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ABSTRACT 

In this paper a full available trunkgroup with 
n channels is considered. to which R Poisson in
put streams corresponding to R priority classes 
are offered. An arriving call. finding all chan
nels occupied. can displace an established call 
of the momentarily lowest priority class. pro
vided that this class is lower than its own 
class. Three disciplines how to select the esta
blished call to be displaced are considered: 
"first-come. last-displaced". "first-come, first 
-displaced" and "random-displacement" • 

At first the discipline-invariable probabilities 
of loss or displacement. resp •• are derived. 

Furthermore these probabilities will be deter
mined in the case. where established calls are 
displaced by arriving calls not only of a higher 
but also of the same priority class. 

For this case as well as for the disciplines 
"first-come. last-displaced" and "random-dis
placement" the following distribution functions 
are derived for each priority class: 
- The distributiori Px(>t) or PXiX2 (>t), resp •• 

for a call. starting in the state x or xl'x2• 
resp. 

- The distribution P(>t) for an arbitrary call 
- The distribution Pd(>t) referred to displaced 

calls only 
- The distribution Ps(>t) referred to nondis

placed calls only 
as well as the corresponding mean holding 
times. 
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1. INTRODUCTION 

In non-public switching networks e.g. for 
flight-traffic control or weather-service it may 
be useful to assign to each call a certai n prio
rity class. If a call finds all channels of a 
trunk group busy, it will interrupt and displace 
one of the existing calls. provided that this 
established call is of lower priority~ S~ an in
coming call is only lost, if at the time of its 
arrival all channels are occupied by calls of a 
higher or its own priority. 

This above mentioned priority assignment could 
also be useful in public communication networks 
in the case of cable breakdowns, catastrophes 
etc. By this application it would not be necess
ary to switch off all "non-important" sub
scribers from the exchange during the repair 
time or for the duration of the catastrophe. 

In this paper a full available trunk group with 
n channels is considered. The following assump
tions. concerning the offered traffic, will be 
made: 
- R input streams - according to R priority 

classes - are offered to the trunk group 

- Each input stream is Poissonian with the 
arrival rate ).r (r= 1,2 •••• R). 

- All the calls have the same time-independent 
terminating rate l1r = 11. 
Lost or displaced calls are cleared 

The rules for the selection of the established 
call to be displaced constitute the displacing
discipline. Three disciplines will be considerere 
first-come, last-displaced j fir,st-come, first
displaced and random-displacement. Of course an 
existing call of the momentarily lowest class, 
i.e. the class with the highest priority number, 
will be displaced. 

Under the condition that only established calls 
of lower priorities can be displaced, the dis
placing-discipline has no influence on the pro
babilities of loss and displacement. 

On the contrary, the holding time distribution 
of a certain priority class r (r = 2,3, ••• R) 
will depend on these disciplines. 

2. THE PROBABILITY OF LOSS, THE PROBABILITY OF 
DISPLACEMENT 

These probabilities can be derived from the 
s~ate probabilities of the system. To calculate 
these state probabilities, the following facts 
have to be taken into account: 
a) The input and occupation .processes of the 

classes r+l, r+2, ••• R-l, R have no influ
ence on those of class r (r= 1,2, ••• R-1), 
where class 1 has the highest and class R the 
lowest priority. 

b) As a c6nsequence of a) the probability of the 



state "xl lines occupied by class 1" is given 
by an Erlang distribution Ill. 

c) If it is possible to prove that the probabi
lity of a state "(X1+x2) lines occupied by 
the classes 1 and 2-" is also an Erlang dis
tribution, then we obviously obtain an 
Erlang distribution for the probability 
"(xl+X2+ ••• +xr) lines occupied by the 
classes 1,2, ••• rH. 

Therefore it is necessary to find the state pro
bability PX' where x = xl +xz. First we define the 
state probability PXl X2' ~.e. the probability 
for'xl lines occupied'by class 1, x2 lines occu
pied by class 2". 

By using the statistical equilibrium we obtain 
for PXl,X2 the following set of equations: 

x<n: 

(~X+Al+A2)·PXl,X2 = ~(x2+1)·PXl,X2+1 

+~(xl+l)·Pxl+l,x2 

+A .p 
2 Xl,X2-1 

x=n, x2>0: . 

