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ABSTRACT 

A single-server queuing system is analyzed on 
the basis of its underlying stochastic processes, 
which we here define in terms of the stopping 
variables of certain random walks. By applying 
results from the theory of stopped random walks 
the first moments of these stochastic processes 
may be determined as well as lower bounds for 
~he second moments. 

We begin with a description of the general, 
single-server queue as a stopped random walk 
with emphasis on the stopping variables which 
arise therein. Results are then derived for the 
idle and busy periods in the general system, 
that is, GI/G/l. The first moments are derived 
exactly in terms of the moments of one particu
lar stopping variable: namely, the number of 
customers served during a busy period. For the 
second moments, lower bounds are derived. Also 
in the general case, an expression for the 
expected waiting time in similar terms is ob
tained. These results are then applied to 
specific cases of the single-server queue, i.e., 
M/G/l and GI/M/l. 

The queue length is not amenable to similar 
analysis in GI/G/l. Expressions for the moments 
of this stochastic process are derived separ
ately for the systems M/G/l and GI/M/l. 

The approach employed in this paper provides a 
simplification over previous methods for ob
taining at least lower bounds for the moments of 
various distributions in queuing systems. In 
addition, in dealing with systems where no 
steady state is achieved, approximations may be 
obtained for the moments of queue-length, 
waiting time, and idle periods. 

* Here for two random variables X, Y which have 
the same distribution we write X ~ Y. 
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1. GI/G/l AS A STOPPED RANDOM WALK 

In this paper we propose to derive expressions 
for the first and second moments of the idle 
period, busy period, waiting time, and queue 
length for the single~&erver queuing system. The 
expressions are derived in terms of stopping 
variables of a stopped random walk which we 
define within the context of a queuing system. 

In order to p~epare the way for our analysis a 
description of the system GI/G/l is given. Con
sider customers arriving at a single server. Let 
ul,u2,'" be the intervals of time between 
successive arrivals and vl,v2,'" be the length 
of successive service times. We assume that {un} 
and {vn } form independent sequences of independ
ent, ide'ntically distributed random variables. 
Thus, the sequences form two independent renewal 
processes. Further we assUme that 

E[uiJ =a, E[viJ =b, var[uiJ =o~ and var[viJ =0; 

i = 1,2, ... 

where a, b, o~, and o~ are all finite. We assume 
the queue discipline to be first come, first 
served. It should be noted, however, that the 
expressions for the means remain valid under 
broader conditions, e.g., any queue discipline 
which is independent of service time. The rela
tive traffic intensity is p = ~. 

Now define another sequence of random variables 
{Xn } such that Xn = vn - un for n L 1. Then a = E[XnJ = b - a, and 0 2 = var[XnJ = 0 2 + at· 
Consider the sequence of partial sums {Sn} where 
So = ° and S = Xl + X2 + ... + Xn (n ~ 1). This 
sequence {Sn~ constitutes a random walk. 

Let Wn be the waiting time (before going into 
service) of the nth arrival to the system. We 
have the recurrence relation, 

or 

Wn + vn +l - u n +l if Wn + vn +l > un +l 
Wn+l = 

Wn +l = max{Wn+Xn+l,O}. 

With Wo = 0, it can be shown that 

Wn~max{0,Sl,S2"",Sn} =Mn* (say). 

The first index N > ° for which SN ~ 0; that is, 
the first time the random walk {Sn} enters the 
interval (_oo,OJ, is called the first descending 
ladder epoch of this random walk, and the sum 
SN ~s the des£ending ladder height corresponding 
to N. Thus, N = min{n: n > 1,Sn < O}. In the 
context of a queuing system~ is tne numbe~ of 
customers served during a busy period, or N = 
min{n: n > 1, Wn = olwo = ,O} (most of our 
results are independent of the initial condition. 
Thus it will be dropped). It can be shown that 
the duration of the first idle perio~ is given 
by I = - SN(~ 0). In addition, the N has the 



further ~igni ficance in our analysis in that the 
busy period B is clearly 

B = vI + v 2 + • . • + v N' 

and the busy cycle R is 

R = u 1 + u 2 + . . . + uN . 

