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ABSTRACT 

Telephone traffic is defined as a product of a 
certain number of calls and the corresponding 
holding time, which as a rule is taken as an 
average. The conventional definition of lost 
traffic is accordingly based on the proportion of 
lost calls multiplied by the average holding time 
of the calls constituting the traffic carried. In 
this way it may be said that the average percent
age of lost traffic is equal to that of lost calls. 
Other definitions of the losses are, however, 
possible. Assigning zero holding time to the lost 
calls will evidently correspond to zero traffic 
loss, depriving this concept of any significance. 

On the other hand it is possible to define the 
traffic loss as the difference between the 
traffic carried by the considered multiple with 
the existing number of outlets and by an ideal 
multiple with a sufficient number of outlets to 
avoid any traffic loss. This method represents a 
mathematical simplification especially when 
losses are relatively high. 

By sequential hunting the free outlets are 
occupied in numerical order from 1to the last 
physically existing outlet, n. Negative exponen
tial distribution of the holding times corresponds 
to a pure chance release function, where any 
existing call has the same probability of re
presenting the next release case. 

The combination of sequential hunting and expon
ential (or other) holding times leads to a pic
ture of a multiple with "ho les " in it, Le. free 
positions with lower number in the hunting order 
than one or more of the busy positions. Accord
ingly the last physical contact (outlet) in the 
multiple is busy, not only during the time when 
all outlets are busy, but for a longer time due 
to the holes created by the release function. 

The "improvement function" Fn may be defined as 
the total additional average traffic carried if 
an outlet number n+1 is added to a full availa
bility multiple of n outlets, the traffic sources 
and their demand remaining unchanged. In the same 
way one may define the improvement function Fn-1 
as the additional traffic carried when the number 
of outlets is increased from n-1 to n . 

It is shown that for the Erlang case Fn-1 is 
equal to the "last contact traffic" by the given 
assumptions, whereas for the more general Engset 
case with a limited number of sources there will 
be a difference. In both cases, Erlang as well 
as Engset, a statistical equilibrium condition is 
supposed, in a regular loss system. 
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INTRODUCTION 

Sequential Hunting is extensively used in the 
step by step an4 mecbanical1y driven telephone 
systems such as Strowger, Rotary and others. Most 
selector switches are of the homing type and the 
multiple gradings are frequently laid out in 
accordance with the OlDell principles which are 
established as standard practice by the BPO and 

.mostly used in conjunction with the Erlang loss 
formula, cf. [1] . 

The holding time distribution is as a rule taken 
to follow the negative exponential law, implying 
that the release of an existing connection is in
dependent of the time it was originated. 

During the holding time one and the same outlet 
remains busy, whereas another outlet with lower 
number in the hunting order may become disengaged, 
thereby giving rise to a "hole" in the multiple 
[2] . A multiple of n outlets may thus have up to 
n-1 holes as a maximum. The average quantity of 
holes by given input data will depend on the re
lease function. Release in chronological order 
will give more hole s than a pure chance release. 
No holes would require that the last call should 
release first, which in practical telephony is an 
impossib le condition. 

The problem of the actual traffic distribution on 
each of the physical outlets is generally not of 
prime importance in the case of a full availabili
ty multiple. The question of the last physical 
contact might be an exception due to the fact that 
this position may carry special traffic meters for 
indirectly metering the chance of traffic loss, 
cf. BPO practice as described by Hawkins (3). 

Hawkins states: "It will be evident from first 
principles that traffic carried .by last switch or 
contact ~ traffic offered to last contact - lost 
traffic, or last contact traffic = APx- 1 - APx " 

The same generalized type of argument is repeated 
by Berkeley [1] , by Brockmeyer [4] and also by 
Palm [5], in connection with his equation (10), 
whereas Bech [6] simply states that such is the 
case in accordance with prior knowledge. He uses, 
however, only the Erlang formula with the pure 
chance release function, whereby his assumption 
oecomes correct. 