(~x+Al)·Px x 
1, 2 

x=n, x2=0: 

~X·PXl,X2 

+A 1 •PX l-l,X 2 

= A1 •Px l-l,x2+1 

+A 1 •PX l-l,X2 

(1) 

We must replace nonexisting state probabilities 
by the value zero. 

By introducing the offered traffic 

Ar 
Ar = lJ 

(4 ) 

as well as xl= x-x2 in eq.(l,2,3) and summa
rizing the eq. (1) and (2) from x2 = 0 to x2 = x 
we obtain after some tedious transformations: 

x<n: 

x=n: 

If eq.(5) is arranged in the following way 

(A1+A 2 )·Px -(x+l)·Px+l = (A1+A2 )·PX-l -x·px 

it is obvious that (5) is fulfilled, if 

(5) 

(6) 

(7) 

As a consequence of eq. (6) as a boundary condi
tion of (5) it follows that c = o. 

Obviously the solution of eq.(6,7) is the 
Erlang distribution with the offered traffic 
(Al+ A2) • 

This result can be easily interpreted: If an es
tablished 2-call with the time-independent ter
minating-rate u is diplaced and the occupation 
is continued by a i-call of the same terminat
ing-rate ~, then the occupation process is not 
influenced. The displacing, new i-call has the 
same holding time distribution exp(-ht) as the 
remaining part of the displaced call would have 
had. 
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Therefore the state probability Px of the state 
"(xl+X2+ ••• xr ) lines occupied by calls of the 
classes 1,2, ••• r" is 

where 

x 
A~r 

X! 
Px 

n Ai 
~r 

L 
i=O i! 

r 
A = L A. 
",r i=l ~ 

(8) 

This will facilitate the further derivations. 
Regarding class r, the input and occupation pro
cess of the classes 1,2, ••• r-l can be treated 
as one process resulting from one offered traf
fic Al+A2+ ••• Ar -l. So, henceforth, we will 
consider only two classes: Class 1 as the high 
priority class and class 2 as the low priority 
class, corresponding to the classes 1,2, ••• r-l 
arid class r, resp. The calls of class 1 will be 
denoted for the sake of briefness with l-calls, 
and analogously those of class 2 with 2-calls. 

2.1 Class 1 

• 

The probability of loss Bl~ the carried load Yl • 
and the probability PXl for "Xl lines occupied 
by class 1" are identical with the well known re
sults found by A.K.Erlang Ill: 

AX1 
1 

Xl! 
PXl 

n Ai 

i~O 
1 

i! 

Bl PXl=n = 

2.2 Class 2 

E
n

(A1 ) 

hl 
Al [1-B1] 11 = 

= A1 [1-En (A1 )] 

It holds (cf. eq.(8»: 

Therefore 

(A +A )Xl+X2 
1 2 

n (A
1

+A2 )i 

i~O i! 

B2 = PXl+x2=n = En (A1+A2 ) 

The carried load is given by 

(9) 

(10) 

(11) 

(12) 

(13) 

(14 ) 

The mean holding time h2 of a 2-call is not yet 
known and will be determined later on (eq.(16». 
As 2-calls can be displaced, the mean holding 
time will be less than h. 

The expectation value of the holding time of a 
displacing call is h = 1/IJ and the remaining part 
of the corresponding displaced call would have 
had the same expectation value h. So i -t is evi
dent that the carried traffic of class 2 is re
duced by displacements in the same amount as the 
carried traffic of class 1 increases. That means 

~Yi = -~Y2 
For llYi holds 

6Y1 = A1 [1-En (A1 )] -A1 [1-E
n

(A1+A
2

)] 

• 
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~Yl = Ai [En (A i +A2 ) -En (A i )] 

Let us now introduce the probability of dis
placement UA referred to all 2-calls. Then we 
obtain for ~Y2 : 

-~Y2 = UA·A 2 ·h = UA'A 2 

That means that from the A2 2-calls. arr1v1ng 
per time-unit. the UA-th part is displaced. 
These displaced 2-calls would have had a further 
mean holding time h. 

So the probability of displacement UA is given 
by: 

A 
UA = ~.[E (A +A ) -E (A )] 

Ani 2 n 1 
(15a) 

2 

It will be useful to define a further probabili
ty of displacement Uy referred only to those 
2-calls which could occupy a line. 

