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ABSTRACT 

Two main structures of one-sided connecting 
~stems are considered: Clos truncated and 

multistage "folded" networks. Estimates of the 
number of crosspoints in one-sided s,ystems are 
given for various structures and operating con
ditions. As regards the number of crosspoints, 
a Clos truncated network is preferable to be 
used in ord.ina.ry connection, while in simul
taneous connection a multistage "folded" net
work is preferred. 
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§ 1. mmODUCTION 

When considering the structures of functional 
un! ts of telephone exchanges and other co:cnect
ins centres, two-sided connecting systems are 
usuallJ siDgled out in which the temina.ls are 
divided into inputs and outputs. Nevertheless, 
in considering a connecting centre as a whole, 
one has to deal with a one-sided ~stem in 

which. all the teminals are equivalent and 8IJ:Y

one of them ~ be connected w1 th a.n:J other. 
The simplest one-sided structure is represented 
by a triangular switch (Fig. 1) requiring for 
a connection N lines in 8II3' pairs of cross
points: 

T(N, 1) = (~) = N(N
2 

- 1) • (1) 

Calls may arrive in connecting centres in dif
ferent wtqs. Let us consider two main types of 
operating conditions: ordinary connection, in 
which calls are formed and finished at random, 
and simultaneous connection, when all the calls 
arrive and are served simultaneously. The net
work in Fig. 1 is ful~ available and non
blocking irrespective of the order in which 
calls arrive. 

The one-stage network in fig. 1 is effective 
only if the number of terminals is small. Simp
le calculations show that when N> 21 multi
stage networks are more e:rrective with respect 
to the number of crosspoints. Nevertheless, 
unlike the OIlS-stage network shown in Fig. 1, a 
mul tistage structure essentially depends on 
the type of cozmection. The present report con
siders two main structures of one-sided ~stems 
in different conditions. 

§ 2. MULTI STAGE ONE-SIDED CONNECTING NETWORKS 

Multistage one-sided connecting networks may be 
constructed by transforming two-sided networks. 
Fig. 2 shows a well-known three-stage two-sided 
network first studied by' O.Olos [5 J. This net
work is fully available and non-blocking ill 
ord.ina.ry connection, if m~2n - 1. If m~n, 
this network is ful~ available and non-block
ing in simultaneous conaection [3]. Let us 
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consider two methods of transforming the net
work shown in Fig. 2 into a one-sided network. 

The first method consists in cutting the net
work along the vertical a.x:l.s of· symmetJ::y and 
substituting the cut switches by triallgUlar 
switches (Fig. 3). Such a construction was des
cribed by C. Clos [5] and is, therefore, cal
led the Clos ' truncated network. 

N 

The second method consists in "folded" connec
tion of inputs of the network shown in Fig. 2 

with respective outputs (Fig. 4). This method 
was de s cri bed in. [4 ] and [9] wi th ref erence 
to the patent [10] • It is obvious that these 
transformation methods may be applied to a 
s-stage network, and the result will be either 

Fig. 4 
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Fig. 2 

a t = (s ~ 1) Clos truncated network or s-s tage 

"folded" network. Figs 5 and 6 show a three
stage Clo s truncated network and five-stage 
"folded" network, respectively. The basic rela
tions for crosspoints of both one-sided net
works in the ordinary and simultaneous connec
tions are presented below. 

N 

Fig. 5 

§ 3. ORDINARY CONNECTION: CLOS TRUNCATED 
NETWORK 

A two-stage truncated C1.os network is fully 
available and non-blocking in ordinary connec
tion when m ~ 2n - 1 [ 5 ] • Two l:i.nes belong
ing to one and the same switch of the first 
stage are linked through two C1:'O sspoints inside 

this switch without occupying a triangular 
switch (only a line connecting the switch of 
the first stage with a triangular switch is 
occupied). The number of crosspoints in a two
stage Clos truncated network (Fig. 3) 1s 

Te(N, 2) = N(2n - 1)(1 - 1- + ~). 
2n 2n 

(2) 
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By comparing (1) and (2) we find, the condition 
in Which a two-stage network re~res fewer 
crosspoints than a one-stage network: 

N~-..!L-- (4n2 - 3n + 1) • 
(n_1)2 

Basing on this condition, Nmin may be calcula

ted, under which the number of crosspoints in 

a one-stage network is not less than that in a 
two-stage network of the same capacity. For 

example, if n = 2, Nmin = 22; if n = 3, 
Nmin = 21; if n = 4, Nmin = 24; if n = 5, 

Nuiin = 27, etc. 