It will be attempted here to deduce mathemati
cally that the principle of Hawkins is correct 
for the restricted Erlang distribution with nega
tive exponential release function, whereas the 
corresponding Engset distribution shows a dis
crepancy from the "evident first principles". 

The mentioned difference APx -1 - APx corresponds 
to the "improvement" from x-1 to x, which Brock
meyer [41 denominates F}(. In accordance with more 
recent practice (MQe) it should,howeve~be called 
Fx-1 [7]. The improvement function thus covers the 
amount of additional traffic which will be carried 
as an average when the number of existing switch
ing devices hypothetically is increased by one. 

In order to define the improvement function in the 
Engset case, it will be convenient first to de-



fine a type of function for Engset traffic losses 
whic~ may also hold good for overflow traffic 
from a certain existing contact to a consecutive 
physically existing contact. 

Further it will be shown that Bech's formulae for 
the exact traffic distribution to the outle~s may 
be modified to meet the Engset conditions. The 
ensuing formula is, however, not identical with 
the formula for the improvement function except 
in the Erlang case where the number of primary 
traffic sources, N, is approaching infinity. The 
detailed analysis will be performed only for the 
last contact traffic, the results for this case 
being conclusive. 

As a rule the last contact traffic is somewhat 
higher than the corresponding improvement figure, 
but the difference will in most practical cases 
be negligible. 

THE ENGSET LOSSES 

The Engset losses have been analyzed previously 
in the present author's papers in Norwegian 
language [8] and [9] and in English [10] 1. 

Especially the last chapter of [9] touches a 
problem which is of interest in connection with 
the present analysis. 

The normal Engset formulae are the following: 

Time congestion: 
(N \ an 
n 

n(N ) x 
t x a 

x=o x=o 

N is the total number of traffic sources, n is 
the number of outlets (contacts) and a is the 
average traffic demand per source in relation to 
the time the corresponding sources are idle. 
a is a parameter defined by: 

a = ~ or a = 1~a (2a,b) 

This definition should here be accepted as exact 
regardless of traffic losses. I f l osses are 
relatively normal, a may also be taken to re
present the average traffic demand per source, 
idle or busy. 

Call congestion: 
(N-1 )an 
n 

x=o 

x=o 

x=o 

(4) 

x=o 

The last formula has not been much used before, 
in spite of the advantages it offers~ It appears 
in the litterature, being equivalent to Starmer's 
(4.59) in [11] . The need for a function according 
to (4) requires an explanation. The normal Engset 
call congestion function (3) is influenced by the 
losses in an undesirable way in view of the 
present demand. The function is strictly correct 
for estimating the number of lost calls, it being 
understood that such calls have no holding time. 

The reduction of the number of idle sources ceases 
when all n outlets are busy. During the all busy 
period the number of calls is therefore greater 
than it would have been if the position numbers 
higher than n had been existing. This would name-

1 See also Elldin and Lind's B~ treatment of 
t he "Erlang - r.e r noulli" fortlu"la. 
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l y have made busy the overflow callers as an 
average during the length of the normal holding 
time. 

This means that the number of successful calls • 
plus the number of lost calls in the normal Eng-
set cas e are greater than the corresponding traffic 
demand when n is increased up to N, following the 
Bernoulli law. The busy condition creates an 
apparent extra demand which introduces a real 
difference between hypothetical overflow traffic 
and "lost" traffic, the latter being defined as 
the product of the number of lost calls and the 
normal average holding time, which leads to (3). 

Elldin [121 states that "for l oss systems the 
telephone traffic theory assumes in most cases 
that calls rejected due to congestion do not 
change the call intensity." Strictly speakin~ the 
conventional Engset case may accordingly be con
sidered as an exceptional one. 