UA Ai .En (Ai +A2 ) -En (A i ) 
(15b) 

These probabilities of displacement are 
shown in Fig. 1 and 2. 
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The probability of displacement 
Uy as a function of the offered 
traffic A1' 

On the other hand ~Y2 can be expressed in the 
following manner: 

h2 
A2 [1-En (A1+A2 )] (1- 'h) = A1 [En (Ai +A2 ) -En (A1)] 

Ai [En (A1 +A2 ) -E (A1 )] 
h2 = {1- n}h = 

A2 [1-En (A1+A2 )] 

From eq.(14,15a.16) we derive 

Y2 = A2 [1 -En (A1+A2 )] -A1 [En (A1+A2 ) -En (A1 )] 

(14a) 

3. The holding time distributions 

3.1 Discipline: first-come. last-displaced 

As the holding time distribution function (d.f.) 
of 1-calls is negative-exponential with the mean 
h. this d.f. needs not to be determined. For 
class 2. however. three d.f. are of interest: 
The holding time d.f. of all 2-calls. of the 
displaced 2-calls and finally of the nondisp~ed 
2-calls. 

3.1.1 The difference-differential equation for 
the holding time d.f. of all 2-calls 

As the holding time d.f. of the displaced or 
nondisplaced 2-calls. resp •• can be derived 
from the d.f. of all 2-calls. it will be useful 
to determine the noIding time d.f. for all 
2-calls at first. 

This can be done by means of a solution method, 
published among others by C.Palm /3/ : 

A 2-call occupies a free line of a trunkgroup 
with (x-i) <n busy lines. What will happen dur
ing the immediately following time interval dt ? 
Three events will influence the holding time of 
this considered call: 

a) None of the existing (x-1) established calls 
ends and no 1-call arrives. (2-calls may ar
rive without consequence. they are. if at al~ 
displaced before the considered 2-call. and 
therefore ~re not relevant to its hold
ing time). The state "x lines occupied" is 
not changed during dt. 

b) No call of class 1 arrives. but one of the 
(x-i) established calls ends. which existed 
before the arrival of the considered call. 
(It is meaningless whether a 1- or a 2-call 
ends. as all existing 2-calls will be dis
placed. if at all. ~ the considered 
2-call. Therefore it makes no difference for 
the considered 2-call. whether one of the 
(x-1) lines is occupied by a call of class 1 
or 2). In this case the considered call con
tinues its occupation in the new state (x-1). 

c) A 1-call arrives and no call ends. Then the 
considered call continues its occupation in 
the new state (x+D • 

With respect to the limitting-process dt+O mul
tiple events (arrivals and/or terminations) have 
probabilities of higher order in dt and need not 
be regarded. 

The holding time d.f. of a 2-call, arriving dur
ing the state (x-i), will be denoted by Px(>t). 
,Therefore P~(>t) denotes the probability that a 
2-call. beg1nning its occupation in the state x. 
has a duration of greater than t. 

The probability Px(>t+dt) is composed of the 
probabilities Px(>t), Px+1(>t) and Px-1(>t). 
multiplied by the corresponding probabilities of 
remaining in the state x or arriving at the 
states (x-i) or (x+i) during the time interval 
dt. 

This enables us to calculate the mean holding 
time h2 For x < n holds: 
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Px(>t+dt) = (1 -~ldt -x~dt)-PX(>t) 

+~(X-l)dt-PX_l(>t) +~ldt-PX+l(>t) 

PX(>t+dt) -PX(>t) 
dt = -(~l+~X)-PX(>t) 

+~(X-l)epx_l(>t) +~lePX+l(>t) 

with -r = t 
h 

d-r 

we get: 

-(A1+X)-PX(>-r) +(x-l)e Px_1 (>-r) 

+AlePx+l(>-r) 

In the same way we obtain for x = n: 

dP (>-r) 
n = -(A1+n)e P (>-r) +(n-l)-P 1(>-r) (17a) dt n n-

The equations (17.17a) are a set of n differen
tial equations. It can be solved with the ini
tial conditions 

P x (>0) = 1 for x = 1,2, ••• n. ( 18) 

Equation (17) may be treated as one difference
differential equation with the boundary condi
tions 

(19) 

3.1.2 The solution of the difference-differen
tial equation 

To solve this difference-differential equation 
we introduce the Laplace transform 

gx(s) = L{Px(>-r)} (20) 

If we arrange eq. (17) with the aid of (19,20) 
in the usual matrix representation, we get: 

Al+1+s -Al 
-1 Al+2+s 

-2 

o 

-Al 
Al+3+s 

~(s) 

o 1 
1 
1 

-(n-l) A1+n+s 1 

(21) 

As s appears only in the leading diagonal of 
the matrix, it is obvious that for gx(s) holds: 

= Zx(s ,}'" 
gx(s) Dn(s) (22) 

Where Zx(s) is a polynomial in s of degree n-l 
and D (s) is the solution of the determinant, 
whichnis a polynomial of the n-th-degree. 