We will also be interested in ladder epochs 
other than the first. The ith descending ladder 
epoch is defined by Ni = min {n: Sn - SNi_l 2. O}, 

and the corresponding ladde~ height is given by 
2i = S-N - SN Now let N(n) be the number 

i i-I 
of idle periods up to the time of the nth 
arrival. In terms of the descending ladder 
epochs, N(n) = max{k : Nk < n}. Then if In is 
the total idle time up to the time of the nth 
arrival 

In = 11 + 12 + ... + IN (n) . 

where Ik is the duration of the kth idle period. 
Also, 

Wn = Sn + 11 + 12 + ... + IN(n) . 

Figure 1 gives a graphical representation of 
this random walk and shows the relationship 
of all the parameters. 

v 

w-n 

" I 
" I 'J 

tn is epoch of the nth arrival 

FIGURE 1 

In a random walk the ascending ladder epochs 
and corresponding ladder heights are also de
fined. Thus, N = min{n: Sn > O} and Z = SN 
define the ascending ladder and epoch and 
corresponding ladder height respectively. As 
before, succeeding ascending ladder epochs 
and heights are defined: N j = min {n: Sn - SNi_l 

> C} and Zj = SNj - SNj_l' The significance 

of these random variables in the queuing context 
is not immediately obvious. However, for 
example, recall that 

Wn 'V max{0,Sl'S2"" ,Sn}. 

The distribution of this maximum (for finite n 
as well as n + 00) can be obtained in terms of 
the distribution of the random variable Z = SN > 0 
as follows: 

Wn 'V Zl + Z2 + ... + ZN(n) 

where N(n) = max{k: Nk ~ n}. In addition, it 
is known that there exists a duality relation ' 
between a given queuing system and one obtained 
by interchanging the interarrival and service 
times such that the ascending ladder epochs in 
one system become the descending ladder epochs 
in the dual system, with care being exercised 
to consider the sign of the ladder heights and 
the strength of the inequalities. 
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2. THE IDLE PERIOD , BUSY PERIOD AND WAITING TIME 

We retain all the notation of the previous 
section. In addition let ~ 

A = l l Pr{S < O}, 
1 n n 

F l l Pr{S > O} 
1 n n 

and 

C = e 
-I ~ ~r{Sn > O} - E 

(1) 

From a discussion in Prabhu[5] of a result by 
Feller the probability generating function of N 
is given by 

N A(z)=E{z }=l-e 

Pr{S < O} n-

We now prove that if the series F converges, 
then 

(la) 

( 2) 

and, if furthermore D l Pr{Sn > O} also con
I 

verges then 

E[N2 ] = 2eFD + e
F

. (3) 
Since A + E ,it follows that ~ 00, and N 
is a proper variable, that is Pr{N < oo} = 1. 
From (la) 

- log (l-z) - l 
l-A(z) =e 1 n 

l -z 

Pr{S > O} n-

Cl - Pr { S < O}] n- Pr{Sn > O} 

so that 

E[N] lim l-A(z) = e F . 
l-z z+l 

Further 

1 E[N(N-l)] = lim ~ 1 - A(z) 
2 z 1 dz 1-2 

= eFD < 00. 
This leads to (3) (Let us note that the condi
tions F < 00 and A = 00 correspond to the case 
0.<0). 

We said that N(n) = max{K: Nk < n} = number of 
idle periods up to the time of the nth arrival. 
If p < 1, we will show that as n + 00 

-( n E[N2]-2E[N]2+E[N] (4) 
EN n) - E[N] 2E[N]2 

and 

var N(n) 

Also, if p 1 

'" n var[N] * 
E[N]3 

2Cnl / 2 

If[ 

(5 ) 

(6 ) 

where C is as defined in (1). Clearly, the 
event E = {an arriving customer finds the queue 
empty} is a recurrent event. The number of 
arrivals to the succe~ding occ~rance has . the 
same distribution as N. Then N(n) is the number 
of times E has occurred up to the time lof the 

* The sign ~ indicates that the ratio of the two 
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sides tend to unity. ~ 
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* n +· n arriva l. Let vn = Pr{E occurs at the time 
of the nch arrival = Pr{nth arrival finds the 
queue empty.} Then E N(n) = vl + v~ + ... + v~ 
and v~ = 1. When p < 1 t~e event E is persistent, 
aperiodic, so as n + 00, v + ~. We refer to 

n E[NJ 
Theorem 9 from Feller[2J, which derives expres
sions for the mean and variance of finite recur
rent events, to obtain equations (4) and (5). 
For a proof of (6) the reader is referred to 
Feller[4J. 