To find the optimum value of parameter n at a 
given N, let us differentiateX)(2). The condi
tion of the minimum of function Tc(N, 2) will 

be given b.1: 3 
4n - p.(2N + 1) + 2N = O. 

If N is sufficiently great this equation ma;y be 

written as 
N~2n2. (3) 

Let us consider how the stages can be built up 
i terationally, when N is increased. 

When constructing according to Olos, a tnangu
lar switch is repeatedly decomposed into a two
stage network, the parameter is the same for 
all the stages and is equal to N 1 It. ~e number 

xJ From -~~~ the functions have a p!vsical 
sense only if the argument is an 1nteg~r, but 
to simplify the analysis we shall conS1der 
them continuous. 

Fig.6 
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of crosspoints in a three-stage Clos truncated 
network (Fig. 5) (when n1 .= ~) is given by 

Te(N, 3) = N(2n - 1) [1+ ~-1 + ~1(i -1~ 
(4) 

It1 comparing (2) and (4) it is not difficult to 
write a recurrent rormula for the number of 
crosspoints when the stages are built up and 

the network capacit,y is increased n times. 
Denoting the number of crosspoints in a i-stage 
network as Tc(N,i), we have 

Tc(N,i) = (2n-1) [N + Tc (~, t-1) J . 
Basing on the above recurrent formula, the num
ber of crosspoints in at-stage Olos truncated 
network will be Tc(N,t) = N(2n-1) + 

+ N(2n-1) ~ + ••• + N(2n_1)(~)t-2 + 
n n 

+ (~j). H(.lL. - 1 ). 
n 2 nt-1 

M'ter summing up the G.P. terms and simplifica
tion, we get 

T (N,t) = n(2n-1).[C2n_1)t-2(5n2-4n+1) _ 2nt ], 
c 2(n-1) 

where n = N1/t. 

After further transforms [2 J, ( 5 ) may be 

expressed as 

T (N t) = N.n(2- 1) t-2(5 _ ~=- 6n+1 )-
c ' n 2n (n-1) 

(5) 

1 ) ~.2. 1+1. t 1+ 1 
- N-n(2+ n::r :t::: 4 N :c 2 -2N :c. (6) 



NOw let us test the main term at (6) for the 
m1 n1 Imlm. Since N = 2log~ ' , 

To(N,t) ~ i N·2t +t log~ • In order to find 

the m1n1l!Dlm at this e:x;pression, let us deter
mine the condition under which the e:x;ponent 
t + t log;! is m:1n1nial. It is clear that the 

m1ninn,m exlsts at t = V logt! • Substltut1Dg 
this value in (6), we find the number at 

crosspoints in a Olos truncated netwCXt'k with 
similar switches 

The eJr;Perience in des:ign1ng two-sided networks 
[9] shows that optimal structure s can be obtai
ned in different stages if switches at d1f:fe -
rent size are used. To investigate this prob -
lem, let us write an equation for the number 
of crosspo1nts shOWll in Fig.5 when structural 
parameters no, and ~ have different values 

[ 

~-1 ~-1 N ] 
T~ (N ,) = N(~-1) 1+ ~ + no, ~ (n.,~ -1j 

(B) 

81m1l.arJ.;r, an e:JPression for a t-stage net -
.ark lII&J" be written. In the general farm the 
e:JPression for crosspoints in such a network 
will be represented by function at t - 1 

parameters ~, ~, ••• , D-t-1 

T: (N,t) = N(~-1) + ~ (~-1)(~-1) + 

N 
+ ~ ~ (~-1)(~-1)(~-1) + ••• + 

+ N _ (~-1) ••• 
n.,~ ••• D-t-2 

• (~_1-1) + N ( _____ N ___ - 1). 

