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Abstract 

Nonhierarchical networks are chara~terized by routing 
plans with complex traffic flow characteristics and without 
reliance on backbone trunk groups. The task of determining 
the minimum circuit requirements for such networks which 
satisfy point-to-point service objectives cannot be ac
complished by considering each trunk group independently 
and employing a uniform engineering criterion for each 
group because of the extensive interaction of overflow 
traffic throughout the network. This paper describes an 
algorithm that has been devised to dimension all inter
machine groups of a nonhierarchical network si~ultaneously 
by accounting for the interrelationship. of trunk overflow 
probabilities and the point-to-point loss probability for 
each node pair. A two-parameter statistical model, ac
counting for the mean and variance of network traffic 
flow, is employed by the algorithm, thereby providing more 
accuracy than earlier models which relied on an assumption 
of randomness for all traffic. 

1. Introduction 

Circuit switched communications networks with non
hierarchical structures (allowing more than one route 
between each switch pair) are often desirable when reli
ability or survivability considerations are of principal 
importance in the network design. Nonhierarchical net
works are characterized by routing plans with complex 
traffic flow characteristics abd without. reliance on back
bone (" final") trunk groups.* 

This paper focuses on the final stage of the network 
design process. Following the location of the desired 
switch points, the selection of the trunk groups intercon
necting them and the determination of a plan for routing 
traffic through the network, the task remains of determin
ing the size of each trunk group to provide sufficient call 
completion capability at a minimum cost. .The service 
criterion generally placed upon the traffic performance of 
a nonhierarchical network is based upon the loss probabil
ity encountered by calls entering the network at any 
switching machine and destined for any other office (i.e., 
point-to-point loss probability). Sufficient trunks must 
be provided in the network to ensure that the point-to
point loss probability for each switch pair does not ex
ceed a prespecified value. 

Determination of the minimum circuit requirements 
cannot be accomplished by considering each trunk group 
independently and employing uniform engineering criteria 
for dimensioning each group, because of the extensive in
teraction of the overflow traffic from trunk groups 

* In a nonhierarchical network, a trunk group may receive 
overflow traffic from the same groups to which some of 
its own overflow traffic may be offered. Hierarchical 
networks do not permit this interaction of overflow 
traffic, enabling simpler methods to be used for trunk 
engineering than is described in this paper • 
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throughout the network.. An algorithm has been devised to 
dimension all intermachine trunk groups simultaneously by 
accounting for the interrelationship of trunk group over
flow probabilities and the point-to-point loss probability 
for each switch pair. 

The fundamental objective of the trunk engineering 
algorithm is to maximize the number of switch pairs for 
which the loss probability encountered during the busy 
hour falls within a prespecified interval. Explicit con
sideration of network cost is not included in the trunk 
engineering procedure. Instead, it is assumed that among 
all trunk configurations which ensure a specified maximum 
loss probability for all switch pairs, a configuration 
which equalizes point-to-point service produces a near-

minimum cost solution. Prior network studiesl ,2 have in
dicated that under a wide range of traffic conditions, 
there is little variation in the cost of alternative 
trunking solutions satisfying a uniform service objective. 

The method used to calculate the desired network 
performance parameters during each iteration of the trunk 
engineering algorithm is the same as that reported on by 
the author in Reference 3. The following approximations 
are used in the network performance calculations: 

1. Point-to-point traffic originates according to a 
Poisson process. 

2. The system is in statistical equilibrium. 

J. Overflow and carried traffic are adequately char
acterized by the mean and variance of the prob
ability distributions governing the number of 
s imul taneous calls. 

4. The occupancy distribution of the t~ groups 
throughout the network are statistically inde
pendent of each other. 

5. Any call attempt unable to find an idle path to 
its destination is cleared from the system. Cus
tomer retrials of unsuccessful calls (if they are 
to be included) are assumed to be Poisson 
distributed. 

6. The switching and control equipment at each of
fice are in sufficient supply so that no con
ge stion is encountered at the switches. 

These assumptions are commonly employed in perform
ance evaluation studies of switched communications net
works and are more fully documented in Reference 3. 

The essential data requirements of the trunk engi
neering algorithm are: 

1. Location of all intermachine trunk groups. 

2. A specification of the routing plan utilized by 
the switching machines to establish call comple
tion from any office in the network to any other. 

* The trunk engineering algorithm described in this paper 
is suitable only for networks employing stage-b~stage 
(progressive) route control. Under this method of 
control, a call is transmitted from one office to the 
next without guarantee that a successful path may be 
obtained through the distant office. Most current oper
ational networks fall into this class. 



3. Estimates of the statistical point-to-point traf
fic demands (loads) offered to the network 
averaged over a given busy period. The length of 
this busy period is typically an hour. (If more 
than one busy period must be considered to ac
count for the noncoincidence of peak loads, 
several sets of point-to-point 19ads may be util
ized to determine the size of each trunk group. 
This will be treated in a later section.) 

