
• 

• 

• 

THE OVERFLOW DISTRIBUTION FOR CONSTANT HOLDING TIME 
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ABSTRACT 

An infinite trunk group split into a finite 
first-choice group and an overflow group is 
studied. The equilibrium distribution, at an 
arbitra~y instant , of the number of busy 
trunks in the overflow is obtained for the 

· case of Poisson input and constant tlolding 
time . Some numerical comparisons of vari
ances and distributions for exponential and 
constant holding time are given. 
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1. INTRODUCTION , 

We consider an infinite trunk group which is 
split into a finite first-choice group and an 
overflow group. Calls that find all trunks 
busy in the first-choice group are placed on 
the overflow group . It is assumed that the 
input is Poisson and that the system is in 
equilibrium . Under these conditions, the 
distributions of the number of calls in the 
total group and of that in the first - choice 
group are known and are independent of the 
holding-time distribution except for its mean. 
For the case of exponential holding time , the 
distribution of the number of calls in exis
tence at an arbitrary instant in the overflow 
group is also known , having been found by 

Kosten in 19371 . The latter distribution, in 
particular its second moment , is basic to th.e 
method of engineering overflow groups , often 
called the "equivalent random" method, pio
neered by Wilkinson and Bretschneider. If 
this distribution were also independent of the 
holding time distribution , then the equivalent 
random method could be applied with uniform 
validity regardless of the underlying holding
time distribution . 

It is indeed tempting to speculate that the 
overflow distribution has this independence 
property , since the number of busy trunks in 
the overflow group is a random variable which 
is the difference between two random variables , 
the number of busy trunks in the total group 
and that in the first -choice group, each of 
which is independent of the holding- time 
distribution . 

Unfortunately , the simple example of constant 
holding time studied below proves that the 
overflow distribution does in fact depend on 
the holding- time distribution. This result 

is reminiscent of that of T~nge and Wikell,2 
who found that the blocking probability in a 
grading depends on the form of the holding
time distribution . 

In the case of the grading, the differences 
between the blocking probabilities for con
stant and exponential holding times are -too 
small to be of practical significance . In 
contrast, the differences between the respec
tive overflow distributions , as measured by 
the relative differences between variances , 
can be quite large , running close to 50 per
cent in some cases. These differences may 
have practical . significance if the variance 
of overflow traffic is estimated by actual 
measurement instead of, as is done presently, 
by theoretical cons iderations only. ~he 
computing aids , i . e., the algorithms , tables, 
and graphs used in the application of the 
equivalent random method , are based on expo
nential holding- time theory . Hence , if 
measurements are used , and it is known that 
the holding-time distribution differs sens
ibly from the exponential , then the measured 
variances may have to be corrected before 
these computing aids can be applied. It is 



rortunate that the constant holding-time case 
is tractable since constant holding time re
presents an extreme point in the set of 
holding-time distributions when these are 
ordered according to their coefficients of 
variation. It is reasonable to conjecture 
that an overflow distribution for any holding
time distribution whose coefficient of varia
tion is less than unity will differ less from 
that for exponential holding time than does 
the overflow distribution for constant holding 
time. 

Although the chief purpose of this study was 
to gain information about the extent of the 
dependence of the parameters of overflow dis
tributions on holding-time distributions, the 
original motivation was provided otherwise. 
In fact, the present investigation was sparked 
by the observation that the formu~a for the 
decomposition of the variance of overflow 
traffic resulting from a composition of inde
pendent input streams, found by A. Descloux 
and derived rigorously by him for exponential 
holding time in unpublished work, is valid for 
any holding time distribution. This formula 
is: 

where 

the number of calls in the overflow 
belonging to the ith stream 

the proportion of the orfered load 
in the ith stream, and 

The question immediately arises whether the 
observation that (1) is independent of the 
holding-time distribution has any applica
tion, since it involves Var(y), which was 
known heretofore only for the exponential 
case. To settle this question, a character
ization of the overflow traffic in nonexpo
nential cases is required. As it turns out, 
in the constant-holding-time case not only 
the variance but also the distribution itself 
may be found exactly. 

Kosten's formula for the probability of y 
trunks busy in the overflow for an offered 
load of a erlangs offered to c trunks may be 
written,-after some simplication, as 

weE) aY L (-a)j 
'y yl j=O -j-!-

1 (2) 

where (c)O = 1 and (c)i = c(c-l) ... (c-i+l). 