2D-,~ ••• D-t-1 n1~·· ·D-t-1 

• (~-1) ••• (2nt;_1-1) • 

To determine the optimal values of parameters 
and &S31Jlpt otic value at the number of cross -
pOints, let us simplify the latter eJq>r&ssion, 

irar1ng the units 

To(N,t) ~N·2n1+ N·4~+ N.BD:3+ ••• + 

t-1 N2 • 2t -2 
+ N·2 • n... + = 

----g-1 n1~··· D-t-1 

2t -2 • N2 

~.~ + ---n.,~~-. -. ·-D-t---1 
(9) 

By di:fferentiatiDg with respect to ll:i. and then 
equating it to zero we get 
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~Tt (N t) 
c ' 

'()Il..t 
hence 

t-2-i 
2 • N ll.j= 

~~ ••• ll.t-1 
t-2-i-1 

2 • N 
D.t+1= ~~ ••• D-t-1 

(10) 

The result may also be forrmtlated as follows : 
in an optimal connecting network the number at 
crosspoints in all the stages must be the same. 
Since the network under oonsideration is ex -
pa.n.ded with a coefficient approxLmateJ.;r equal 
to 2, the value at the structural parameter is 
decreased also 2 times. Basing on (10) we get 
the following e:x;pression far crosspoints in a 
t-stage Olos truncated network t-1 

r 2t-2·N • n 21- 1 

T;(N,t) = N l~(t-1) + i=~_ 

[ 
N (t-2~(t+1)1 = N ~(t-1) + n.,t-1·2 J.(11) 

Now l.et us determine the optimal value at pa -
ra.meter Il..t. By differentiating (11) 

(t-2~(t+1) 

~T~(N, t) N2(t-1) ·2 
an:i = 2N( t-1) - t =0, 

Il1 
we get (t-2~(t+1) 

~ = ~. 2 
(12) 

1 t 1 2 
n., = Nf • 2 ~ - ~ - f • 

Substituting (12) in (11) we get 

• 

, [ 1 ~-~-t t 
Tc(N,t) = N- 2(t-1).Nf • 2 + N • • 

t + 1 2] 2' ~-i' 

• 2 = 

Since the mininnlm number of crosspoints is 
obtained at t Ar~ , we have 

r \j21GgzW \ r::--:: 
Tc(N) ~ 2N·2 ·v1ogii • (13) 

The iter~tion constructian according to Khar -

kevich [6 ] is based an eJq>ansion at the initi
a~ triangular network into a two-stage n.etwark 
and further expansion (Fig.?) af switches 

• 
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of the first stage into a three-stage network 
(Fig. 2), and triangular switches into a two
stage network (Fig. 3). Both eJq>ansions are per
formed observing the optimal relation (3). A 

five-stage network thus obtained mJ!J3' be further 
transformed. Each switch of the first four sta
ges mJ!J3' be expanded into a three-stage network, 
and triangular sw! tches of the fifth stage into 
two-stage networks, and so on. 

Let us find an upper bound to the number of 
crosspoints for the above construction. 

For this purpose we need the number of cross
points in a similarlY constructed two-sided 
network. Let T(N,M) be the , optimal number of 
crosspoints in BrI3 two-sided network with N 
inputs and M outputs. Then 

T(N,2N) ~ f. T(n.2n)+2n.T(~, ~)+~.T(n'2n). 
(14) 

This means that if we can construct (n, 2n) and 

(N 2N N 2N n' n-) networks with T(n,2n) and T(ii' n-) 

crosspoints, then we can construct a eN, 2N) 
network with the number of crosspoints satisfY
ing (14). For simplicity's sake let us assume 
n = Vi. Equation (14) holds true for a.IJY n, 

and the best ~ptotic value is obtained at 
n = c.fi, where c denotes some constant, which 
for the sake of simplicity we assumed it to be 
equal to 1. Then 