For the idle period in GI/G/l with p < 1, we 
obtain the following results: 

E[IJ = (-a)E[NJ (7) 
and 

(8 ) 

except in the case D/D/l where X is constant 
with probability one. To show tRis we consider 
the variables Xn = vn - u (n ~ 1), which are 
independent, and identica~lY distributed with 
mean a and variance 02 . The descending ladder 
epoch N is clearly a stopping variable for the 
sequence {Sn}' Recall that I = - SN' In order 
to apply Theorem 2 developed_by Chow, Robbins, 
and Teicher[lJ we must have N < 00 with probabil
ity one and E[NJ < 00. Both conditions are satis
fied provided a < 0 (p < 1). The expression for 
E[IJ follows directly from the theorem. For 
E[I2J we have: 

E[I 2J = 02E[NJ - 2aE[NIJ - a 2E[N2 J. (9) 
The term E[NIJ is obviously positive, and since 
a < 0, the second term on the right side of (9) 
is positive and (8) follows. In the case D/D/l 
the inequality is trivial. 

For p = 1, 

0
2 

E[IJ = -cn 
(10) 

is a result which 1S based on a theorem given in 
Feller[4J p. 575. 

If the term E[NIJ can be explicitly evaluated, 
(9) gives the exact value for E[I2J. M/G/l is 
such a case as will be shown. 

In GI/G/l, if p < 1, then the busy period will 
terminate with probability one. If p < 1 then 

E[BJ = bE[NJ (11) 

and 
(12) 

except in GI/D/l where the above is trivial. The 
busy period is given by B = vI + v 2 + .. '. + vN. 
Thus the derivations of (11) and (12) take the 
same form as the derivations of the results for I. 

Recall from the description of the general queue 
that the waiting time may be given as: 

Wn Sn + 11 + 12 + ... + IN(n)' (13) 

Then 
E[WnJ = an + E[IJEN(n). 

- * * * * We have EN(n) = ul + u2 + ... + un where u 
= Pr{nth arrival finds the queue empty}. ¥hen 
* 1 un + EINJ as n + 00, and applying Theorem 9 of 

Feller[2J as before, if p < 1 

a • =E.:..;[ N:.:...2-'J!----=.:2E=..![=..:.N.:..:!J~2 . + E [NJ 
E[WnJ + - 2E[N] (14) 

If p = 1 (a 0), 

E[WnJ E[IJE[N(n)J (15) 

and from (6) and (10) 
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/2 1/2 
E[WnJ ~ 0 I TI n (16) 

Recall from our earlier discussion that 

Wn ~ Zl + Z2 + ... + ZN(n) (17) 

where Zi are successive ascending ladder heights 
and N(n) = max{k: Nk ~ n}. We have, for p > 1, 

E[ZJ = aE[NJ and EN(n) ~ EtNJ 

so 
(18) 

3. APPLICATIONS TO M/G/l 

Consider the system M/G/l in which customers ar
rive in a Poisson process at rate A, and the dis
tribution function of the service times is B(t) 
(0 < t < 00). Let ~(8) be the Laplace-Stieltjes 
transform of the service time distribution. We 
assume a finite mean service time equal to band 
p = Ab. In this case: 

(19) 

and 

2 2 + (1_p2) 
o = var[X J = E[v J 2' (20) 

n A 

To derive the first and second moments of N in 
this system, we apply Wald's identity (see [4J 
p. 568) to obtain first the probability generating 
function 

E[tNe- 8I J = 1 

where t, 8 are such that 

and 

$(8) Ee 
8X 

n 

1 = t$(8), 

8v -8u 
Ee n.e n 

(21) 

A = ~(-8) TIe . (22) 

A So 1 t~(-8) A+8' It is known that in M/G/l the 
idle period has density Ae- At independent of N. 
Thus 

~ (t )(say) (23) 

where 

~ = t~(-8) = t~(A-A~). (24) 

We also know that ~ = t~(A-A~) nas a unique root, 
~, such that ~(O) = 0 (see [5J p. 75). Further, 
as t + 1, ~(t) + Pr{N < oo}. Then if p ~ 1, 
~(t) + 1 as t + 1, and if p > 1, ~(t) + ~ < 1. 
Therefore, Pr{N <_oo} = 1 if and only if p ~ 1. 
If p < 1, then E[NJ < 00, and if p = 1 we have 
E[NJ = 00. 