The corresponding formulas for the constant 
case are 

w 
'y 

e- a a C+Y' 

--c-;; (c+y+l) I 

i~O IT 

c ah 
L -- (c+y-h+l)(c-h+l), 

h=O hI 

y > 0, (3) 
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and 

2c . ah 

L h! 
h=c+l 

(4 ) 

It might be remarked that the state probability 
formulas in the constant case are the simpler 
for computational purposes since they involve 
only finite sums of positive terms. 

With respect to complexity, the formulas for 
the moments are another story. The means, of 
course, are equal and are given by 

.c+l a - _c_l-
c ai 

/ LIT' i=O 
(5) 

Although the variance is the second-order 
moment of direct interest, the second factorial 
moment is equivalent for our purpose and will 
be given here since it is simpler. For ex
ponential service time this moment may be 
written 

a 2/ f(c+l-a) I (C~i + c + J, (6) L i=l a J 
while for constant holding time the second 
factorial moment is 

F(D) 1 
2 c CC)i 

L T i=O 

+2 c (c) 
- ac - L ~ [(c-j)(c-j-l) 

j=O a
j 

+ (c+l)(2j-c)] 

-a 2c-2 ak-ccl 
+ e L ---k-!-

k=O 

min[k,c] [~1(C+l-k+j)(C+k-3j)}(7) L + 
j=[k-C] 

In all the numerical cases studied, it turns 

out that F~D) > F~E). In the case c = 1, the 

formulas are simple enough to allow an easy 
analytic proof that this relationship is true 

(D) (E) 
uniformly in~. The fact that F2 > ~2 

implies that the correlation between the num
ber of busy trunks in th3 overflow group and 
that in the first-choice group is lower in the 
constant than in the exponential case. This 
fact is perhaps less surprising to the intui- . 
tion than is the result that the overflow is 
more variable for constant than for exponential 
holding time. 
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i. OUTLINE OF THE DERIVATION 

Owing to the constancy of the holding time, 
taken here and below to be of unit length, the 
calls present in the overflow group at an 
arbitrary instant, to' are precisely those 

that overflowed during the preceding time in
terval of length unity. The number of calls 
present in the first-choice group at the in
stant to-l is known to have t -he truncated 

Poisson di tribution (also known as Erlang's 
first distribution). We condition first on 
the number of calls present in the first choice 
group at to-l. Next, we CO~dition on the 
number of arrivals during the interval 
[to-l,t O)' which, of course, has the ordinary 

Poisson distribution. We now observe that 
the hang-up or departure instants ~ogether 
with.arrival instants, as conditioned, are 
mutually-independently uniformly distributed 
on the unit interval. This observation en
ables us to complete the calculation by an 
application of a ballot theorem. 

3. CALCULATION OF THE OVERFLOW DISTRIBUTION 

Let 

c number. of trunks in the first
choice group 

a = offered load in erlangs 

w 
'y 

probability of i calls on the 
first-choice group at an arbitrary 
instant 

probability of j arrivals during a 

unit of time; Pj = e-aaj/j! 

probability of x calls on the first 
choice group and y calls on the 
overflow group at an arbitrary 
instant 

probability of y calls on the over
flow group at an arbitrary instant 

f(y;i,j) probability of y overflows during a 
unit interval at whose initial in
stant there are i calls on the 
first-choice group ~nd during which 
j new calls arrive. 

Then we may write 

and 

c 
Px+y L TIif(y;i,x+y), 

i=c-x 

(8) 

y > 0 (9) 

and, with a reversal of the order of summa
tion, we have 

c c 

w'O L TIi L Pjf(O;i,j), (10 ) 

i=O j=O 

and 

c c+y 
w,y L TIi L Pjf(y;i,j), k > O. 

i=O j=c-i+y 
(11) 
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The distribution of the number of calls on the 
first-choice group at an arbitrary instant is 
independent of the holding-time distri bution 
and is given by 

i 0, ... ,c, 

(12) 

while the remaining service times of these i 
calls are independently and identically dis
tributed according to the equilibrium excess 
distribution; that is, the remaining service 
time of each call has the distribution 
function 

F( = J: (1 - H(u))du (13) 

where H(u) is th~ service-time distribution 
function (with unit mean). This result has 
been published by several authors. Its lateit 
appearance, at this writing, is due to 

L. Takacs,3 whose paper includes a biblio
graphy on the problem. 

The implication of (13) in the present case is 
that the remaining service times of the calls 
initially on the first-choice trunks are inde
pendently uniformly distributed on the unit 
interval. Furthermore, it is well-~nown that 
when the number of Poisson arrivals during a 
fixed time interval is given, the individual 
arrival instants are independently uniformly 
distributed over this interval. Hence any 
specific sequence of the i departures and j 
arrivals during the interval [to-l,tOJ has 

the same probability, namely l~(i~jJ. 