At first a solution for Dn(s) or its coeffi
cients, resp., will be achieved. If we evaluate 
the determinant, beginning with the n-th row, 
we obtain: 

Dn(S) = (A1+n+s)Dn-l(s) -(n-l)A1Dn-2(S) (23) 

where Dn- 1(a), Dn-2(a) are the determinants of 
a system with (n-l) or (n-2) lines, resp. 

As Dj(S) (j= 1,2, ••• n) is a polynomial of 
j-th degree, we write: 

j 
D.(s) = r d .. ·si 

J i=O 1.J 
(24) 

and introduce it into eq. (23). Thus we get a 
partial difference equation for di,j: 
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d. '+2 -(A1+2+j)·d, '+1 -d, 1 . 1 
~,J ~,J ~- ,J+ 

+(j+l)A1ed, . = 0 (25) 
~ ,J 

The boundary conditions can be taken from eq.(~) 

Putting i = 0 in eq. (25) we get an ordinary dif
ference equation, which has the following solu
tion: 

j AIC 
do ,j = j! L ...! 

IC=O IC! 
(26) 

If we assume that in eq.(25) di-l j+l is a known 
function, we can derive a recurre~ce formula for 
di,j: 

d' . 
~,J 

j A~ K d 
= j!L -- eI ~ 

IC=O (K+l)l v=i-l AV 
1 

(27) 

So all coefficients di,j (j = 1,2, ••• nand 
i=O,l,2, ••• j) can be determined, if we begin 
with the determination of do 'i,continue with 
d1 j and so on. Thus all coetficients di n 
(~'- 0,1,2, ••• n) of the determinant Dn(~) are 
known. 

In a similar way the polynomial Zx(s) will be 
obtained. At first we set 

n-l 
Z (s) = L c· esi 

x i=O l.,X (28) 

By introducing this expression into eq.(22) and 
using eq. (21) we get: 

-x-ci x +(A1+l+x)e C i x+l +ci-l x+l -A1-ci x+2 = , " , 
= di,n (29) 

The boundary conditions are: 

= c i ,n+1 = 0 

= 0 for i<O and i>x. 

Similarly to the solution of eq. (25) we obtain 
for co,x: 

(30) 

where 

For ci x we find the following recurrence for
mula: ' 

x-l AK IC 
+ (x-l)l L 1 L ci - 1 ,v 

Ai K=O 11:\1 v=l 

_ ~eEn(Al) ~ Ai ~ 
L L ci - 1 ,v 

A~+l Ex_1 (A1 )1C=0 IC! v=l (31) 

To determine the inverse Laplace transform of 
g:i-<s) it is necessary to f'ind tJ:le. roots of' tJ:le 
denominator DQ(S). As all coef'f'1c1ents of' th1S 
polynomial Dnts) are known, the roots can be nu
merically computed. In /2/ a general proof', 
showing that all roots are simple, negative and 
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real, is given. So we- can decompose gx(s) into 
partial fractions; 

The inverse Laplace transform is given by 

n-1 
c. es~ 

n r J,x ~ 

PX(>T) = 
i!l 

j=O 
eexp(s.T) = n . j-1 ~ 

j!l 
Jdj,n·si 

n 
= r K. eexp(s.T) 
i=l l.,X l. 

(2) 

where 

The d.f. PX(>T) is depicted in Fig. 3 for n= 5 
lines. Note that 2-calls, starting in the 
state n, have a noticeably reduced mean hold
ing time. 

A,=2,n= ~ 

o 0,5 1.0 1.0 

Fig. 3: The distribution function PX(>T). 

3.1.3 The distribution function P(>T) of an ar-
bitrary , established 2-call 

The probability P(>T) of an arbitrary 2-call, 
not regarding the state x in which it starts, 
can be found by multiplying the probability 
PX(>T) by the probability p1 and summarizing 
these terms from x=l to x=n. 