To derive the probability generating function of 
N, the ascending ladder epoch, the Wiener-Hopf 
decomposition is used to obtain 

N t-~ * E[t J = l-~ = y(t)(say). (25) 

From (24) the first two moments of N are readily 
derived as 

and 

FrjJ = _I_ 
. I-p 

E[N2J = A
2

02 
(1_p)3 

We also have then from (4) and (5) 

EN(n) A2E[v2J 
n(l-p) + (l-p) 

(26) 

(28) 

* For a discussion of the Wiener-Hopf Decomposi
tion see [4J pp. 569 ff. 



and 

For the idle period we get in M/G/l: 
1 E[I] = I 

(29 ) 

(30 ) 

as expected. For E[I2], recall that in M/G/l the 
distribution of the idle period is independent of 
the number of customers served in a busy period. 
Therefore the product moment term in (9) may be 
evaluated exactly to get 

E[I 2
] = ~ . (31) 

A 

Turning to the total idle time up to the nth 
arrival, recall that 

In = 11 + ... IN(n) . 

Applying our results we get 

E[In ] ~ - na (32) 

and 

For the busy period in M/G/l with p < 1 

E[B] = ~ I-p 
and 

In M/D/l 

E[B2] = p
2

02 
(1_p)3 

(34 ) 

(36 ) 

The expected waiting time in M/G/l is obtained by 
substituting the expressions for E[N] in (14). 
Thus, 

AE[v2] E[Wn ] -+ m=P'J 

4. APPLICATIONS TO GI/M/l 

In the system GI/M/l the interarrival times have 
an arbitrary distribution function B(t) 
(0 < t < ~) with finite mean b and second moment 
02.- The single server has a negative exponential 
service distribution Ae- At (0 < t < ~). The 

traffic intensity is p = (Ab)-I, and 

a E[Xn ] = b(l-p) (38) 

In this system, if the interarrival and service 
time distributions are interchanged, the result
ant system is M/G/l. We make use of this 
duality betw~en the t~o systems to derive expres
sions for E[N] and E[N2] in GI/M/l. Recall that 
we derived the probability generating functions 
of Nand N, the descending and ascending ladder 
epochs in M/G/l. The duality relation implies 
that the ascending ladder epochs in M/G/l become 
the descending ladder epochs in GI/M/l. There
fore, from (25) the probability generating 
function of N in GI/M/l is 

Thus, 

and 

( ) _ t-~ 
Y t - l-~ . 

E[N] 1 
1-1:; 

1 1 
(1 - K'(I:;») + ~ 

(40) 

(41) 
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where z.; is the smallest positive root of the 
equation z.; = K(z.;) = W(A-Az.;) and Wee) is the 
Laplace-Stieltjes transform of the interarrival 
time distribution. 

Thus, we have the following results for p < 1 

EN(n) - n(l-z.;) -+ 1 _ ~I (z.;) - z.; 

var N (n) ~ n ( 1- z.; ) G _ 2~, (z.;) - ~ 

from (4) and (5). 

E[I] 

Further, 

b(l-p) 
~ 

(42 ) 

(43) 

(44) 

> E[u2 ] _ 2(1-P)b 2 

l-z.; (1-z.;)2(1 - K'(z.;)) 

(45) 
1 

E[B] = m::rr ' (46) 

and since the busy cycle R = ul . + u2 + ... + uN ' 

and 

b 
E[R] = l-z.; 

E[R2] ~ 2~b2 b
2 

(1_~)2(1 _ K'(~)) + l-z.; 

The expected waiting time is: 

- az.;K'(z.;) 
E[Wn ] -+ (l-z.;)(1 - K'(z.;)) . 

5. QUEUE LENGTH 

(47) 

(48) 

(49) 

Another stochastic process of practical interest 
in a queuing system is the queue length; that is 
the total number of customers in the system. In 
order to analyze this process we consider the 
particular systems M/G/l and GI/M/l. The general 
queue does not seem amenable to the treatment 
given here. 

Consider a sequence of independent random vari
ables {Yn : n ~ I} with a common distribution 
concentrated on (-1,0,1,2, ... ). Let us write the 
probability generating function as 

.K(t) 
= ""'It (50) 

where K(t) is itself a probability generating 
function. Let So = 0; Sn = Yl + Y2 + •.. + Yn 
(n > 1). For the random ~alk {Sn} we define the 
descending ladder epochs ~i by setting 
NI = min{n: Sn < o} and Ni = min 
{n: S = S- < o} (i ~ 2) and the ascending n N

i
_

l 
ladder epochs Nj (j > 1) by NI = min{n > 0: 
Sn ~ O} and Nj = minTn ~ Nj _l : Sn - SN ~ O} 

j-l 
(j > 2). The ladder heights are defined as be
fore. 

