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ABSTRACT 

In modern telephone systems utilizing computers. the 
realizat.ion of a single server feedback queueing system 
often arises. In this paper it is assumed that an 
originating or transferred call to such a telephone system 
requires a certain number of different services before 
leaving the sys·tem as a completed or rejected call. Also 
included is the possibility that a call may be made to 
repeat a portion of its required services with ~ome 
assigned probability. 

This paper describes a simple method of calculating the 
size of the queue waiting for any particular service. The 
procedure is illustrated by two diverse examples. 
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INTRODUCTION 

In modern telephone exchanges. it is becoming more fashion
able for a computer or central processing system to perform 
numerous functions within the exchange . If the computer 
is only capable of performing one funct i on at a. time. then 
the calls waiting for various types of service can be 
represented by a single server queueing system. 

If one considers a call progressing through such an 
exchange. then this call requires a certain number. call 
it N. services before the call can be considered as 
co;Plete. Calls originating from other exchanges may not 
require all N services. hence one can consider inputs at 
various stages of processing. Also. when a call is 
receiving one of its N required services. there is a 
possibility that the service cannot be completed. For 
example. the exchange may be blocked when the computer - is 
attempting to find an available connection for the call. 
The call can then be rejected from the system or set back 
several stages in the processing to give it a repeated 
attempt. Before the description of the system is complete. 
one must assign a particular priority to each function the 
computer performs. rhe priority queueing system so 
described has two types of feedback. deterministic and 
probabilistic. The system has deterministic feedback in 
that once a call has entered th~ system. it requires a 
predetermined number of different services before leaving 
the system or being considered as a completed call. The 
system has ££obabilistic feedback in that a call may be 
required to repeat one or more services with some assigned 
probability. 

This paper will be concerned with outlining a procedure for 
determining the joint distribution of the number of calls 
waiting for various services. Once the relevant distribution 
or its generating function is known. all moments and 
correlations that exist within the system can be evaluated 
by standard procedures. Thus one can determine how much 
storage space must be allocated for calls in various 
stages of processing. In a previous paper (Enns. _1969). 
the procedure for calculating the waiting time distribution 
in a deterministic feedback system has been discussed and 
hence will not be con.sidered here. 

GENERAL FO~LATION 

Let queue i (i =1.2 •...• N). written Q(i). con.tain all calls 
that are waiting for or receiving the ith type of service 
that the computer performs. Inputs to Q(i) can be either 
from Q(j). (j=i-l.i •...• N) or from an external Poisson 
source with rate Ai' An input from Q(i-l) denotes a call 
progressing normally through the system from one service 
to the next. an example of deterministic feedback. An 
input from Q(j) (j=i •...• N) denotes a call whose j th 
service could not be completed and has been returned to 
Q(i ) for a repeated attempt. an example of probabilistic 
feedback. 

In order not to overcomplicate the systeE. it · will be 
assumed that the time required for the computer to perform 
anyone of the N functions is given by the same arbitrary 
distribution H(t). In this formulation one will only be 
concerned with the stationary distribution of the queue 
lengths. Henc€ the method to be followed is that of the 
imbedded liarkov Chain . 
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Let ni (i=l, ..• ,N) be the number of calls in Q(i), 
including the one being served, if any, when the computer 
begins a service. Similarly let ni be the number of calls 
in Q(i) when the computer begins its subsequent service. 
If ki (i=l, ... ,N) is the number of external calls enter
ing ~(i) during this service interval, then one can write: 

(1) 

where £k (k=O,l, ... ,N) can only take' on the values 0 or 1, 
the value taken depending on what priorities and feedback 
loops exist in the system. 

If the joint stationary distribution of the N occupancy 
variables is p(n l ,n

2
, ••• ,nN), then define the multivariate 

generating function: 

(2) 
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The latter two expectations will only be equal when 
considering the stationary process. Now the probability 
that k new calls from a Poisson source with rate A arrive 
during a service interval defined by the distribution 
H(t) is: 

(3) q(A,k) of (At)ke-AtdH(t)/kl 

Define the gene~ating function: 

r k (4) ~(A'Z) = z q(A,k), z ~ 1 
k=O 

h(A (l-z» 

where the Lap~ace Stieltjes Transform: 

(5) h(s) = f e-stdH(t), Re(s) ~ 0 

o 
The number of external calls entering Q(i) (i=l, ... ,N) 
during a service interval is independent of the various 
queue sizes. Thus using (1), equation (2) becomes: 

N N n. £', 

(6) G(zl •... ,zN) = iT ~(A.,z.) E(iT z .J(z'+llz.) J) 
i=l ~ ~ j=O J J J 

where Zo = zN+ I = 1 and IZil ~ 1 (i=l, ... ,N). 

Before the system can be evaluated further, one must 
define what priorities and what probabilistic feedback 
routes exist in the system. Since there are many 
variations possible, the use of equation (6) will be 
illustrated by two examples. 

EXAMPLE I 

In the case where there is no probabilistic feedback. 
namely each call progresses from its input queue to 
progressively higher numbered queues until leaving the 
system, then: 
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(7) 
N 

n + L 
i=l 

£ • 1 
~ 

£i=l if Q(i) is being served during the observed service 
period and 0=1 if all queues are empty. 