4. The minimum and maximum loss probabilities desired 
for each node pair. (The maximum loss probability 
ensures an adequate grade of service to the cus
tomer; specification of a minimum loss promotes a 
solution which satisfies the limiting service 
criterion at a near-minimum cost.) 

The algorithm documented in this paper offers a num
ber of improved capabilities over previous methods devised 
for engineering a nonhierarchical netwo~. 

1. The algorithm permits the network designer to 
specify a maximum loss probability applicable to 
all origination-destination pairs in the network. 
In prior algorithms the service considerations 
were directed at overall network loss probability 
and did not attempt to provide a minimum grade of 
service for call completion between every switch 
pair. 

2. As indicated by assumption 3, a two-parameter 
statistical model (accounting for the mean and 
variance of network traffic flow) is employed by 
the algorithm, thereby providing more accuracy 

than earlier models4 which relied on an assumption 
of randomness for all traffic. 

3. The algorithm attempts to produce a near-minimum 
cost solution by selecting the configuration which 
equalizes point-to-point service, in addition to 
satisfying desired service objectives. No cost
minimization objectives are contained in prior 
trunking algorithms applicable to nonhierarchical 
networks. 

4. Constraints (upper and/or lower bounds) may be 
placed upon the size of each trunk group. One 
application of the lower bound constraints on 
trunk group sizes permits a simplified method 
for dealing with noncoincidence of busy hour 
loads in the trunk engineering procedure. 

The body of this paper contains a summary outline of 
the algorithm, some engineering application~ and a dis
cussion of the computer implementation of this work. The 
mathematical details of the algorithm are treated in the 
appendices. 

2. Algorithm Summary 

The two principal tasks of the trunk engineering 
algorithm are: 

(a) Determination of the desired blocking probability 
for each trunk group which satisfies all of the 
point-to-point service requirements. 

(b) Estimation of the mean and variance of the total 
load offered to each trunk group, which results 
when the point-to-point loads are offered to a 
network of trunk groups which have blocking prob
abilities determined in (a). 

From the mean and variance of the offered load and the 
desired blocking probability for each trunk group, the 
number of trunks required for each group may be computed. 

The computational steps comprising the trunk engi
neering algorithm are summarized in the following outline. 

1. An initial value of the desired blocking probability 
for each trunk group is obtained as follows: 
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(a)·A point-to-point loss probability equation is gen
erated for each node pair having a nonnegligible 
offered load (i.e., loads in excess of a prespeci
fied value), based upon the loss probability en
countered at each switch accessible to the point
to-point traffic.* 

(b) Setting this equation equal to a desired point-to
point loss probability, a solution is obtained fo~ 
the single unknown traffic parameter in the equa
tion, the desired nodal loss probability, p, 
encountered at each switch to which call traffic 
for the given node pair is offered. 

(c) At each node (i) in the route tree of alternative 
call paths, the initial blocking probability for 
every accessible trunk group terminating at this 

node is given by (p)l/ni, where n
i 

is the number 
of accessible groups. 

(d) Utilizing the link blocking probabilities just 
computed, the mean offered load for the node pair 
is appropriately distributed to all trunk groups 
encountered in the route tree. Estimates are ob
tained from this load distribution process of the 
mean offered and carried loads for each trunk 
group in the route tree. 

(e) Steps (a) through (d) are repeated for every node 
pair and the mean offered and carried loads are 
accumulated for each group. From these parameters, 

• 

the initial estimate of the average blocking prob- • 
ability desired for each trunk group is computed. 
This represents the weigpted average of the trunk 
group blocking probabilities desired by individual 
parcels offered to the group from each node pair. 

The above initialization procedure is treated in more 
detail in Appendix A. 

The method used to determine the initial trunk group 
blocking probabilities relies upon a one-parameter 
(poisson) characterization of traffic flow. A more com
plex model is next applied to estimate the mean and vari
ance of the total load offered to each trunk group, and 
to determine the point-to-point loss probabilities which 
result from the trunk group blocking probabilities chosen. 

2. To compute the network performance parameters, the 
mean and variance of the point-to-point offered load 
for each switch pair having a nonnegligible load is 
approximately distributed among the trunk groups com
prising the route tree of alternative call paths 
through the network. Trunk group blocking probabil
ities calculated in the previous step are used to 
determine the disposition of traffic flow through all 
accessible call paths. The loss probability for a 
given switch pair is computed by summing the lost traf
fic at each node in the route tree for that switch 
pair. The mean and variance of the load offered to 
each trunk group is then determined by accumulating the 
traffic parcels associated with all switch pairs con
tributing traffic to that group. The method used to 
compute the performance parameters is discussed in 
Appendix B. 

3. Once the load offered to each trunk group in the net
work has been ascertained, the number of trunks re
quired to achieve the desired blocking probabilities 
may be determined using formulas derived in Appendix D. 
Adjustments to the desired blocking probabilities may 
be required to accommodate constraints placed upon 
minimum or maximum trunk group size. These constraints 
are also discussed in Appendix D. 