It will be noted that mathematically the differ
ence between (3) and (4) is due to the denomina
tor only. (4) may be deduced by calculating the 
traffic carried: 

~ x(~)ax 

A 
n 

x= 1 

x=o 

and: Bn,N 

(1-B N)A n, 

N-n 
-N- En,N 

(5a) 

(5b) 

The total average traffic demand, A, is of course 
influenced by the formula used, (3) or (4). The 
first leads to higher A values than the last. 
Henceforward A will be defined as the "Bernoulli 
equivalent traffic demand" according to (4). This 
is a simplification especially from a mathemati
cal standpoint, as it leads to: 

A 
a = N (6) 

(6) is in this case correct irrespective of loss
es, whereas it would only be an approximation if 
A had to be calculated from (3), maintaining (2). 

The Erlang case gives identically the same well
known formula, equivalent to (1), (3) and (4): 

An 

E = n 
n! 
n AX 
E --I 

x=o X. 

THE IMPROVEMENT FUNCTION 

The improvement function is defined as the 
difference in the total average traffic carried 
when the number of o-utlets is increased by one. 
This means that it may be defined according to 
( 5) : 

F m,N = A (B N - Bm+1,N) (8a) m, 
or Fn- 1 ,N = A (Bn- 1 ,N - B N) (8b) 
Here: n, 

A = a N = a N (8c) T+a 
It should be noted that the improvement function 
according to (8a) is in principle independent of 
n. m may be taken to be any value from 1 to n. 
The improvement from m = 5 to 6 by constant A and 
N, is the same in a multiple of 5 as in one of 10 
outlets, as the factor really is concerned with 
overflow traffic and not with lost calls. 

Using for convenience the denomination In,N for 
1!En ,N , the following formula will be proved: 

Fn- 1 ,NI n,N - Ji'n-2,N(In- 1 ,N -1). = 
[10] formula (8) reads: 

I -1+ n I n,N - (N-n+ 1)a n-1,N 

(9) 

( 10) 
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Using (5): 

B .' 
n-1,N 

N-n+1 
---N-- En- 1 ,N and Bn,N 

A(Bn- 1,N - N;n En,N) 

N-n 
N En,N 

F E A(B I _ N-n) 
n- 1,N n,N n-1,N n,N ~ 

(5b)( 8c) and (10): 
F -1' Nr - N =- n - A(1-B -1 N) n , n, n , 

Fn- 1,NI n,N - Fn- 2 ,NI n-1,N 

1 + A(Bn- 1,N-Bn-2,N) = 1 - Fn- 2 ,N 

This proves (9), which will allow the limit 
passage from Engset to Erlang without any change. 
Attention is called to the behaviour of the im
provement function when the traffic demand is 
very heavy . When a + 00 and accordingly a + ~ , the 
time congestion factor En N as well as En- i N 
also approach 1 . In this 6ase the total traffic 
A=aN+N. Introducing these values in (9) it will 
be seen that Fn-1 N + 1, as should be expected. 
The hypothetical ~xtra outlet will get a full load. 

LAST CONTACT TRAFFIC, TWO OUTLETS 

The simplest complete case consists of a multiple 
of two outlets, number 1 and 2 in the order of 
hunting. The possible states are: No outlets busy , 
outlet number 1 busy but not 2, outlet number 2 
busy but not 1, both outlets busy. The total of 
possible states are four in the present case , 
whereas the normal Engset and Erlang formulae 
combine the two middle cases in one, namely one 
outlet busy, the other free. The condition of 
second outlet busy but first free cannot arise 
without a preceding phase having both outlets 
busy. 

A time measurement of the last contact traffic 
will comprise the two last of the four states. 

The numbering of the probability coefficients 
will be specified as follows in cases where N is 
the same throughout . Po ' P1 n , -- --, Pn n are 
the normal Engset or ErlRng pr6babilities. in 
cases where these coefficients should be split, 
this is done by putting between brackets the 
order numbers of the busy outlets. In the present 
case Pi 2 will be split into P1 2 (1) and P1 2 (2) 
the sum'of which is P1 2' By raAdom length of the 
holding times the condition corresponding to 
P2 2 may be followed with identical probability 
by'P1 2 (1) or P1,2 (2) in case of a release . In 
case 6f a new call in condition 0, P1 2 (1) is 
the only possible solution by sequential .hunting. 
(When the value of n is fixed throughout (n=2), 
the corresponding index may be dropped , 
P1,2(1) = P1(1)). 