245/5 

T(N,2N) ~ 5 fi·T (VN,2 vm. (15) 

Using this reiurrent formula, we get 

T(ltt2N)~ 5t.~ + ••• + ~ t. N~t .;at = 
l.o~ 

- 2N 2t.log25 + -----. _. 2t 

Minimizing the right term with respect to 
t (t ~ log2log~) we find 

T(N ,2N) .; 4N·5loS2log~ = 4N(log~ log25 (16) 

Let now T(N) be the number of crosspoints in 
8I1Y one-sided network with N inputs. Then 

T(N) ~ !. T(n. 2n) + 2nT(~) • (17) 

This means that if we can construct a two-sided 
6l.2n) 'network and a one-sided (~) network with 

T(n.2n) and T(!) croS8points respectivelY, then 
we can construct a one-sided network with T(N) 
crosspoints satisfying (17). As (17) holds true 
for ~ n, then assuming that n = ~, we get 

T(N)~ 2T(~ , .. N) + 2N • 

Using (16) for T(~,N), we have 

" N 10g25 
TC(N) < 4 N(log2 '2) + 2N • (18) 

Now a few words on the ~thesis of connecting 
networks within the capacity range of practical 
interest (approximately up to 104_105)~, 



Table 1 
IIaiI). characteristics of some Olos truncated connecting networks ( ordinar,y connecting) 

-- - ------~- ..... -------
Olos method Kharkevich method • N lPirst groups Second groups t ~ ~ ~ T T 

t • --1LL!! ___ 
--~-- I nxm ----(~ - ----~ ~----- .-

1 2 3 4 5 6 _- .. 2.. --~---
__ ..2- 10 11 12 -- -

32 2 4 - - 420 
64 2 5 - - ~62 

128 2 ~ - - 3,720 

256 3 8 4 - 10,140 

512 3 9 5 - 26,780 
,024 3 11 6 - 69,629 5 18~5~55) &57( 34S /18x35 1 =617(n=3) ~ 5l>f=.1065(n:5) 72,303 

& 17JG4 2 55(1 117JG4t =584(n:3) I( ~*= 99O(n:5) 

1 

,048 3 16 8 - 178,808 5 23x45~68~ 90(44S 1231451 =923~%1:13~ l(r~=2145(n:6) 178,012 
4 12 6 3 179.259 & 22144 22 & 68(1 122%441 =885 n:3 

2 

~~8*=1398(n:5) 

,096 4 16 8 4 441,316 5 36x?1~106) 114(70S 136x?11 =1871 ~n:4< ~1~4*=3150(n=7) 436,245 
& 35%70 8) & 106(1 135x?OI =1824 %1:141 

~1~=2827(;D .. 7) 

4 • 
,192 4 16 8 41,o~52 5 52%103~134) 158(102) t 52X103l-3369(n:5) ~ 1 r~5169(n=8) 1,062,321 

& 51%102 24) • 134(1) I Si"i021=33tB(n=5) 
~ 1 ~4*=4005(n:8) 

8 

384 4 21 11 6 2,620,983 6 64X127(256) 256(127) 164X12~4629(n=6) ~2r~=10140 2,472,804 

_..1 ___ ~I. ______________ -__ _ ______ -" _____________ .J.!!L11ne 4 L __ '--_____ 

Within this range calculations should be based 
not on asymptot1c expressions but on computed 
formulae (2, 3. 8, 12), by checking several 
adjacent values. Tb determine the optimal net
work within 21 <N~160. 1t is sufficient to 
determine n by (3). take 1 ts (n] and check up 
parameters en] + 1, en] and [n] -1 by substi
tuting them in (2). Within 172~N~1716 
a five-stage network with parameters determin
ed b,y (12) is most preferable. 

If N is further increased, Kbarkevich'S fi ve
stage network is always better than Olos I s 
four-stage network. Let us detell'lDine the opti
~ parameter for such a five-stage network. 
Bquation (2) 1I1EO" be written as 

T(lf,2) = !.n(2n-1) + (2n-1l(N'~. (19) 
n 

It shows that, owing to the in! t1al expansion, 
switches with a capacity' of n x (2n-1) appear 
in the first stage and triangular switches w1 th 
! inputs appear in the second stage. 