4. Following the adjustment of the blocking probabilities 
(in step 3), step 2 is repeated to determine the re
sulting network performance parameters. If the trunk 
group offered loads are significantly changed, the 
trunk requirements for these groups must again be 
estimated (step 3) to determine if fUrther adjustments 

* The loss probability encountered at a switch (i.e., 
nodal loss probability) is the probability that there 
are no idle trunks on any of the groups to which the 
call has programmed access. 

• 

• 
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in the blocking probabilities are required. Experi
mentation has demonstrated that three iterations of 
steps 2 and 3 are generally sufficient to determine an 
equilibrium solution in which the set of point-to-point 
loss probabilities, trunk group offered load~ and 
blocking probabilities are consistent with each other 
and any trunk constraints imposed. . 

5. The trunk group blocking probabilities computed from 
the iteration procedure described in step 4 do not 
guarantee that the point-to-point loss probability for 
each node pair falls into the desired interval. The 
following procedure is employed to check the point-to
point service criterion for each node pair having a 
mean offered load in excess of a prespecified value, 
and to recommend suitable adjustments in the link 
blocking probabilities, as necessary, to achieve de
sired service. 

(a) The point-to-point loss probability is computed 
for the node pair by the load distribution 
technique described in step 2. 

(b) The loss probability for the given switch pair is 
then compared to the range of values specified as 
acceptable for point-to-point service. 

• If the loss probability falls into the desired 
range, no adjustments in the link traffic para
meters are required for this node pair. 

• If the loss probability exceeds the desired 
range, an identification is made of the switch
ing centers at which excessive lost load was 
experienced. Appropriate adjustments in the 
carried load of trunk groups terminating at 
these switching centers are determined, as need
ed, to reduce the loss probability for the node 
pair to an acceptable value. 

• If the point-to-point loss probability falls 
below the desired range, an identification is 
made of the trunk groups which carry most of the 
traffic for that node pair. Appropriate reduc
tions in the carried load of these trunk groups 
are determined, as needed, to increase the point
to-point loss probability for the node pair to an 
acceptable value. 

The formulas for modifying trunk group carried 
loads to satisfy the point-to-point service re
quirements are derived in Appendix C. 

6. When all node pairs have been considered in step 5, 
updated values of the following traffic parameters are 
obtained: 

(a) Mean and variance of the trunk group offered loads • 

(b) Net changes in carried load recommended for each 
trunk group. 

From these parameters, adjustments are made to the 
blocking probability for each trunk group, as required, 
by subtracting from the old blocking probability, the 
ratio of the recommended change in carried load to the 
new estimate of the mean load offered to the group. 
Further changes in the desired blocking probabilities 
due to the integer number of trunks required or con
straints on trunk group size are investigated using the 
method described in step 3. 

r. Steps 5 and 6 are repeated until: 

(a) The number of required trunks in three consecutive 
iterations differ by less than a specified tolerance 
interval, or 

(b) A specified number of iterations is exceeded. 

An equilibrium solution to this iteration process (if 
one exists) is generally achieved in from 4 to 7 itera
tions (of steps 5 and 6). If the desired range of 
point-to-point loss probabilities is too narrow, an 
oscillatory solution will result (appearing within 4-7 
iterations of tpe computational algorithm). 
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3. Other Network Engineering ConsideraX~ons 

Two additional network engineering considerations are 
easily accommodated by the algorithm. 

(a) Noncoincidence of Busy-Hour Loads 

The ability of the algorithm to satisfY constraints 
imposed on trunk group sizes provides a convenient method 
for reflecting the noncoincidence of occurrence of busy
hour loads in the trunk engineering procedure. The follow
ing method is proposed for establishing the network trunk
ing requirements from traffic measurements. 

Suppose that the peak levels of all point-to-point 
demands consistently occur each day during certain (non
coincident) busy hours. A set of point-to-point offered 
loads for each of the observed busy hours is required for 
the trunk engineering operation. After the trunk engineer
ing algorithm has been used to determine the ne~work 
circuit requirements based upon the first set of demands, 
these circuit recommendations are specified as lower 
bounds for the trunk engineering operation applied to the 
second demand set. The resulting circuit requirements 
·(at least as great as the first set) are then specified 
as lower bounds for the next demand set. This procedure 
is continued until all sets of demands have been considered. 

Experimentation has demonstrated that the order in 
which the demand sets are considered has some effect upon 
the final trunk requirements. (Variations of up to 5 per
cent of the total trunk requirements have been observed 
when the order of considering four different busy hours 
has been varied.) As intuition suggests, best results 
were generally obtained by considering busy hours in the 
order of increasing total network loads. 

