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ABSTRACT 

Two models are described which explain the de
mand for main telephone connections, in partic
ular residence connections, by the effects of 
economic, demographic and other external in
fluences. In both cases special significance 
is given to the distribution (stratification) 
of the incomes of private households and their 
change in the course of time. In the case of 
the simplified "discontinuous model" an income 
threshold which is equal for all households is 
assumed for the demand for telephones. The more 
realistic "continuous model" takes the empiri
cally observed continuous connection between 
the household income and the telephone penetra
tion rate of the households into account. The 
relations between input and output variables 
are formulated mathematically for both models. 
Basically, they are suitable for both short
term and long-term forecasting. As regards the 
Federal Republic of Germany the presumable 
changes in the input variables during the next 
two decades and the resulting forecasts of the 
demand for main telephone connections (absolute 
and per 100 population) are shown. 

524/1 

1. ORIENTATION 

Basically, two types of models are used to 
forecast the demand for te l ephones: 

a) Models of pure dependence on time (growth or 
trend functions) 

b) Causal or analytical models. 

With these an attempt is made to take 
economic, sociological, demographic and other 
input variables explicitly into account and 
to formulate mathematically their effects on 
the output variables of telephony. 

The models referred to under b) above, which 
have so far become known, mostly have the form 
of linear equations to which the methods of 
multiple regression analysis are applied. In 
this way the evaluation becomes unproblematical, 
but the linear relations are not justified by 
facts. 

A report is made on two new causal models, based 
on ascertained causal dependences, which lead 
to non-linear model equations. 

2. DEFINITIONS AND BASIC RELATIONS 

2.1 Aids of the theory of probability 

~(x) (probability) density of x 
~x) (probabilit~ distribution of x 

x 

9(X) : J Cf(~) cL} 
-00 

expected value or arithmetic 
mean of x 
median of x 

standard deviation 

~ variation coefficient 

'fn (u) density of the standardized 
normal distribution u2 

I ---r 
<f n ( u ) = ,r;;;;;- e ,2'" 

(1) 

(2) 

<pn(u) standardized normal distribution 
1.1. 

9n (u) = J ~n(v)dV 
-Q) 

If z is defined 

z = s.logex (5) 

(s = const) and z is normall~ di~tributed, x is 
designated as log-normally dlstrlbuted. If a 



logarithmic scale is used' for x in the graph, 
the form of an ordinary normal distribution is 
obtained for ~(x) (Fig. 1). 
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Fig. 1 Log-normal distribution 

Contrary to the normal distribution, there is 
no equivalence between i and xm in the log-
normal distribution. The following applies 
rather: 

The ratio 

x • m 

Q(X) = 

(6) 

(7) 

is defined as the standard ratio of the log
normally distributed variable x (cp. Fig. 1). 

Thus: 
6 = s,log XL - s·log x = s,log Q(x) z e _ e m e (8) 

_ ~[lOgeQ(X)J 2 [ ~ 1 log Q(x) 
x = xm·e = xm Q(xj~ e (9) 

If Q(x) ~ 1.3 the following applies 
approximately (error< 0.3 %0): 

l[ 1 l x6+ x 6 
x = xm'~ Q(x) + mxTJ= 2 - (10) 

The characteristic values x_26' x_6,x6 and x 26 
can also serve to determine the probability 
distributions of input and output variables, 
even if they are not log-normally distributed. 
x6 is then for instance defined by 

(11) 

2.2 Demographic and economic variables 

Ne number of population 

Nh number of households 

Np average number of persons of a household 

(12) 

v real gross national product 
(at prices of a reference year) 
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growth f actor of the real gross 
national product per capita 
(in the reference year 0: ~o= 1) 

v Vo v Neo • 1J ='-:r-=--v'r-
e eo 0 e 

(13) 

1r total disposable (annuaD income of the 
private households in rel ation to the gross 
national product 

E disposable monthly income of a single 
household (household income) 

E average household income 

1 v.-8- 1 
I2·-N- = I2. 

h 

Relative to the year 0: 

-E V· N .~. N eo p 

(14) 

(15) 

(16) 

In the Federal Republic of Germany the incomes 
of the private households, both in their entire
ty and in the individual social groups (em
ployees and civil servants, workers, self
employed, persons not gainfully employed), are 
approximately log-normally distributed. This 
law of distribution presumably applies also to 
other countries, at least as far as the more 
homogeneous groups are concerned. 

A log-normal distribution of the household in
comes is definitely determined by the parameters 
E or Em on the one hand and by Q(E) on the other 
hand. 

According to (9) and (16): 

• 

2.3 Terms of telephony • Number of main telephone connections 

The unfilled applications are included 
here and in the following, i. e. the 
demand is considered. 