If the above switches are expanded further by 

optimal networks, the following eJq;>ressions 
may be used 

for the first stage 

In x (2n-1)1 = 2(3n-1)(2 \ r~~ll - 1); V 3n-1 
(20) 
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for the second stage 

I (N~n)1 = 'LL (!!! _ 6 Vi + 1). 
V2n n V2i 

(21) 

Here I AxB I d.enotes the number of crosspointe 
in an optimal three-stage network with J. inputs 
and B outputs, andl( ~)I is the number of C1'OSS

points in an optimal two-stage one-sided net-
work w.l. th J. inputs. The minilllWll of (19) in the 
conditions of (20) - (21) is attained at 

. n~~ • (22~ 
Thus, the initial eJ;>ans1on of a f1 ve-stage 
network constructed according to Kharkevich 1s 
to be made at a structural parameter detellllined 
by (22), and is to be verified through checking. 

This section is concluded w1 th a table1 o~ the 
main characteristics of some opt1mal connect
ing networks. 

I 4. ORDINARY OONNEOTION: "FOLDED" NETWOBK 

A "folded" network (Fig. 4 and 6) differes :troll 
a Clos. truncated network b,y the fact that in 

the former a call mq be establisbed in two 
ways: 1) the calling line is first connected 
through the network w1 th a respective output 
from a sw1. tch of the last stage and then 
through loops goes to the called line; and 2) 
the cal~ l~e goes through a loop to the • 



• 
output of the last stage and then is connected 
through the network with the input to which the 
called line belongs. Let us dwell upon a three
stage "folded" network (Fig. 4) where N=n·r. 

Theorem 1. For a three-stage "folded" network 
to be ful~ available and non-blocking in ordi
nar,y connection, it is necessary and sufficient 

that m = n. 

It is obvious that the above condition is neces
sary: when m < n it is easy to find an example 
when a needed call is blocked. 

Let us show that if m>n 81J:Y call may be made. 
Let 8X13 two inputs belonging to sw! tches i1 and 
i2 be connected. k j is the number of calls of 

type 1) and Ij is the number of c.alls of type 
2) in switch j(j = it' i 2). It is evident that 
k j + Ij -s:n-1. The needed connection mBJ be es
tablished in two ways: 

• (a) connection at type 1) is established in 
switch ~; and conneotion of type 2) in switch 
~t (b) oonnection at type 2) is established 
in switch ~ and conneotion of type 1) in 
switoh i 2 • 

• 

• 

Way (a) is possible when 
m > ~ + 12 (23) 

and way (b) is possible when 
, m>~ + 11 • (24) 

Both assumptions result from the properties of 
Olos network. According to (23) aDd (24), one of 
the ways is possible if 

m+m>~+~+~+~. 

But since 

k,+~+~+11 = k1+11+~+12 ~ 2n-2, 

the call may be served by one of the ways, if 
2m>2n - 2, 

i.e. it is enough to have m = n, Q.E.D. 

The number of crosspoints in Fig. 4 is 
N 

TF (N,3) = N(2n + n)· (25) 

Oomparison of (2) with (25) shows that at 8II3 

values of N 
Tc(N ,2)< TF(N ,3). 

In constructing a five-stage "folded" network 
accordiDg to Theorem 1 square sw! tches IIlB;y be 
used in side stageS, while three midd.1e stages, 
used instead of fully available non-blocking 
switches of the second stage in Fig. 4, must 
be constructea in agreement with a 010s two
sided network, with m = ~-1. The number of 
crosspoints in this network is 
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TF(N,5)=2N[~+(~-1)J + --!~ (~-1). 
~~ 

Oomparison of (8) and (26) shows that 
T~(N,3)< TF(N,5) 

(26) 