(b) Augmentation of an Existing Trunk Network 

The trunk sizing algorithm, as described in Section 2, 
is applicable to network design applications in which 
there is no prior information concerning the size of any 
trunk groups. Another important problem, however, is that 
of administering the trunk group sizes of an existing net
work which has undergone changes or growth in the offered 
loads. In this case, we wish to augment the existing 
trunk group sizes to accommodate the new offered loads, or 
perhaps new requirements placed on point-to-point service. 
This objective is easily accommodated with the current 
algorithm by ignoring step 1 and using the current trunk 
group sizes to calculate the desired performance parameters 
for the existing network, as described in step 2. From 
this point on, the algorithm proceeds identically as de
scribed in Section 2. For those cases in wrrich the initial 
trunk group sizes differ significantly from the final solu
tion, more iterations (of steps 5 and 6) will be required 
for convergence than the number required if no initial 
trunk configuration were specified. 

4. computer Implementation 

The trunk engineering algorithm described in this 
paper has been implemented on IBM 7094 and 360 computers. 
The program has undergone extensive experimentation with 
networks ranging in size from 7 to 72 nodes, with point
to-point loss probability objectives ranging from 0.005 to 
.0.25 and with'various types of nonhier~rchical routing 
plans. 

A convergent solution was defined as one in which the 
change in trunk requirements in three successive iterations 
did not exceed 0.2 percent. For the following ranges of 
.desired point-to-point service (Bmin,Bmax)' convergence of 

the trunk engineering algorithm was always achieved, gen
erally within 7 iterations of steps 5 and 6 (described in 
Section 2). 

( • 5 Bmax, Bma) when B < 0.03 max -

( .6 Bmax' Bmax) when .03 < 13 < 0.1 max -

( .7 Bmax, Bmax) when .1 < B < .25 max -



If B and B are too close together, an oscillatory min max 
solution will result generally within 7 iterations. 

Although the trunk configuration resulting from the 
engineering algorithm is obviously not unique, attem~ts 
to manually adjust the trunking solution ~o satisfY Bmax 

with fewer trunks and/or trunk-miles did not appreciably 
improve upon the computer solution. 

The run time of the trunk engineering program depends 
upon: 

(a) The size of the network. 

(b) The amount of alternate routing permitted at 
each stage of call completion. 

(c) The number of switch pairs haviQg sufficient 
offered traffic to affect the network trunk 
requirements. 

An investigation was made of different threshold 
values for ignoring small point-to-point loads. If this 
value (Amin ) is too large, too much load is ignored, and. 

insufficient trunks are provided. If this value is too 
low, the run time of the trunk engineering algorithm is 
needlessly excessive. The threshold value ultimately 
selected was Amin x 0.15 erlang. 

The run time for the trunk engineering program is 
quite favorable in comparison with large scale network 
performance evaluation programs. The trunk configuration 
for a 40-node network using a nonhierarchical plan with 
up to three alternate routes per stage is obtained in only 
7 minutes on the IBM 7094. The trunk solution obtained 
for a 72-node network, using the same routing plan, re
quired 15 minutes. These times are relatively short, when 
it is realized that estimates of the desired network per
formance parameters (such as the point-to-point loss 
probabilities, the trunk group blocking probabilities, and 
the mean and variance of the load offered to each trunk 
group) are also provided with the number of trunks re
quired for each group. 

As a result of extensive experimentation, this pro
gram has been adopted by the AT&TCo for use in the design 
and trunk administration of CONUS AUTOVON, a trategic 
communications network serving military agencies in the 
continental United States. 
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APPENDIX A 

Initial Estimation of Trunk Group Blocking 
Probabilities Required to SatisfY Point-to-Point 

Loss Probability Requirements 

As indicated earlier, the trunk engineering algorithm 
is applicable to nonhierarchical switched communications 
networks which employ progressive routing plans. Under 
this class of route control, a call progresses toward the 
destination switch, by making successive trunk seizures, 
until either the destination office is reached (Le., .the 
call is completed), or the call cannot progress any further 
because the trunks ort all accessible groups are busy (i.e., 
the call is "lost"). It follows, therefore, that the loss' 
probability for a given switch pair is determined by a 
weighted sum of the proportion of traffic lost at each 
switch that can be reached along any of the alternative 
call paths accessible under alternate route control. (The • 
weighting coefficient applied to each nodal loss probabil-
ity is the proportion of the point-to-point traffic parcel 
that reaches the corresponding switch.) 

B,y generating a route tree of alternative call paths 
permitted for call completion between a given switch pair, 
an equation can be derived relating the point-to-point 
loss probability desired to the loss probability en
countered at each switch accessible to the point-to-point 
traffic. An example of a route tree for a given switch 
pair is illustrated schematically in Figure 1. The route 
tree not only identifies the accessible trunk groups and 
tandem switch pOints, but also the order in which calls 
must be blocked and seized on prior groups before a tandem 
switch or trunk group is reached. 

ROUTE TREE FOR A GIVEN SWITCH PAIR 

10 11 12 

FIGURE 1 

The following three asumptions were used to derive 
the equations relating the desired loss probability fo~ 
each switch pair (B)* to a single value of loss probability 
(p) encountered at each switch accessible to the point-to
point traffic. 