Using Wald's identity, we may write 

where 

EGNzS~ = 1 

1 = t K(z) 
z 

However, it is clear that SN = -1 with prob
ability 1. So we get 

E[tNJ = z = ~(t) say 

(51) 

(52) 

e 

e 

e . 

• 
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and 

( 53) 

5.1 Queue Length in M/G/l 

In this system let tn (n ~ 0) denote the epoch of 
the departure of the nth arrival to the system. 
Qn is defined as the number of customers in the 
system at time tn + O. We assume QO = O. Let Un 
denote the number of customers arriving during 
the service time of the nth customer. The Un are 
independent, identically distributed random vari
ables with probability generating function 

U 
E[t nJ = K(t) = ~(A-At) (54) 

where ~(e) is the transform of the service time 
distribution. Then E[UnJ = K'(l) = - A~'(O) = p. 

Clearly, Qn may be defined as 

Qn+l = max{Un,Qn+Un- l } (n > 0) 

Let Y = U - 1, and S = Yl + Y2 + ... + Yn n n Y n 
(n > 1). Since E[t nJ = t-lK(t) it follows from 

' the-previous discussion that the ~ in (50) is the 
same as ~ derived in Sec~ion 2, and i and N of 
the random walk {S } here have the same distri
bution and phYSica~ interpretation as the i and 
N derived in that previous section. Thus, 

(56) 

where i(n) min{i: ii > n} = 1 + number of 
busy cycles in (O,n). WItp p < 1 E[Qn J may be 
written as 

* * E[Qn J = n(p-l) + Vo + ... + vn_l 

* where vn = Pr{nth cus~omer finds the system 
empty} (n ~ 1) and Vo = 1. Once again, applying 
Feller[2J Theorem 9, we get 

(n -+ (0) 

and for M/G/l: 

5.2 Queue Length in GI/M/l 

In GI/M/l, we let t (n > 0) be the epoch of the 
nth arrival and Qn aenote the number of customers 
in the system at time tn - O. We assume QO = 0, 
and define Vn as the number of departures from 
the system in the interval (tn,t +1-0) for n ~ O. 
The Vn are independent, identica~ly distributed 
random variables with probability generating 
function 

where ~(e) is the transform of 
distribution 

If we let Y n 
then 

or 

E[VnJ = K' (1) = ! P 

V - 1 and S n n 

Qn max{O,Qn-Yn+l} 

Q 'V
n 

(59) 

the interarrival 

Yo + Yl + ... + Y n 

(60) 
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Then 

Qn 'V - [21+Z2+ ... +Zi (n)J 

where 2i - 1 with probability one, and 
N(n) = max{i: ii ~ n}. So 

Qn 'V N(n) 

and 

E ( Qn) = EN ( n) . 

For p > 1 and since E[iJ = 1 - 1 p 

E[ Qn J :::: n [P~l) 

and 

var[Qn] '" n G 2E[u
2

] + ~ - pl~ 
If p < 1 we note that 

(61) 

(62) 

(63) 

(64) 

(65) 

______ -=l ______ ~-+ ~ 
1 _ Pr{N < oo}-l l-~ 

(66) 

6. SUMMARY 

We have given a description of the single-server 
queue as a stopped random walk. Once in this 
context, the results obtained are derived in 
terms of the moments of the number of customers 
served during a busy period which is a particular 
stopping variable. 

Expressions for the first moments of the idle 
period, busy period and waiting times are derived 
in GI/G/l. In addition lower bounds for the 
second moments of the idle and busy periods are 
obtained. The general results are then applied 
to the systems M/G/l and GI/M/l. 

The analysis of queue-length is made in the two 
systems M/G/l and GI/M/l separately, and expres
sions for the mean queue-length are derived. 

Queuing systems with p > 1 are of practical 
interest. We have included some results concern
ing such systems. In particular expressions for 
the mean idle period, mean waiting time in GI/G/l 
and the mean and variance queue length in GI/M/l 
are obtained. It is hoped that an extension of 
the method presented here may provide more 
information concerning such systems. 
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