Number of residence main connections 
(including those which are used for both 
private and business purposes) 

Business main connections (exclusively for 
occupational purposes) and other main con
nections (e. g. public telephones) 

(18) 

Main telephone density (per 100 populatio~ 

Dm 100 Nm/Ne (19) 

Dr 100 Nr/Ne (20) 

Db 100 Nb/Ne (21) • 
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p Average telephone penetration rate of 
the households 

p = Nr/Nh 

Dr = 100 • p/Np 

(22) 

(23) 

The models dealt with in the following refer 
to residence telephones for which the demand 
is greatest in the Federal Republic of Germany 
as well as in other industrial countries. 

3. DISCONTINUOUS MODEL FOR RESIDENCE TELE-
PHONES 

For the sake of simplicity it is assumed that 
a household possesses (or at least has applied 
for) a telephone if its income exceeds a defi
nite threshold Es' and only on this condition. 
Fig. 2 outlines the distribution of the house
hold incomes (bottom) and their density (top) 

for the times to' tl and t 2 • 

<p(E) 

P(>E) 

0,5 

o ~--------------~r-------------------~~ 
Es E-

Fig. 2 Distribution of household incomes 

Accordingly, p is equivalent to the area to 
the right of Es below ~(E). If the household 
incomes rise, the distribution curves move to 
the right; thus p increases and approximates 
the limit 1. 

~ Es 

P = P(E>Es) = j!f(E) dE = 1 -j'fCE) dE (24) 

Es 0 

If E is log-normally distributed, 

z = logecE (25) 

follows an ordinary normal distribution 
(c = const) with the average (= median) 

(26) 
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and standard deviation 

6 = log Q(E) z e (27) 

A standardized normally distributed variable 
u is obtained by the transformation 

whereby: 

dz 1 
dE =T 

du 1 
<rz=i'; 

<P n ( u ) = r( E) • E • 6z 

(28) 

(29) 

(30) 

(31) 

(32) 

u 2 
-2 

1 
f(E) dE = ~n(u) du =121' 0 e du (33) 

(24) thus changes into: 

p 1 -

1 U
fSe 

121' 
-00 

Limits of integration: 

If EO, u = - co ; 
if E Es' u = Us (definition) whereby 

Em results according to (17) from a number of 
input variables. 

The funct!..on p = . P(E > Es) can be easily eval
uated graphically: 
If E is log-normally distributed, straight 
lines are obtained for epeE) and 1 - <P(E) 

in a probability paper with a logarithmic 
abscissa scale. P(E >Es) can be read directly 
if Es is given. 

4. CONTINUOUS MODEL FOR RESIDENCE TELEPHONES 

The discontinuous model should only be regard
ed as a first step towards a realistic causal 
modeL Actually, the influence of the household 
income is continuous. 
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Fig. 3 Density of the income distribution feE) 
and telephone penetration rate ~(E) 

If the proportion of the households with a tele
phone in the differential income stratum from 
E to E + dE is designated ~(E), the following 
applies: 

ClO 

p J f{ E), ~ (E). dE (36) 

o 

In the Federal Republic of Germany ~(E) cor
responds very well to an ordinary n6rmal 
distribution which is determined by the para
meters half value income ~ and standard 
deviation 6! (Fig. 4). 

• ',0 

I 0,84' 

~(E) 

0,5 

0,159 

o 

Fig. 4 Telephone penetration rate of the 
households as a function of the house
hold income 

(37) 

is defined as the variation coefficient of the 
~(E) curve. 

By the transformation 

E - Eh 
v(E) = ~ 

! 
(38) 

a standardized normal distribution is obtained 
for ~: 

As in the preceding section, E is transformed 
into u according to (28). 
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Then (36) changes into: 

+ClO 

p J~n{u).cj>n {v{u)l·dU 
-00 

The limits of integration as well as v(u) 
result from (28): 

loge ~m u • logeQ(E) = loge [ Q(E)] u 

E = Em [Q (E) J u 

E - ~ Eh (E ) 1 (E ) 
v=~ ~ ~-l=~ Eh-l 

Thus v(u) in (40) means: 

Em results from (17). 

(40) 

(41) 

(42) 

(43) 

(44) 

(40) cannot be solved exactly; it is sufficient 
in the approximate solution to include the range 
from u = - 4 to u = + 4. 