* 

1. All traffic flow remains Poisson distributed. 

2. The loss probability encountered at each switch 
is the same. 

Since the desired loss probability ~or e~ch switch pair 
is specified as a range of values (~IN'~)' there was 
freedom in selecting the value, B, from which the nodal 
loss probabilities were computed. Experimentation 
showed that setting B = ~IN produced an initial trunk-

• 

ing solution with better convergence properties than any • 
other value. 



• 

• 

• 

• 

3. The blocking probability for each accessible 
trunk group terminating at switch i is the same, 

and is therefore given by {p)l/ni, where n
i 

de

notes the number of accessible groups at node i. 

Once the number of accessible trunk groups at each 
switch is identified, the route tree of alternative paths 
may be used, together with the above assumptions, to 
determine the proportion of the point-to· point loss prob
ability contributed by each node (i). If we denote the 
proportion of the point-to-point traffic reaching node i 
by Li' we can write: 

(I) 
all accessible 

nodes, i 

The values of Li can be derived ~n terms of p and the 

number of accessible groups at prior nodes (~,n2""~' 

etc.)} by using the route tree to identify the prior ~rtink 
group seizure and overflow events required to reach the- . 
given node, i. 

Using the route tree in Figure 1, several examples 
of Li terms can be given: 

Ll = 1 (All traffic reaches node 1) 

These terms can be constructed iteratively by recognizing 
the relationship between the traffic reaching a given node, 
and the amount of traffic reaching the prior node in the 
route tree. For example, 

l/~( 1/I1.f) La = r,.p 1 - P • 

For any desired value of E, the value of p which _ 
satisfies equation (2), is known to lie between 0 and B. 
The equation can be solved numerically for any degree of 
accuracy by using standard numerical techniques such as 

the "Bisection Method,,,5 which successively halves the 
interval in which p is known to lie. 

When the value of p has been determined for a given 
·switch pair, the portion of load from the traffic source 
under .current consideration which should be offered to 
each accessible trunk group and the corresponding carried 
load for each group may be easily determined in terms of 
the values of Li (illustrated in equation 2). The follow-

ing examples are applicable to the route tree identified 
in Figure 1. Let 

, 
a = l2 

a23 = 

denote the mean load parcel offered to trunk 
group ij, contributed by the given point-to
point traffic source, As' 

denote the mean load parcel carried on trunk 
group ij, contributed by the given traffic 
source, As' 

As .t~2 = a~2(1 pl/nl) 

1/n2 
, , ( 1/n2) 

As ·L2·P ; 123 a23 1 - P 

, 2/n2 
a24 = As'~'P ; .t;4 = a;4 (1 

pl/n2) 

, , , ( 1/n8) 
a.a9 = As'Le .t89 = a.a9 1 p • 

(4) 
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B,y repeating this process for each node pair we can 
accumulate the mean offered and carried load f or each trunk 
group. The initial estimate of the trunk group blocking 

probabilities (Bi~») needed to satisfy the point-to-point 

loss probabilities for all switch pairs, represents a 
weighted average of the trunk group blocking probabilities 
desired for each traffic source, as given below: 

.t{o) 
ij 

I 
all traffic 

sources 

I 
all traffic 

sources 

a(O) _ .t(0) 
ij ij 

Co) aij 

, 
a .. 
~J 

l (5 ) ij 

For purposes of subsequent calculations of the net
work performance parameters, initial estimates are also 

required of the variances of the total loads Offered(vi~») 
and overflowing (Cl> i~») each trunk group. Since random 

traffic flow was assumed throughout the initial calcula
tions, it follows, therefore, that 

v(o) = a(o) (6) 
ij ij • 

Attempts were made to speed convergence by applying an 
empirical constant to increase the variance-to-mean ratio 
of the initial offered load estimates, but no significant 
improvements in speed of convergence were achieved. 

The initial estimate of the variance of the traffic 
overflowing each group (ij) was determined by first calcu
lating the number of trunks, cij ' required to accommodate 

a random offered load of magnitude aio ), with a blocking 

probability as close to Bi~) as the i~teger requirement of 

cij will allow. The Erlang B formUla is used to determine 
the required number of trunks, as described in Appendix D. 

1n addition, the value of Bi~) is adjusted to conform to 

the integer trunk requirement. The variance of the dis
tribution of traffic overflowing a trunk group from a 
random (poisson) source is computed from the following 

6 
equation, derived by H. Nyquist : 

(0 ) 
Cl>ij 

ag)[l -ai;l + ·g;O) (0)] 
cij + 1 + Oij - aij 

(0) Co) Co) 
where a ij = ~ij 'Bij • 

APPENDIX B 

Calculation of Network Performance Parameters 

The computational objective of this portion of the 
algorithm is to determine new estimates of: 

(a) The mean and variance of the total load offered 

to each trunk group (ai~) ,vi~»), and 



(b) The point-to-point loss probability (B~~;t))* 
for each switch pair whose load (A{o,t)) is large 

enough to affect the network trunk requirements. 