The quantity f(O;i,j) is the probability that 
a sequence of arrivals and departures has the 
property that at all times the excess of the 
accumulated arrivals over the accumulated 
departures is strictly less than one more 
than the initial number of idle trunks, i.e., 
less than c-i+l. Thus the problem of 
calculating f(O;i,j) can be recognized as a 
"ballot" problem. Successive arrivals and 
departures are called "events," and we denote 
by a r - and er' respectively, the accumulated 

number of arrivals and departures at the rth 
event. With this notation, 

f(O;i,j) = Pr{ar < er+c-i+l, r = l, ... ,i+j}. 

(14) 

The required probability is given as a solu
tion to exercise 3 of Chapter 1 of Reference 4. 
We have, with the usual conventions concerning 
binomial coefficients, 

(c-l+l] 
f(O;i,j) 1 - , j ~ c, 

( c+l J 
c-i+l 

0, j > c. (15) 

Similarly, 

f(y;1,j) = Pr{a
r 

< Sr+c-1+y+l, r = 1, ... ,1+j} 

- Pr{ar < Sr+c-i+y, r = l, ... ,i+j} 

(16) 



and thus for j < c+y, 

(c-i+y) ( c-iiY+l) 
f(y;i,j) (17) 

( c+y J ( c+y+l J 
c-i+y c-i+y+l 

We are particulary interested in the marginal 
overflow state probabilities, namely the 
quantities denoted w' O and w.y These may be 

put into a form suitable for numerical calcu
lation by substituting the values of the 
expressions ~i' Pj and f(y;i,j) into (10) and 

(11). The final results, obtained after a 
small amount of manipulation, are shown as 
(3) and (4). 

4. MOMENTS 

The results (3) and (4) are considerably 
simpler than their analogs for exponential 
holding time, ' shown in (2), which was obtained 
from equation (38) of Reference 1. It does not 
follow, however , that the moments of the dis
tribution defined by (3) and (4) are simpler 
in form than those for exponential holding 
time. In fact, although in principle each of 
the moments can be written as a finite sum, 
it seems to be a rather tedious task to obtain 
closed-form expressions for them. Since only 
the first two moments of overflow distribu
tions are presently of practical interest, we 
shall confine our attention to those two 
lowest-order moments also for the case of 
constant holding time. 

The mean of the distribution {w, y , y = 0,1, ... } 

is obviously the same as that for exponential 
holding time. Nevertheless , a direct calcu
lation of the mean from the expression for the 
state probabilities is useful as a check on 
the accuracy of the algebraic manipulation 
indicated previously. That is, as a check, 
the equation 

I yw , y 
y=l 

(18) 

should be an identity, as indeed it is. 

The calculation of the second factorial moment 
was done by direct summation. A few steps of 
the algebra are shown below . 

Let 

Then 

f(a) 
c i 

e-a / I ~ 
i=O i. 

a C+Y 
L y (y-l) ( c+y+l) ! 

y=2 

c a j . L 7f (c-j-l)(c+y+l-j) 
j=O J. 

I a
j [y (h-c)(h-c-l) ~~ 

j=O j! h=O 

c-l h] 
L (c-h)(c+l-h) ~! 

haO 
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c-l 
a

j [Jo ah 
+ 2 I (c-j) JT (h-c-l) FiT j=O 

c 
(c+l-h) ~~l + I 

h=O 

a{ c a j 
(a 2-2ca+c 2+c) 

e jIo JT 

c-l a j 
(a-C-1)} + 2 I (c-j) JT j=O 

c-l 
a

j c 
a

h 
+ 2 I (c-j) JT L (c+l-h) FiT j=O h=O 

(20) 

After some simplification, we may write 

1 
-c--i 

L ~, 
i=O . 