5. UNCERTAINTIES OF THE INPUT VARIABLES AND 
THEIR EFFECTS ON THE OUTPUT VARIABLES 

The single input variables (e. g. ~, Es, ~) 
can only be forecasted with some uncertainties. 
The question arises in which way they alto
gether affect the uncertainties of the output 
variables. This problem can be treated in 
principle in the following way: 

The input variables are regarded as random 
variables. The information on their expected 
values and on the possible deviations from 
these are formulated by probability distribu-
tions. If there is no causal relationship be-

• 

• 

tween the input variables. their probability 
distributions can be regarded as stochastically 
independent of each other. Then, the probabili~ 
distributions of the output variables are de
termined through the model functions. Although • 
they cannot be represented as mathematical 
terms, except for special cases, they can be 
determined with any accuracy whatsoever by the 
following simulation procedure: 

For a definite future point of time, a computer 
selects in a random process certain values for 
the individual input variables according to 
their probability distributions, calculates by 
the model functions the resulting values of the 
output variables and stores them. This process 
is repeated until a sufficiently accurate 
picture of the probability distributions of the 
single output variables is obtained. In this 
process the random values of each input variable 
must be determined in such a manner that they 
are stochastically independent of each other 
and of those of the other input variables. 

6. FUTURE VALUES OF THE INPUT VARIABLES 

The future values of the input variables to be 
expected for the F ederal Republic o f Germany 
have been arranged as at the end of 1969 in 
the following table: 

• 



• 

• 

• 

• 

1915 

Ne 62.1 

Np 2.61 

"1 1.41 

~ 0.65 

Q(E) 1.62 

Es 1210 

Eh 1300 

~ 0.43 

l\, 3.9 

For to = 1965: 
Eo = 1150 DM; ~ 

1980 
64.2 

2.51 

1.10 

0.65 

1.61 

1060 

1010 

0.43 

5.1 

0.662; Npo 

1990 
61.6 

2.50 

2.44 

0.65 

1.60 

960 

920 

0.43 

1.0 

2.12 

DM 

DM 

Within the scope of this paper some remarks 
can be made only in respect of the threshold 
income Es and the half value income ~: 

Es or, alternatively, the function ~E) and 
thus also Eh represent all the factors which 
also have an effect on the demand for residence 
telephones in addition to the input variables 
explicitly taken into account. Most of them 
promote the demand, i. e. they cause a decrease 
of Es and ~ in the course of time, for 
instance: 

Increasing saturation of ~rivate households 
with other durable goods (among other things 
television sets, motor cars); thus purchasing 
power gets free for the telephone - the econom
ic value of the telephone and its psychological 
inducement increase by the telephone density -
improvement of the service quality (subscriber 
trunk dialling) - decrease of the real tele
phone charges (in relation to the general 
cost of living) - accustoming to the tele
phone in business - more settling in the out
skirts of cities which means that the business 
and private partners are farther away - rising 
educational level and social shifting (greater 
percentage of white collar workers) - increas
ing significance of private life due to 
reduced working hours - reduction of the size 
of households which entails a decrease of the 
expenses for essential goods - in future less 
waiting time before a telephone is installed, 
in the long run sales promotion for the tele
phone. 

Some factors also have an effect to the con
trary (e. g. new goods such as colour tele
vision sets contest for that part of the house
hold income which is freely disposable); how
ever, they are of little significance compared 
with the total of the factors which promote 
the demand. 

An idea of the future m1n1mum values of Es arid 
~ was obtained by a comparison with the 
situation in Sweden where the conditions for 
the demand for telephones are extremely 
favourable (especially no need to overtake 
arrears due to the war, high telephone density, 
very low telephone charges). 

~ is strictly speaking an output variable for 
wnich a causal model should also be developed. 
However, as detailed information which is 
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necessary for this purpose is lacking for the 
present, ~ was forecasted by a logistic growth 
function and, in connection with the causal 
models for residence telephones, treated 
formally as an input variable. (Compared with 
Dr , Db is of minor importance). 

1. RESULTS OF FORECASTS 

The forecasts shown in the following figure are 
based on the continuous model for residence 
main telephone connections and on a logistic 
function for business main connections. As the 
described causal models can, for statistical 
reasons, only be applied, for the present, to 
the primary connections of households, but · 
secondary connections will also be of some 
importance in the more distant future, the 
original results of forecasts were increased by 
an estimated addition. 
(1980: + 3 %; 1990: + 10 %) 
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Fig. 5 Demand for main telephone connections 
(absolute and per 100 population) in the 
Federal Republic of Germany. 



The uncertainties of the forecasts were estima
ted by using the method described in section 5. 
The ± 16 values deviate from the expected 
values by 10 to 15 %. 
Similar results are obtained by the discontinu
ous model. The simplification - equal income 
threshold for all households - on which this 
model is based is thus mainly justified. 

It is planned to describe in detail the methods 
of forecasting, which were only outlined here, 
in a more extensive publication (approximately 
140 pages) entitled "Modelle fUr Entwicklungs
prognosen im Fernsprechwesen" (Models for Tele
phony Development Forecasts). This publication 
will include models of pure dependence on time 
~rowth · functions) and their connection with the 
causal models, studies on the input variables, 
development of the local and trunk telephone 
traffic, and a comprehensive bibliography. 

524/6 

• 

• 

• 

• 