A s-stage "folded" network is constructed si
milarly; in its first and last stages square 
switches are used and the rest s-2 stages form 
a Olos two-sided network. The latter may con
tain, in all but central stages, the same swit
ches with a capacity of n x (2n-1) or, in each 
pair of symmetrical stages, switches of diffe-

rent capacities, determined by ~ structural 
parameters. If we want to get the asymptotic 
value of the number of cro~spoints in such net
works in the way the values for (7) and (13) 
were obtained, there will be no saving in the 
number of crosspoints in a Olos truncated net
work: the values will be the same as in (7) and 
(13). But, nevertheless, 

Tc(N, t) < Tpa(N ,2t-1) • 
Indeed, a Olos truncated network always contains 
in the first stage r = ! switches with a capaci-

n 
ty of n x (2n-1), and then 2n-1 identical addi-
t ional one-stage or multistage groups, each be

ing a one-sided (truncated) Olos network and 
haviIlg r inputs. A similar "folded" network 
contains in the first and last stages r = ~ 
switches with a capacity of n x n each, and, 
between these stages, n similar additional 
groups, each beiDg a Olos two-sided network and 
having r inputs and output s. Let us assume that 
the additional group in the first case contains 
A crosspoints, then the additional group in the 
second case contains not less than 2A cross
points., The number of crosspoints in a Olos 
truncated network is 

Tc=n.r(2n-1)+A(2n-1) = 2n2r+2nA-nr-A, (27) 

and in a "folded" network it is 

Tll~ 2n2r + 2nA. (28) 
Oomparison of (27) and (28) shows that the 
saving of crosspoints in a Olos truncated net
work, as compared to a similar "folded" network, 
is not less than 

N+A (29) 

crosspoints, where A is determined by a concrete 
structure of network. In more accurate calcula
tions, (29) must be corrected for the number of 
crosspoints situated on large diagonals of trian
gular sw! tches of the last stage of a 010s trml.
cated network. Tbus,'%rd1na.r.Y connection a Olos 
truncated network alw~s requires less cross
points than a similar "folded" network. 



§ 5. SIMULTANEOUS CONNECTION 

The main theorems on the structures of fully 
available non-blocking networks of simultaneous 
connection are formulated and proved in [1 ] • 
Two theorems with brief e~lanations are pre
sented here. 

Theorem 2. For a two-stage Clos truncated net
work to be full\Y available and non-blocking, it 
is necessar,y and sufficient that the second 
stage have ~n x) triangular switches. 

The assumption is that a two-stage one-sided 
Clos truncated network of simultaneous connec
tion requires in the second stage )/2 times more 
switches than a similar thi-ee-stage (two-sided) 
network. Evidently, we mean a network which 
ensures connection of ~ given set, though 
there are sets which require in the second 
stage less than 2n switches. (For instance, if 

2 
any pair of inputs to be connected belongs to 
one and the same switch of the first stage, no 
switches are required by the second stage). 

Nevertheless, there are sets which require ~ n 
.wit.he. in the .econd stage. For example, let 
us consider switches A, B and C of the first 
stage (fig. 8 ). 

x) If n is odd, the fractional part of 
the number is discarded. 

A 

B 

c 

JJ 

Fig.8 

a 

c 

d 

e 
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If iriputs 1 and 2 are connected with input s 5 
and 6, respectively, through switches a and b 

of t~ second stage, and inputs) and 4 with in. 
puts 9 and 10 through switches c and d of the 
second stage, then to connect inputs 7 and 8 

with inputs 11 and 12, respectively, switches 
a, b, c and d cannot be used and new switches 
e and f are required. 

According to Theorem 2, in the case of itera
tion construction of a multistage Clos truncated 
network in simultaneous connection each stage is 
to be widened )/2 times (in the case of ordina-

t · Ww 2n-1 i ) . r3' connec ~on, 0.1.1 ~ t mes • Tald.ng this ~nto 

account, formulae for the number of crosspoints 
in different structures of a multistage Clos 
truncated network in simultaneous connection 
may be written. For constructing at-stage Clos 
truncated network using identical switches with 
a capacity of n x 1.5n in all the stages, si-
milar to (5), the following formula is obtained . 