These network performance parameters are computed by 
constructing the route tree (as illustrated in Figure 1) 
for each switch pair under consideration and tracing the 
statistical flow of the corresponding point-to-point load 
·through alternative paths of the tree. Estimates obtained 

(n-l) (n-l) (n-l) in the previous iteration of a' j , B.. and ~'j 
l lJ l 

(mean offered load, blocking probability, and overflow 
varianee for each trunk group) are used to calculate the 
mean and variance of the traffic parcels originating from 
leach point-to-point source which seize and overflow each 
accessible trunk group_ 

As trunk groups are sequentially encountered in the 

route tree, the values of ai~) and vi~) (initially set to 

zero) are suitably increased by the corresponding moments 
of each traffic parcel offered to each trunk group during 
this load assignment process. For each node pair, the ex
pected value of the traffic lost during the offered load 
assignment process is divided by the mean offered load to 
obtain the current estimate of point-to-point loss 
probability. 

The formulas used to distribute the mean and variance 
of the point-to-point offered loads to the appropriate trunk 
groups are identical to those previously derived by the 
author and documented in Reference 3. It has been demon
strated that this two-parameter method, when applied iter
atively, provides accurate estimates of network performance 

parameters when compared to simulation results. 3 

APPENDIX C 

Modification of the Trunk Group Carried Loads 
to SatisfY Point-to-Point Loss Probability 

Criteria 

When a new estimate of point-to-point loss probability, 
-en) 
B{o,t)' is computed from the load assignment process ap-

plied to switch pairs (o,t), a check is made to determine 

whether ~~:t) falls within the desired range of point-to

point loss probabilities (~N'~). 

If ~n) falls within the acceptable service inter
(o,t) 

val, the next switch pair will be considered in turn. 
Otherwise, modifications of the trunk group carried loads , 
(6t

ij
) are recommended, where appropriate, to alter the 

point-to-point loss probability for the given switch pair 
in the next iteration. 

The changes in carried load (both positive and nega
tive) are accumulated as each switch pair is considered. 

The net change in carried load, 6ti~), is then used to 

determine the desired change in blocking probability for 
the trunk group, 

tJ~~) 
lJ 

-~ 
(8 ) 

lJ 

The value of 6Bi~) is then addetl to B~~-l) and finally 

adjusted (as described in Appendix D) to account for the 
nearest integer number of trunks required and any con
straints imposed on trunk group size. When the new values 

of B(n) have been determined, the load distribution al-
ij ;;-(B 0+1) 

gorithm is repeated to compute (o,t). 

The ordered pair (o,t) denotes the origin and termination 
nodes requiring call completion. 
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The following procedures have been devised to calcu
late the appropriate changes in trunk group carried load, 

;;(n) 
when B{o,t) falls outside of the desired service range • 

Case 1 

B{n) > BMAX 
(0,. t) 

The route tree of alternative call paths generated 
for the given node pair (o,t) is re examined to identify 
each node (i) for which ~e portions of the point-to-point 
load lo~t attthat node (Ai) is greater than or equal to: 

A{o,t)·~N· 

To reduce the loss probability at node i (and con
sequentially reduce the point-to-point loss probability), 
three types of adjustments in carried load can be made: 

1. Increase the carried load on the (ni ) trunk 

groups terminating at node i which are accessible 
to the lost traffic. 

Increase the carried load on the (n ) trunk 
P 

groups at the previous node (p) to which the lost 
traffic had access before being transmitted from 
node p to node i on group pi. 

• 

3. Decrease the carried load on group pi, so that 
traffic is diverted from node i and transmitted • 
to subsequent alternate routes accessible at 
node p. 

The trunk groups affected by the carried load adjust
~ents described above are identified schematically in 
Figure 2. 

FIGURE 2 

All of the load lost at node i (Ai) is apportioned 

among the trunk groups identified above. 

Since it was not known, prior to this study, what 
proportion of the lost traffic to assign each of the three 
types of carried load adjustments, empirical weighting 
coefficients, denoted Wi , W ,and W . (where·W. + W + W i P pl l P P 
= 1), were used to calculate: the increased carried load 
at node i (ai ), the increased carried load on prior groups 

at node p (ap )' and the reduced carried load on group pi • 

(a .) which is diverted to subsequent alternate routes. 
pl 

In addition, the formulas ~erived for calculating ai' ap ' 

and a . (as a fUnction of Ai) must account for the followEl 
ing conditions: 

1 If i is the originating office, nod~ p will not 
exist and ap ' api = 0; hence, a i = Ai-

2 If group pi is the first choice grou~ accessible 
at node p (n = 0), then a = 0 and Ai is appor-p p 
tioned between a i and api only. 

3 If the routing plan does not permit any acces
sible trunk groups at node i (ni = 0), then 

a i = 0 and Ai is apportioned between ap and api 
only. 

t Lower threshold values were considered, resulting in 
more trunk groups identified for carried load adjustment. 
However, the magnitude of these adjustments were too • 
small to warrant the additional computation. 