{

a c+ 2 

c! 

a c+.l 
- TC-IIT 

c a j 
L - [j(j-l) - (c+l)(2j-c)] 

j=O j! 

2c-2 k min[c,k] [~) 
+ e-a I ~ L 

k=O k! j=[k-c]+ 

• (C+1-k+J )(C+k- 3J )} (21) 

from which (7) follows easily. 

It was remarked above that a simple proof that 

F~D) > F~E) can be given for c = 1. In order 

to do this, we observe that by substituting 
c = 1 in (21) we obtain 

By substituting c = 1 into (6), we obtain 

Thus we must prove 

a 3-a2+2a-2+2e- a 

l+a 

(22) 

(23) 

(24) 

After cross-multiplying and simplifying, there 
results, equivalently , 

or 

(2+a)e - a > 2-a 

-a e > 

a 
1 - 2" 

1 + §:. 
2 

(25) 

(26) 

which is true for §:. positive (take logarithms). 
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5. NUMERICAL RESULTS 

A comparison of the overflow variances from 
first-choice trunk group sizes ranging from 1 
to 100 is shown in Table 1. These numbers 
were· calculated on the basis of (6) and (7). 
The starred entries, for low offered loads 
and high values of c, were calculated sepa
rately because of a complete loss of accuracy 
in (7) at these values. It should be noted 
that (3), having no subtractions, does not 
suffer from loss of accuracy from this cause 
and hence was used to obtain the variance by 
direct numerical summation. 

The distributions of tails for several trunk
group sizes and offered loads are -shown in 
Fig. 1 and 2. It should be observed that 
even when the variances differ noticeably, as 
for example for c = a, where in both cases 
shown the variance difference is greater than 
20 percent, the tails distributions are very 
close at all probabilities of practical 
interest. 

Since the (almost indistinguishable) curves 
for c = 10, a = 20 are truncated at a high 
probability level, it might be well to point 
out that they differ negligibly even at low 
values. Thus the probability of exceeding 
25 busy trunk s in the overflow is 0.0096 for 
exponential and 0.0109 for constant holding 
time. A negligible difference in the state 
probability distributions, as seen ~n the case 
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of c = 10, a = 20 was also seen in o t her cases 
for which a = 2c, and c > 10. For c = 20 and 
a = 40, however, a comparison could not be 
made because of a complete loss of accuracy 
in (2). Since the relative difference in the 
variances is even less in this case than for 
c small, it is reasonable to conjecture that 
(3) provides an excellent approximation to (2) 
in this case. This suggests that (3) is use
ful as an approximation to (2) for a » c, 
precisely in the range where (2) is unsatis
factory for numerical computations. 
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1 0.40 
0.60 
0.80 
1.00 
1.20 
1.40 
1.60 
1.80 
2.00 

2 0.80 
1.20 
1.60 
2.00 
2.40 
2.80 
3.20 
3.60 
4.00 

5 2.00 
3.00 
4.00 
5.00 
6.00 
1.00 
8.00 
9.00 

10.00 

10 4.00 
6.00 
8.00 

10.00 
12.00 
14.00 
16.00 
18.00 
20.00 

20 8.00 
12.00 
16.00 
20.00 
24.00 
28.00 
32.00 
36.00 
40.00 

50 20 ... 00 
30.00 
40.00 
50.00 
60.00 
10.00 
80.00 
90.00 

100.00 

100 60.00 
80.00 

100.00 
120.00 
140.00 
160.00 

MEAN EXP VAR CONST VAR 
--1:1L-__ __ :iL--_ __ YlL ___ 

-~- _:iD/M1 

0.1143 0.1219 0.1331 1.1190 1.1641 
0.2250 0.2515 0.2704 1.1442 1.2011 
0.3556 0.4120 0.4351 1.1581 1.2236 
0.5.000 0.5833 0.6119 1.1661 1.2358 
0.6545 0.7661 0.8121 1.1105 1.2416 
0.8161 0.9568 1.0152 1.1716 1.2431 
0.9846 1.1529 1.2228 1.1109 1.2419 
1.1511 1.3529 1.4334 1.1692 1.2381 
1.3333 1.5556 1.6458 1.1661 1.2343 