T~s)(Ntt) = ~ [3N1/ t (7.)t_2t) - )t-1J ()O) 

where index (s) denotes simultaneous connection. 
Transforming and minimizing ()O), ~that 
the optimal number of stages is t lOS 1. 

. og2)-

Hence, the number of crosspoints in a Clos trun
cated network 1Ii th identical sntches in simul
taneous connection is 

1.5(Vlog-N+1) O.75Vlog2N-1 •2 
T(s)(N)~~.2 c· -N.2 
c ) ()1) 

A mo~ economical Clos truncated network is ob
tained if in different stages different swit -
ches are used. In this case, as in (9), the 
formula for the number of crosspoints takes 
the form 

t-1 

= N'.L" 
i=1 

( N -f) 
~~ • • • ~-1 • 

(32) 

TestiDg this formula for the optimum, we find 
that structural parameters must be related by 

equation 

1 2 i-1 
n i = 2 ~+1 = ( Y ) n., ())) 

and the number of crosspoints in at-stage 0108 
truncated network with different switches in 
all the stages in simultaneous connection is 

( )' 1.53 Vlog-;JJ 5r.T 0.765VlOg-;JJ 
Tc S (N) ~ 2N·2 - ~,·2 • (34) 

• 

• 
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• 

• 

As 'in the case wil.th ordinary connection discus
sed in § 3,expression (34) is not the optimal 
solution, since if N is suf'ficient~ large it 
is better to app~ Kharkevich iteration f orlIDlla. 
A respecti~ estimation may be obtained in the 
same way (18). However, we shall not discuss 
this case because, as will be shown later, in 
the conditions of simultaneous connection , 
ufolded" networks in which the number of cross
points approaches the theoretical minimum, are 

preferable. The rest of § 5 deals with such 
networks. 

Theorem 3. For a three-stage "folded" network 
\Vi th N=Dr inputs and outputs to be full;r awai
lable and non-blocking in the conditions of si
multaneoc.s connection, it is necessar;y and~uf
ficient that the second stage contain ~ 
square switches. 

IntuitivelJ, this result ~ be eJrl)lained by 

the fact that b.al£ of the lines in the switch 
of the first stage may be transferred through 
loops to the output of a respective switch of 

the third stage in such a way that these lines 
coald participate equallJ in connections at both 
types described in § 4. The proof of Thearem 3 
and the procedure of simultaneous connection 
are described in [ 1 ] • Thearem 3 implies that a 
one-sided s-stage "folded" network with N in -
puts is fully available and non-blocking in si
multaneous connection if it coincides with a s
stage two-sided network for connecting ~ inputs 
with ~ outputs, with the first and the last 
stages having square swi tche s with a capacity 
of nm being substituted by switches with a ca
paciv,y of ~. Hence,estimation of structures 
of one-sided "folded" networks in siImlltaneous 
connection is reduced to estimation of structu
re s of two-sided networks [3, 7, 8]. 
The number of crosspoints of a two-sided net -
work,if it is made of switches with a capacity 
of 2~, is given by 

(s) 
TF (U) = 2N 10g2N - N. (35) 

Far the sake of comparison let us calculate the 
theoretical m1n1llDlm of the number aB crosspoints 
that can ensure siImlltaneous connection of N li
nes. The number of possible pair combinations 
of N elements is 

NI 
<,) ! 2 N/2 

where the numerator is the number of methods 
for ordering N lines,the multip11e~ (N/2)! cor
responds to the number of transpositions in the 

x) If n is odd, the result is rounded • 

245/9 

N/2 
order of pairs, and 2 is the number of. line 
inversions in pairs. Using ths binary logarithm 
of the value obtained and stirling fCXL'mula, we 
get N I 

10g2( N N/2 )~ ~ N ·log2N • 
('2) I 2 

Since an;y new network state may be obtained 
through reversing the term:mals of at least one 
line, which re quire s a reversing switch, or two 
crosspoints, eJq>ression (35) gives the tb.eore -
tical minimum. 
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