The method of statistical equilibrium may be 
applied to the problem of the traffic distribu
tion, cf . [8] formula (1) and following: 

xp T = (N- x+1 )bPx-1 where : Ib=a (12a,b) 

Here 1 is the expected life of a call and b is the 
chance of its birth in relation to the time the 
corresponding source is free. a is the normal 
Engset traffic parameter as already explained , 
cf . (1) 

(12a) may therefore be written: 

xPx = (N-x+1) aPx_1 ( 12c) 

With two outlets existing,the state corresponding 
to P,' is split in two, P1(1) and P1(2). 

The relative occurrence of the two may be 
calculated as follows : P1( 1) contains all the 
cases generated by birth from state Po plus half 
of those generated by death from P2 . The other 
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half of the death cases are represented by P1(2). 
The birth cases fulfil the equilibrium equation : 

P 1 
Napo -1- = Nbpo or P1 = ( 13a ) 

The death cases in sum : 

2P2 
(N- 1)bp 1 or 2P2 (N-1)a P1 -1- ( 13b) 

Thus: P1 = (Na + N(N- 1)a2 )po (14) 

P1 is an auxiliary probability parameter. It will 
be seen that it may be generalized into: 

Px = xPx + (x+ 1)px+ 1 = N(x)ax ( 1 + (N-x)a)po (15a) 

Here: N(x) = N(N-1)(N- 2) ---- - (N- x+1) (15b) 

Normally it is practical to use the left equation 
of ( 15a), corresponding mainly to the death part 
of the equilibrium equations . 

It will be convenient to introduce here another 
parameter representing the relative probability 
of the sub - cases in relation to the complete case 
(corresponding in the present case to P1) . Writ 
ing W1(1) and W1(2) for the two sub-cases the sum 
w1(1) + w1(2) will be 1'. Thus P1(1) w1(1)P1 ' 

The set of equations of state for n = 2, may 
accordingly be established : 

P1+ P2 
P 1W,!(1) = P1+P2 ' W1(1) = P1 + 2P2 

p 1( 1) 
P1 + P2 or: + '2P 2 

P1 P1 

and: P 1 (2) 
P2 ---p P 1 + 2P 2 1 

( 16) 

( 17) 

The average last contact traffic L2 will then be: 

L2 = P1 (2)+P2 = 
P 1+ P2 

2p 
2 P1+ 2P 2 

Introducing the Engset probabilities: 

Na + N(N- 1)a2/2 

Na + 2N(N- 1)a2/2 

(18) 

The 
cf . 

corresponding improvement function will be, 

F = 1 

(5~~ a:d (8[~~ :N _ 1] 
1+a 2 , N B2 ,N 

~ [(N- 1) ~ - N+2] E2 , N 
1 +a E2 ,N 

Referring to [10] (8): 
Na 

where E1, N 1+Na 

~ - N+2] E2 ,N 
1 -a 

1+ (N- 1)a ) E2 , N (20) 

The Erlang version of (19) and (20) with N + 00 

and Na + A: 
2 + A 

L2 = ~ 1 = 1+'"1\ E2 (21 ) 

A complete correspondence . ~s thus established for 
the Erlang case, whereas an identity is out of the 
question for the ordinary Engset formulae ' (19) 
and (20) . . 

In view of the fact that it is especially the 
condition of the last outlet which is of interest 



in the present investigation, attention may be 
called to an alternative line of reasoning, which 
leads, more directly to the desired result. 

The busy condition of the n'th and ,last outlet can 
evidently arise only in connection with the birth 
of a new call, which must be the n'th existing, 
corresponding to that part of the probability Pn 
which directs the call to the n'th outlet because 
it is free. In case it is already busy, the call 
will evidently go into a "hole". The traffic on 
outlet n is equal to the number of calls occupy
ing it during the time unit (busy hour) multi
plied by the average holding time. 