0.1208 0.1418 0.1595 1.2240 1.3211 
0.2959 0.3178 0.4132 1.2161 1.3966 
0.5218 0.6813 0.1562 1.3021 1.4321 
0.8000 1.0489 1.1555 1.3111 1.4443 
1.1006 1.4425 1.5864 1.3106 1.4413 
1.4218 1.8551 2.0330 1.3048 1.4299 
1.1519 2.2184 2.4858 1.2961 1.4140 
2.1054 2.1015 2.9392 1.2860 1.3960 
2.4615 3 p 1392 3.3902 1.2153 1.3113 

0.0134 0.1040 0.1198 1.4116 1.6319 
0.3302 0.5186 0.6018 1.5101 1.8409 
0.1963 1-.3013 1.5284 1.6342 1.9194 
1.4243 2.3332 2.1210 1.6381 1.9104 
2.1624 3.4864 4.0166 1.6123 1.8515 
2.9130 4.6819 5.3164 1.5148 1.1882 
3.8321 5.8806 6.5198 1.5346 1.1110 
4.1242 1.0661 1.1910 1.4951 1.6504 
5.6395 8.2321 8.9712 1.4598 1.5908 

0.0212 0.0329 0.0399 1.5485 1.8816 
0.2589 0.4812 0.6044 1.8821 2.3349 
0.9133 1.9851 2.4530 2.0402 2.5203 
2.1458 4.3624 5.2901 2.0330 2.4656 
3.6}31 1.0110 8.3540 1.9516 2.3058 
5.2820 9.1816 11.2465 1.8530 2.1292 
1.0490 12.4046 13.8965 1.7598 1.9114 
8.8826 14.9080 16.3499 1.6183 1.8401 

10.1592 17.3130 18.6671 1.6091 1.1350 

0.0013 0.0021 0.0021 1.6141 2.1121 
0.1175 0.2584 0.3401 2.1986 2.8935 
1.0306 2.1028 3.5055 2.6226 3.4015 
3.1118 8.2920 10.3812 2.6093 3.2686 
6.1100 14.8143 11.1126 2.4010 2.8108 
9.5911 20.9311 23.9282 2.1808 2.4931 

13.2464 2·6.4675 29.2081 1.9981 2.2050 
11.0146 31.5567 33.9561 1.8541 1.9951 
20.8522 36.3391 38.4213 1.7421 1.8426 

0.0000 0.0000 000000* 1.6452 20240&* 
0.0066 0.0161 0.0230 2.4215 3.4121 
0.1416 2.7343 3.1810 3.6513 5.0514 
5.2393 19.1146 25.5169 3.7143 4.8811 

12.9611 40.9391 48.5749 3.1512 3.1460 
21.9661 51.8384 64.1152 2.6331 2.9216 
31.4446 11.6558 16.4680 2.2188 2.4318 
.41.1339 83.8760 87.5191 2.0391 2.1291 
5p.9303 95.2624 98.2036 1.8104 1.9282 

0.0000 0.0001 000001* 2.4634 3.6885* 
0.3194 1.4158 2.0681 4.4331 6.4158 
1.5100 38.5958 50.7901 5.0985 6.1094 

D.5523 89.6111 103.9455 3.8Q13 4.4134 
42.1141 123.6150 133.0991 2.9325 3.1559 
61.5406 149.8224 ).56.0855 2.4345 2.5363 

Table I Comparisons or Variances or Overrlow ror Constant 
Holding Time and Exponential Holding Time 
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0.0408 
0.0503 
0.0560 
0.0592 
0.0601 
0.0611 
0.0606 
0.0595 
0.0580 

0.0194 
0.0939 
0.1003 
0.1016 
0.0991 
0.0959 
0.0910 
0.0856 
0.0800 

0.1512 
0.1120 
0.1145 
0.1662 • 0.1521 
0.l355 
0.1189 
0.1034 
0.0891 

0.2151 
0.2406 
0.2354 
0.2128 
0.1815 
0.1491 
0.1203 
0.0961 
0.0182 

0.3089 
0.3161 
0.2910 
0.2521 
0.1956 
0.1432 
0.1036 
0.0161 
0.0513 

0.3403* • 0.4341 
0.3828 
0.2934 
0.1865 
0.1096 
0.0612 
0.0442 
0.0309 

004913* 
0.4608 
0.3160 
0.1592 
0.0762 
0.0418 
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