• 

• 

• 

The follow~ equations for apportioning the load 
lost ~t node i (Ai) satisfies all of the anticipated 
o conditions. 

where 

W 5 5 
a =~A 
p W

TOT 
i 

{a, 
5 = 

P 1, 

{a, 
5 -

np 1 , 

when n. = ° 
l. 

otherwise 

when p = ° 
otherwise 

when n = ° P 

otherwise 

The n
i 

trunk groups accessible at node i which are 

required to carry additional load a i are ordered according 

to their appearance in the routing plan. The load assign
ed to each group is the same proportion as the amount of 
load from the given traffic parcel overflowing that group. 

Let tj denote the jth trunk group in the ordered list 

of accessible groups at node i (j = l, ••• ,ni ). 

Let Pt denote the probability that a call from the 
j 

given traffic parcel overflows group t j • This overflow 

probability is the product blocking probabilities for group 
tj and all prior groups accessible to the call at node i. 

That is, 

(10) 

where B(n-l) denotes the blocking probability (computed in 
th 

the previous iteration) for trunk group t h • 

The load a i is apportioned among the trunk groups: 

tl, ••• ,t , using the corresponding values of Pt as 
~ j 

weighting coefficients. Hence, 

aiPt . 
61-' ___ J_ 

(11) 
t. n. 

J l. 

I Pt. 
j=l J 

where 
, 

M t denotes the desired change in carried load for 
j trunk group tj (j = l, ••• ,n

i
)· 

The load ap is apportioned to the np trunk groups 

accessible at node p, by identifying the order in which 
these groups are encountered in the route tree for the 
current node pair. Equation 11 is then used (with a and 

p 
np substituted for a i and ni ) to determine 61' for each 

group. 
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Finally, api represents the reduction in carried load 

for group pi; hence, 
, 

M . = - a i. plo P 

Experimentation with the trunk engineering algorithm 
demonstrated that the total number of trunks and trunk
miles· selected by the algorithm to satisfy the desired 
service requirements and the number of iterations required 
to obtain a solution were both dependent upon the values 
selected for the carried load adjustment coefficients, Wi ' 

Wp,and Wpi The total trunk-mile requirements were con

sistently minimized when Wpi = 0. This result is not 

surprising, intuitively, since api diverts the carried 

load to subsequent, and presumably more circuitous alter
nate routes. 

The trade-off between Wi and W (where W. + W = 1) 
p l. P 

did not have any consistent effect upon the number of 
trunks required for solution. However, the assigned 
values had a decided effect upon the speed of convergence 
of the algorithm. The values, Wi = Wp = 0.5 resulted ~n 

consistently fewer iterations required for convergence 
than coefficients which favored either W. or W • 

J. P 

-(n) -
B(o~t) < ~IN 

If the point-to-point loss probability falls below 
the desired minimum, we reduce the carried load on each 
trunk group (ij) which carries a significant proportion of 
the offered load (A(o,t)) for the given switch pair. Using 

data recorded from the load distribution process, all trunk 
groups carrying at least 5 percent of the point-to-point 
load, A(o,t)' are identified. 

, 
Let t ij denote the portion of load from A(o,t) car-

ried on group ij. 

The magnitude of the carried load reduction chosen for 
each oof these groups was an amount sufficient to increase 

;;{n) ~N+~ 
the loss probabil~ty from B(o,t) to 2 The recom-

mended change (Mij ) is therefore given by: 

, 
t::,t . . = -

J.J 
, 

As discussed earlier, the values of Mij are accumu-

lated for each node pair falling outsiQe of the desired 
service interval. The resulting change in carried load, 

Mi;), is used to calculate adjustments in the trunk group 

blocking probabilities (using equation 8) needed to satisfy 
the point-to-point loss probability criterion for o each 
switch pair. 

APPENDIX D 

Estimation of Trunk Requirements for Each Group 

When the point-to-point load assignments have been 
completed for all node pairs during any given iteration 

(n), the mean (ai;)) and variance (vi;)) of the offered 

load accumulated for each trunk group are used to determine 

the number of trunks (ci;)) required to satisfy the most 

recent estimate of the desired overflow ~robability (Bin
j

- l ) 
(n) 

+ !:::.Bij ). 