The partial probability corresponding to the 
(n- 1 ) first outlets busy and the n'th free, is 
called Wn-1(1, 2,--, n-1) and this then gives 
the last contact traffic: 

L nPn Wn_1(1,2 T--, n-1) (22) n 
Then for n = 2 cf. (1 6) : 

P. + P2 
( 18 ) L2 = 2P2 w 1 (1) = 2p I 

2P2 
cf. 

2 P1 + 

LAST CONTACT TRAFFIC, RECURRENCE FORMULAE 

Passing from n = 2 to n = 3 and still further, it 
will be possible to find a certain pattern in the 
probabilities for each possible combination of 
idle and busy outlets. This refers to individual 
combinations as well as to partial sums of these, 
such as the case will be for the last outlet busy, 
which will include one half of all the possible 
combinations. Evidently the combinations belong
ing to the series of n will be created by those 
belonging to n- 1 by adding a - or + sign to the 
latter in the n'th position. The case may be 
tabulated as follows for n = 3 cf. ~]: 

Table I. 
Outlet no. '" C'Jndi t ional probabilities. 

Wo w1 ( 1) w 1 (2) W2 (1,2) w'j O) W2 ( i ,3) w2 (2,3) w3 

1 + + + + 
2 + + + + 
3 + + + + 

The regular index of w corresponds to the 
quantity of occupied outlets. The figures in 
brackets indicate which outlets are busy. The 
complete cases Wo and w3 are always = 1. The same 
applies to the sum of the W1 or w2: 

w 1 ( 1 ) +w 1 (2) +w 1 0) = 1. 

The equations belonging to the last outlet busy 
condition may be summarized as follows: 

n 
1; v p 
y=1 y,n y,n 

(23) 

v is here an auxiliary parameter derived from 
w~'¥n recurrence formula like (18) the terminal 
value index n may be dropped when it will lead to 
the same correction factor in numerator and 
denominator: 

Py- 1,n Yy- 1,n=(y- 1)(PY-i,n 
_ Py - 1 or: v - v -y,n - (y-1)Py y-1,n 

Marginal conditions: vo,n 

v +p v ) y-2, n y,n y,n (24a) 

~ 
Py vy- 2 ,n (24b) 

0, vn,n = 1 (24c,d) 

Starting with y = 2, the following series is 
deduced! 

v2an P1 
;: u2 v1 • n P2 (25) 

P1P2 - 2P2 
2 

v3 •n 
v, ,n 2P2P3 

u
3 

(26) 
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(27) 
v4,n 
v, ,n 

(28) 

2 2 
12(P1 P2- 2P 2 )P4 

• 
If n = 2, then v2 n = 1 according to (24d), in 
which case (25) m~y be written,cf. (17): 

P2 
v ' = -- = w1 (2) 

1,2 P 1 

Taking the individual equations of state along 
the lines of Bech's matrices [6] , it will be 
seen that the different v-values represent the 
conditional probability sumsof the possible com
binations having x busy outlets and n-x free, it 
being understood that the n'th and last outlet 
always shall be among the x busy ones. vx,n thus 
represents a compound conditional probability 
covering all possible combinations for the case 
n-l, taken together with the condition that out
let number n is also busy. v1 2 here means that 

oneis busy out of two, and this one must then 
necessarily be the second if the given conditions 
are to be fulfilled. 

Generally v1,n is the combination with n-1 free • 
outlets succeeded by a busy last outlet. v2 n 
represents these n-1 combinations with each'one 
in turn of the n-1 first outlets occupied to-
gether with the last outlet. vn n represents 
accordingly the conditional pro~ability of having 
n busy out of n, which will be = 1 ~~s from.a . 
conditional standpoint this is the only eXlstlng 
solution. 

It should also be noted that the conditional 
probability is made up from numerically different 
probabilities for each of the possible combina
tions. Any combination starting with the first 
outlet busy and the second free will have a sub~ 
stantially higher probability figure then the 
corresponding combination with the first one free 
and the second busy, but otherwise identical with 
the first. 

