchings, where 

c = max ([: ~ ~ J ' 1) 

where [xJ denotes the integral part of x. 

Hence, 

~ (2n - 2, n, r) ~ max ( [~],1)' 
n-1 

The present report proves that 

[ 

lOg2r;~=~) 

log2(n-1) 

+ 1 

'f(2n - 2,n,r) + 1. 

2. Paull matrix. 

To describe the states of connecting net

work VC2n-2,n,r), Paull matrix is used[7] 

rows of which correspond to the switches of the 

first stage, the columns correspond to the 

switches of the third stage, and matrix elements 

are represented by letter denotations of the 

occupied switches of the second stage. The 

matrix is denoted as P. The matrix element 

Pij may consist of several letters denoting 

~witches of the second stage, and each line 

(a row or a column) contains not more than n 

letters, all the letters in each line are 

different. 

Let us assume there is a demand to connect 

the input belonging to the first switch of 

the first stage with the output of the first 

switch of the third stage. This means that 

before the demand arrived the first row and the 

first column of Paull matrix contained not more 

than n-1 letters. Reswitching may be needed if 

and only if the first row and the first column 

contain n-1 letters each and all the letters 

are different. (Hence, element P1,1 is free). 

Considered herein are matrixes describing states 

of the network which require reswitching. Let 

a = {ai } (b = {bi }, respectively), i = 1,2, 

... , n-1, denote letters of the first row (the 

first column). 

Let a path be a sequence of elements satisfying 

the following conditions: 

1) The initial element is always represented by 

element Pl,l; 

2) Each element o f the path,differing from the 
initial one, is not empty, i.e. contains at 
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at least one letter; 

3) Any two adjacent elements belong to one line, • 

and there are no three adjacent elements belong-

ing to one line; 

4) Union of letters contained in two adjacent 

elements but the initial one, has a non-empty 

intersection with both the sets a and b; 

5) The final element is represented by an element 

for which the following conditions hold true for 

the first time: all the letters of this element 

belong to the set a(b) and there exists at least 

one letter in the set b(a) which doe~ not belong 

to the line containing this element and not con

taining the preceding one. 

Let path length be the number of non-empty elements 

of a given path. Let L(P) be the minimum path 

length of all the possible paths of the matrix. 

Substitution of a letter of any non-zero element 

of the Paull matrix is considered to be one res

witching (naturally, the resulting matrix is to 

be a Paull matrix, too). 

Let 
(" .) 'f;, ( 2 n - 2 , n , r ) = max 'f P 1. ~ ] (2 n - 2 , n , r ) 

(i, j ) 

where ~ P (i, j ) (2n-2 ,n ,r) is the minimum possib

le number of reswitching necessary for establish~ 

ing a new call between the ith switch of the 

• 

first stage and the jth switch of the third stage. 

Without restrictions, it may be considered that 

(i,j) =(1,1). Using this assumption the above 

definition of the path was given (though, formal

ly, L(l,l)(p) had to be written instead of L(P) ) . 

Theorem 1. ~p(2n-2,n,r) = L(P). 

In order to prove that 'fp(2n-2,n,r) ~ L(P), it 

should be noted that to establish a new call it 

is sufficient to reswitch the non-zero elements 

of the matrix which belong to any arbitrary path. 

Only one reswitching is enough for each element, 

since all but final elements of the path con-

• 
sist of one letter, and in the final element any 

letter may be substituted by a letter meeting con

dition 5) of path definition. 

On the other hand, in order to prove that 

~(2n-2 ,n,r)~L(P), it should b e noted that among 

elements being reswitched "one can always single 

out elements forming a p~th. Basing on the path 

definition, the algorithm for constructing such 
a path may be found. • 
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3. Determination of ~(2n-2,n,r) . 

The number of reswitching ~(2n-2,n,r) depends 

essentially on the size of structural parameter 

r. Let r(j) denote minimum r under which 

'F(2n-2,n,r) = j. Then Theorem 2 holds true. 

Theorem 2. r(j) =1 + (n-1) + (n-1)2 + ... 

+ (n-1)j-2 + (n-1)j-1 + (n-1)j-1 

where r(1) = 2. 

1 + (n-1) + (n-1)2+ •.. + (n-1)j-2+ 

+ (n-1)j-1. 

To prove Theorem 2, set of Paull matrixes of 

dimension Sj + (n-1)j-1 is considered, which 

are constructed in the following way. The 

first Sj rows and columns of the matrix form 

submatrix Mj defined as follows: 

1) There are zeros on the main diagonal of the 

matrix; 

2) The triangular matrix, which is right above 

the main diagonal, is such that the elements 

of its first row are represented by a 1 , a 2 , ... , 

a n - 1 and then zeros, and each next row is 

formed from the preceding one by a shift by 

n-1 elements, the rest elements of the 

triangular matrix are empty; 

3) The triangular matrix, which is right under 

the main diagonal, is a symmetric reflection 

of the upper triangular matrix in respect to 

the main diagonal and is obtained by sub

stituting each ai by b i . 

The last (n-1)j-1 columns (rows) and the last 

but ones (n-1)j-1 rows (columns) form square 

matrix T1 (12 ), each row (column) of which 

contains all the a i (b i ), i = 1,2, ... , n-1. 

The other elements of matrix P are zero. 

For example, Fig. 2 shows matrix P with 

n=3, j=5; arbitrary variants, selected among 

the many possible ones, are shown for matrixes 

T1 and T2 . It is easy to see that the path 

length of the matrix P under consideration 

is j and, hence, for the given matrix 

~p(2n-2,n,r) = j. 

Therefore, 
. -1 

r(j) ~ Sj + (n-1») . 

To prove the reverse inequality, it should be 

noted that any matrix of dimension 1 x 1 

for which 
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t.p(2n-2,n,r) = j, 

may lead by interchanging rows and columns to 

the form under which the first Sj rows and co

lumns form matrix M. and the last 1 - S. columns 
] . 1 ] 

(rows) and the last but ones (n-1»)- rows (co-

lumns) form matrix T1 (T 2 ), and each row (column) 

contains all the ai(bi ), i=1,2, , n-1. 

Hence, basing on the properties of Paull matrix 
. 1 

l-Sj~(n-1)J- . 

Therefore 
r(j) ~ Sj + (n-1)j-1, 

which was to be proved. 

It is obvious from Theorem 2 that 

f(2n-2,n,r) = [log2 r(~~~~ + 1 ] + 1 

log2(n-l) 

When n is fixed, function f(2n-2,n,r), as a 

function of r, is a non-decreasing step function. 

Fig. 3 presents a graph of function ~(4,3,r). 

4. Estimates forf(m,n,r). 

For arbitrary n~m,,2n-2 the method of proofs 

presented in §§ 2 and 3 allow to obtain the 

following estimates: 

]+1 

+ 1 

From the latter formula it follows that, for 

instance, when n is multiple of three 
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