• The total trunk-miles refer to the sum of products of 0 

the number of trunks in each group times the length of 
the group. Network transmission costs are closely 
related to this parameter • 



The total load offered to a trunk group is typically 
a composite of traffic parcels from many different 
origination-destination node pairs. For each of these 
parcels, the probability distribution governing the number 
of simultaneous calls depends upon the path of the call in 
the network before being offered to the group. Traffic 

overflowing prior groups is characterized as "peaked,,6 and 
has a greater variance-to-mean ratio than the Poisson dis
tribution. When traffic is carried on prior groups the 
peaks of the distribution governing the number of simul
taneous calls are truncated by the limited capacity of the 
prior groups and its variance-to-mean ratio is thereby 
reduced. 3,6 

Performance evaluations of nonhierarchical networks 
have demonstrated that each trunk group is subjected to a 
sufficient amount of alternate routed traffic so that in 

(n) (n) virtually all cases, v ij ~ aij • The method used to 

determine the number of trunks required to accommodate the 
:composite offered load, treats the offered load as i f it 
had the steady-state probability distribution of traffic 
overflowing a full access group of S trunks to which a 
random load of A erlangs is offered~t This method of de-

scribing peaked-traffic was developed by R. I. Wilkinson. 6 

Assuming that vi~) > ai~), calculation of the equivalent 

random load and the size of the hypothetical trunk group 
(where S need not be integer-valued) was facilitated by the 

following approximation formulas disclosed by Y. Rapp:7 

v~~) + 
v(~) C~n) ) 

A-z 3 lJ lj 1 (14) 
lJ -:lOJ -:lOJ-aij aij 

S-z A en) - 1 . (15) 
1 -

I aij 
n 

a~~) + (v(~) 
aij 

The overflow traffic distribution that results when 

the nonrandom load (characterized .by ai~), vi~)) is of

fered to c trunks is the same as the overflow resulting 
from the equivalent random load, A, offered to a group of 
S + c trunks. Hence, we wish to determine the minimum 
number of trunks, c, such that when A erlangs are offered 
to c + S trunks, the resulting blocking probability does 
not exceed ~, where 

(16) 

Since the offered load, A, is random, and it is as
sumed that calls overflowing a trunk group will neither 
wait for an idle circuit nor reappear immediately as a new 
seizure attempt on the group, the following well known 
recurrence formula is used to compute the blocking prob
ability resulting when k trunks are serving A erlangs. 

B(S+k) = A.B(S+k-l) 

s + k + (A.B(S+k-l») 
(17) 

where 

We repeat the above recurrence relation until a value 

of k = c is reached in which B(S+c) < B*. 

Since B(S+c-l) ~ B* > B(S+c), the desired number of 
trunks for the given group is either c or c - 1. The value 

T (n) (n) In those cases in which v ij ~aij , it is assumed that 

A = ain
j

) and S = O. This is a conservative assumption 
(n) (n) for those few cases in which vij < aij • 
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selected depends upon the direction of change in the de
sired blocking probability from the previous iteration, as 

(n) (n) (n) indicated by ~ij • If 6Bij is positive, cij = c - 1; 

if 6B{n) is negative c(n) = c In this way, the algorithm ij ij· 
is responsive to small changes in carried load (as described 

in Appendix C). If ~i~) = 0, then the value of ci~) 
chosen is the one whose corresponding blocking probability 
is closest to ~. 

Once the required number of trunks for each group has 
been determined, the desired blocking probabilities are 

recomputed from B(S+c) [so as to conform to the nearest 
integer number of trunks required]. 

(S + c(n)) 
B(n) A.B ij 
ij (n) (18) 

a ij 

The above method of calculating the trunk requirements 
for each group in every iteration of the trunk engi~eering 
algorithm provides a convenient way ·for accommodating con
straints placed on the size of any trunk group or the 
total number of trunks terminating at a switch. 

Due to survivability considerations or the limited 
availability of transmission or switching facilities, it • 
may be desirable to specir,y an upper bound for each trunk 
group size (1MAx). Alternatively, the administrative cost 

penalty of small groups may make it desirable to specir,y 
a minimum size for each trunk group. 

The minimum trunk group requirement may be specified 
in either of two ways. First, it may be stipulated that 
at least CGP trunks must be allocated to justir,y the trunk 

group. If fewer trunks than C
GP 

are required to satisr,y 

the desired trunk group blocking probability, no trunks 
will be allocated for the group. The second type of min
imum trunk requirement stipulates that at least C

MIN 
trunks 

must be provided, regardless of the amount of traffic of
fered to the group. (The 1MrN constraints provide a con-

venient method for treating non-coincident busy-hour loads, 
as discussed in Section 3 of the text.) 

If a value of 1MAx is specified for trunk group ij, 

then the recurrence relation defined by equation 17 may be 
performed at 'most 1MAx times. If after CMAx iterations of 

this equation, B(S+Cwuc) ~ B*, then ci;) = ~ a.nd 

(19) 

If a value of 1MrN is specified for trunk group ij, 

the recurren~e relation (17) must be performed at least 
CMIN times. If after ~N iterations of this equation, 

B(S+CMIN) < B* then c(n) 
-' ij = ~N and 

(S+CMIN) 
A·B (20) 

Additional iterations of equation 17 must be performed 
if B(S+CMIN) > B*. 

If a value of CGP is stipulated for trunk group ij, 

then the number of trunks (S+c*) required to accommodate 
a random load of A erlangs with a blocking probability 
closest to B* is calculated, as already described. If 

c* > CGP ' then ci~) = c*. However, if c* < CGP then 

ci;T = 0 and BljJ = 1. 

• 

• 