The process of bringing down the equations (25) 
to (28 ) to V],n may be included in a recurrence 
formula readlng: 

_1 __ 

v1 ,n-2 

Introducing (15) and the Engset probabilities: 4It 
v 1; i1 

Pn-i + n) __ 1 ___ Pn-1 
=C----Pn n-1· v Pn 

then: v. 
,n 

(23) m~ be written: 
n 

1 ,n-1 

n 
(N-n+1)a 

(29) 1 

v1 ,n-2 

00) 

v 1 ,n-2 

Ln v 1,n ;= 1 UyPy,n (31) 
After som further calculations (29),(24d),(31) 
gi ve, when the Engset denominator is called S: 

n 
+ -n-, • 



APPENDIX 

DETERMINANTAL SOLUTION OF THE BECH TYPE MATRICES. 

Bech's Danish ~per~£7 or Syskis English presen
tation of it L~, 9.2.7 Hunting problems, 
p-6a6-8, is supposed to be available to the 
reader. Only the first part is of interest in the 
present case. 

Bech's matrices, for the Erlang case only, are 
not suitable for determinantal solution, due to 
singularity. His main equations are, with 0 for 
the empty matrix and I for the unit matrix with 
1 in the main diagonal positions, but otherwise 
0: 

y p. = 0'" and lP = 1 n n n (A1a,b) 

y = [Yn-1- Y I t nd Y 1 
n y Yn-1-( 

= [-A ~l A - i (A2a,b) 

y is a nearly empty sub-matrix with a single non
zero element (A) in the bottom right corner. 
Generalized to suit also the Engset case: 

Yn = [Yn; 1-Y n;.' I J and Y 1 - t~~- ;] (A3a, b) 

n-1 n-1 

Y -3 - (A4) 

-C 1 1 a a a a 
CO -C 1-1 0 a a 0 

0 
0 0 -Cr1 1 0 0 0 
0 C1 C1 -C2-2 0 0 0 
a a a 0 -C1-~ 1 0 
0 a 0 0 C1 -C2-2 a 
0 0 0 0 0 0 -C2-2 1 
a 0 0 C2 0 C2 C2 -3 

Engset case: Ci (N-i)a (1+a)A-ia (A4a) 

Erlang case: Ci A (A4b) 

A combination of (Ala) and (A1b) gives: 

ZnP; = U· (A5) 

The Z matrices are formed by the Y ones by re
placing the first row with 1,1-- 1. U· is the 
same as 0" with 1 in the top position instead of 
O. Pn will in both cases be the same, from top to 
bottom woPo, w1(1) P1' w1(2)P1' w2 (1,2)P2 etc., 
cf. table I, 
Wo = 1 and w n (1 , 2, - - - - , n ) = 1 ( 6 a, b ) 

The equivalent to (A3a,b) will be: 

Zn =[Zn;~~~n-'y~~,_Il and Z, =[c~ _~] (A7a,b) 

J is a modified unit matrix with digit 1 in all 
positions of the first row in addition to the 
main diagonal.y' equals Y with C1 instead of Co etc. 

For the Erlang case exclusively the determinant 
corresponding to (A7a) wlll read: 

IZnl =I Zn;,-Y Yn~,_Iland IZ11=1~ -11 (A8a,b) 

/Z I is treated in accordance with current determ
inRntal algebra consisting of addition and sub
traction of rows and columns etc. ~irst the 
individual rows of the upper half of the main de
terminant are increased by addition of the rows 
of the bottom half, except the first, and then 
each column of the left half is subtracted from 

those of the right half. The result is: 

IZnl=IZn;1 Yn_~-I-YI =IZn-,IIYn-,-I-yl (A9) 
A square sub-matrix consisting of O's only which 

cuts into the main matrix to a position adjacent 
to a diagonal, renders the entry of its corres
ponding image positions across the diagonal nil. 

IZn-~ I etc. may be treated in the same way ~ , thUS. 
giving the complete factorization of any IZnl. 