If one is interested in the number of services in the 
system, namely the number of services to be performed to 
completely empty the system if no further calls arrive, 
then let this variable be n. Then 

(8) n = 
N 
L (N+1-i)ni i=l 

with generating function 

(9) N N-I G(z,z , •.. ,z) 

Substitution into (6) yields: 

N 
t(z) = n HA. ,zN+I-i) E(zn-I+n) 

i=l ~ 
(10) 

1 
L L Frfo=lln=k}Fr{n=k}zk-I+Z 

1.=0 k=O 

L(z} 

Hence: 

(11) L(z) = (l-z) Fr{n=O} 

On normalization, since L(l)=l, one finds: 

(12) Fr{n=O} 
N 

1 - L (N+l-i)Pi 
i=l 

where Pi = Aia and a is the first moment of the service 
time ,distribution H(t). 

When AI=A and Ai=O (i=2, ... ,N), the (11) and (12) reduce 
to the result by Gaver, 1959, where calls enter in batches 
of fixed size N in a single server queueing system without 
feedback. 

EXAMPLE 11 

• 

Consider the following system where N=2 and new calls • 
enter Q(l) and Q(2) with rates Al and A2 respectively. 
On completion of a service in Q(l), the serviced call has 
a probability a l of progressing to Q(2) or a probability 
(l-a l ) of remaining in Q(l) and obtaining the first service 
again. On completion of a service in Q(2), the serviced 
call has a probability a2 of leaving the system, a 
probability (l-a 3) of returning to Q(2) for a repeated 
service, and a probability (a 3-a2) of being returned to 
Q(l) for a repeated pass through the whole system. 
Figure 2 illustrates the process. 
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Equation (6) now becomes: 
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Again (13) cannot be evaluated until the computer is given 
a priority program. Consider the case where Q(2) has 
priority over Q(l). In other words, when the computer 
completes a service, it always checks Q(2) first. If Q(2) 
contains any calls, then one of these is serviced.' 
However, if Q(2) is empty, then a call from Q(l) is 
§.e-r.vicec;1 o~. jJ" . -'~(l) is also _ e~pty then the computer is idle. 
A possible utilization for the idle time would be in run
ning self-checking routines. For this priority scheme 
then, the following relations are evident by referring to 
Figure 2. 

(14) 

Pr{ e: 0 =O,e: 1 =0 ,e: 2 =01 n1 =0 ,n2 =O} 

Pr{e: o =O,e:
1 

=0,e:
2 

=0In
1
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Pr{e:O=O,e:l=1,e:2=0Inl>0,n2=O} = a 1 

Pr{e: o =O,e:
1 

=O,e:
2 

=0In2>0} = 1-~ 

Pr{e: O=0,e: 1 =0,e: 2 =1I n2>0} = a2 

Pr{ e:O =l,e: 1 =0,e:2 =11 n2 > O} = (13-02 

Using (14), (13) can be written as: 

= cp CA 1 ,zl)CP CA 2 ,z2) [Pr{n1 =0,n2 =O} 

+ «1-0 1 )zl +a1 z2 ) (G Cz 1 ,O)-Pr{ n1 =0,n2 =O} ) /zl 

+ «1-03 )z2 +a2 +Ca 3 -02 )zl) (GCz 1 ,z2 )-GCz 1 ,0» /z2] 

This bivariate generating function can now be expressed 
as: 

- GCz 1,0)(Cz1 -Z2) Calz2+a3z1)+a2z1 (1-z1»] 

z 1 [z2 -cP CA 1 ,zl )cp CA 2 ,z2) Cz2 +a 3 Cz 1-z2 )+a2 (1-z~) ] 

From the definition of ' the generating function, equation 
(2), it must be finite for .Izil ~ 1, i=1,2. However, the 
denominator of (16) vanishes for a particular value of 
z2e:(0,1] for a fixed zl' By the Roucha theorem, the 
numerator of (16) must then also vanish in order that 
G(zl,z2) remains finite. This fact therefore enables one 
to evaluate G(zl'O). When the denominator of (16) 
vanishes, let: 

When z2=w, the numerator must also vanish, hence one 
obtains: 

(18) GCz,O) 
alw(w-z)Pr{n 1=0,n2=0} 

(w-z) (a1w+a3z)-a2z(1-z) 

Also since G(l,l) = 1, one finds: 

(19) . Pr{n 1=0,n
2

=0} = 1- (Pl(al+a3)+P2(al+a3-a2»/(ala2) 

Substitution of (18) and (19) into (16) now yields the 
complete solution to this example. 

In the case where there is no probabilistic feedback 
(a 1=a =a 3=1) and an input only to Q(l) (A2=0), then these 
results reduce to those of Enns, 1969. Equation (16) 
then reads: 

(1-2Pl)CP(Al,Zl)[CP(Al,Zl)(1-Z2)+Z2-Z1] 

($ (AI ,zl»2 - zl 

Takacs, 1963, has considered the problem of a single 
server queueing system with probabilistic feedback only. 
In order to simplify (16) to his result, let A =0, 
a1=a 3=1 and a =q. The probability generating tunction of 
the total numter of calls in the system is then: 
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(21) G(z ,z) 
(1-2Pl/q)q(1-z) (CP(A1,z»2 

(cp(A 1,z»2 (q+(l-q)z) - z 

Also the convolution of the service time distribution H(t) 
then corresponds to Takacs' service time distribution. 
Equation (21) then further simplifies to that of the 
M/G/l queueing system when qsl. 

Obviously there are many examples that could be solved 
beginning with equation (6). However, the purpose of 
this paper has been merely to illustrate its potential with 
two examples. 
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