Some additional matrices have now to be defined: 

IX-I\ is obtained by changing IY-II as follows: 
Last column should have 0 in all positions except 
the right bottom one which should read A. Other
wise they are identical. 

Solving the system of linear equations involves 
the use of IZI as the denominator determinant, 
the respective numerator determinants being 
created by sUbstitution of a certain column of Izl 
by U*. W is the matrix corresponding to the U· 
column placed immediately to the left of the mid
section, the same wherein the Y matrix has its 
A-entry. The V matrix is formed in the same way 
by placing U· as the last column of Izl. 

(A9) may be written: 

IZnl = IZn-11 (!Yn_1 -II + IXn_1 -II) (A1a) 

The Erlang version of (22) may be written: 

wn_ 1 (1,2, ... ,n-1) p _1 = ,IWznl, or 
I,n n "n n 

L = nPn,nlWnl A IWnl 
n Pn-:,n IZnl ~ 

(A 11,) 

Per definition: 

IWnl = IVn~1 y J -I I = [Vn_ ,[[Yn-, -I[ 
n-~ 

(A12) 

If Ln shall be identical with Fn_~' this implies 

«A9), (Al0) and (Ai~) are used): 

IWn ' En ~ = En_;-En = En_ l ( ~ - En_~ 

(A9) and (A~2) give: 

Ix A-II n- ! 

1 
Y -I-YI n-: 

(A:3) and (A'4) must 
identities, leading 

_ IVil Ei + 1 _ 
E. - ~ and ---- -

l ,-il Ei 

in this case represent 
to the conditions: 

(A 13) 

(A'5a) is the solution of the last equation of the 
system, corresponding to all outlets busy. Thus it 
is 0vidently correct. (A15b) gives together 

with (A:5a) and (A9): 

Ivnl = Ivn-11IXn_l-I! (A16) 

Referring to the definition of the V matrix, it is 
evident that the corresponding determinant may 
have the last column interchanged with the one to 
the left of the mid-section whereby an 0 matrix is 
coming forth instead of Y, together with an X type 
matrix to the right, and a change of sign of the 
whole system. (A16) is thus correct. This complet
es the proof of the Erlang case: Fn- 1 = Ln' 

The Engset case does not allow factorization as 
easlly as the Erlang, due to the fact that 
operations between columns are hampered as 
different C-values are involved. Nevertheless it 
is possible to find certain rules which facilitate 
the operations, but (A9) does not hold good. Any
how, it is possible to prove the general incom
patibility between the formulae for improvement 
function and last contact traffic. 
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(10) gives, when introducing In =~/En 
I - 1 

'n n 
(N-n+ 1 )8. = -1-

n- 1 
n-1 

1; (N)ax 
x x=o 

x=o 

- E n,N 
In - 1 
-1-

n 

(33) 

(34 ) 

This formula should be compared with (9): 

Fn- 1 In Fn- 2 (In- 1 -1) = 1 

Fn- 2 I n- 1 - Fn- 3 (In- 2 -1) 

If the last contact traffic Ln shall be identical 
with the improvement function Fn- 1 (etc.) then 
(34) and (9) must be identical, which means that 
Fn- 1 may be replaced by Ln ' Fn- 2 by Ln_. etc. 

LnIn - 1= Ln- 1(In- 1 -1) 

L I -n- 1 n- 1 
I -n-2 

Combining these equations with (34) the result 

(35 ) 

Using (10a) the resulting condition will be: 

(N-n+1)a = (N-n+2)a (36 ) 

is: 

This equation is contradictory for all other 
cases than Na+A and N+oo, that is the Erlang case. 
For the general Engset case it may only be used 
as an approximation. 

As both recurrence formulae and the case n = 2 
give the same results, the proof is conclusive 
provided the formulae (9) and (34) are correct. 
(It must be admitted that the steps leading up to 
(34) are such, that it may be difficult to claim 
the exact mathematical proof of this formula. 
The most satisfactory approach to the mathemati
cal problem will, howeve~ imply the use of matrix 
algebra in accordance with Bech's method, modi
fied to suit determinantal solutions, cf. 
appendix.) 

In connection with the Erlang case, it should be 
noted that in as much as the traffic on the last 
contact is identically the same as the lost 
traffic if the next but last or (n-l)'th,had been 
the last physical contact, the rule may be proved 
to hold also for this case, without regard to the 
question of the existence of the n'th contact. 
The improvement function is thus the key to the 
complete traffic distribution under the given 
circumstances, including especially the negative 
exponential holding times. 

Although it is proved that the Erlang congestion 
formula is valid for any holding time distribu
tion, it is not possible to deduce that this will 
be the case also for the last contact traffic. 

Thus for the Erlang case: 

Lx, n = Lx = F x- 1 

The Lx,n values here apply to the outlets with 
order number between 1 and n. 

In the general Engset case the same arguments 
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will prove that a systematical coincidence is im
possible for any of the outlets. (Arbitrary co
incidence might perhaps occur.) 

It may be noted that the improvement function. is. 
defined as independent of a fixed n value,as 1t 1S 
based on a physical increase of n to n+1. Further, 
attention is called to the fact that both the 
Engset and the Erlang congestion formulae are de
pending on n. A change in t~e number of outl:ts 
means a change in the denom1nator 1/po' It m1ght 
accordingly be called a lucky coincidence that 
the traffic via each outlet here is independent 
of n in the Erlang case. It should by no means be 
taken for granted. 

It is evident from (36) that the difference bet
ween the improvement function and the last outlet 
traffic is relatively greater when n approaches N. 

THE BERNOULLI CASE 

The improvement function for the last contact n=N 
converts an Engset case into a pure Bernoulli 
case. The formulae will be as follows, cf. (4): 

n-1'/ n-1 a a _ 1-a an-1 
Bn , n = 0 , Bn- 1 , n n x n n ---n- 1()a (1+a) -a 1-a n 

!: x 
x=o 

Multiplication with A = na renders: 

Then for n = 2, c1. also (20): 

2a 2 (1-a) 2a 2 
FI 

1-a 2 1+a 

As E2 ,2 = 2 (19) in this a , 
L2 (2 -a)a 2 

L2 a a 
-= (1--2 )(1+ a) =1+'2 
F1 

case gives: 

(38 ) 

(39) 

(40) 

( 4 1 ) 

The nearer a comes to 0, the less pronounced is 
the difference between the last contact traffic 
and the improvement function. This must be the 
case in general. If the traffic figure is such 
that most of the traffic is carried by the first 
outlet the relation N/a will become great enough 
to app~oach the Erlang conditions. 

When a is approaching its theoretical top limit, 
which is 1, L2/F1 is again 1 . This i~ a self 
explanatory general feature. As prev10usly men
tioned the improvement function becomes 1 to
gether with the time congestion.f~nction, corres
ponding to full load of any add1t1on~1 outlet. 
This condition will of course also glve full 
traffic load = I to the last contact. 
The maximum deviation from L2/F1 = 1 occurs when 
a = 1/2, in which ~ase L;::/F'i.(max) is ?/8. This 
is not much of a d1fference 1n a quest10n of 
probabilities, and the case is also an ext~eme 
one. The main feature in thp present case 1S, how
ever, not the size but the mere existence of a 
theoretical difference between the two factors .. 



• 

• 

• 
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The denominators, cf. the two E or B-values in
volv,ed, . contain both the sums from 0 to n-1 of 
identical elements and one of them in addition 
the n'th element. As a general rule these two 
sums, when factorized, have some mutually prime 

. factors. As mentioned they are both structurally 
identical up to the (n-11th element includin[ No. 
O. It may then be assumed that Co will be re
quired to build up both sums. Now it is easily 
shown that the general Z matrix as ,per (A7a) can 
not contain more than one factor where Co enters 
into the structure, namely the facto r constitut
ing the sum from 0 to n. The other factors 
start with C1 as a building element. A systema
tical coincidence between the two formulae 
considered is then out of question. 
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