The probability p~ denotes the probability that a 2-call starts in - the state x. It can easily 
be derived from the state probabilities. It 
holds: 

(34 ) 

This means that a 2-call starts in the state x 
when it finds the state (x-1)<n at the time of 
its arrival. 

The holding time d.f. of all established 2-calls 
therefore is given by 

n 
P(>T) = I P:·PX(>T) 

x=l 

By using eq. (32) we obtain 
n n 

P( >T) = I 
x=l 

p* eI K. ·exp(s.T) 
x i=l l.,X l. 
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where 

n 
= I CieexP(siT) 
i=l 

p*·K. x l.,X 

(5) 

(35a) 

As a next step we define a density function, 
which is normalized to the mean holding time h: 

pet) = - dP(>T) = Y (-si)Ci.exP(siT) 
dT i=l 

n 
= r 
i=l 

b. eexp (s. T) 
l. " l. (36 ) 

where 

06a) 

3.1.4 The normalized density functions p (T) 
and Pd(T) referred to the ~uccessfal or 
£isplaced 2-calls,resp. 

The density function pet) for all established 
2-calls is composed of PS(T) and Pd(T) in the 
following way: 

(l-Uy ) ePS(T) +UyePd(T) = pet) (37) 

On the other hand the density function 
of all established 2-calls including the 
displacing calls of class 1 is negative expo
nential. So we can write: 

(l-Uy ) ePS(T) +Uy eP1+2(T) = exp(-T) (8) 

The density function P1+2(T) can be obtained by 
folding the density function Pd(T) of the dis
placed 2-calls with the density function exp(-T) 
of the displacing 1-calls. Thus we obtain: 

T 

P1+2(T) = f Pd (T-~) exp(-t)dt (39) 
t=O 

By introducing eq. (39) in eq.(38) and subtract
ing eq. (37) from eq. (38) we get 

T 

f Pd(T-t) exp(-t)dt -Pd(T) = ~[exp(-T)-P(T)] 
t=O Uy (40) 

As it holds sif -1 for all i (cf. 12/), it can 
be shown that 

n 
Pd(T) = I aieexP(siT) 

i=l 

is the solution of eq. (40), where 

a. = bi e
1+s i 

l. Uy si 
i = 1,2, 

(41) 

n (42) 

As U , bi, and s· are given (eq. (15a,36a»,the 
desi~ed density runction Pd(T) is determined. 

In a similar way we get 
r1 

PS(T) = r SieexP(siT) (43) 
i=l 

where _l_ebi 
Si = - (44) 

1-Uy si 

These results enable us to determine the dis
tribution functions Pd(>T) and PS(>T). We find 
by integration 



(45) 

n 
P s ( > 't) = + _1_ I .1..b i • e xp ( s . 't ) 

l-Uy i=l ? 1 S1 
(46) 

From these d.f. we can derive the mean holding 
times: 

n 
J:.. b. 12 = I h2 = T2 'h (47) 

i=l 2 1 
S. 1 

1 n l+s. 
't 2 ,d = I ~i h2 ,d = T2 ·h (48) 

Uy i=l 
si 

__ 1_ n 
.1.b. 't 2 ,s = I h2 ,s=T2 ·h (49) 

l-Uy i=l 3 1 
Si 

In Fig. 4 the d.f. P(>'t), PS(>T) and Pd(>T) are 
s~own. In addition~ the function exp~T) is de
p1cted as a compar1son. Fig. 5 represents the 
mean holding times as a function of the offered 
traffic Al. 

o 2 3 4 5 6 7 

o 2 3 4 5 6 7 

- -Fig. 5: The mean holding times T2 , T2 ,d' T2,s' 

3.2 Discipline: first-come, first-displaced 

This discipline will be especially useful, when 
the importance of a call decreases with the 
elapsing time. Then it is appropriate that a 
call, which finds all lines busy, is allowed to 
displace a call of its own class, too. Typical 
applications of this discipline are possible in 
the field of flight-traffic control and weather
service. 

If we allow displacements within the own class, 
the formulas for loss and the probability of 
displacement according to eq.(10,11,13,15) will 
hold no longer. The probabilities of state, how-
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ever, are not influenced anyhow. This enables us 
to consider two classes only as in chapter 3.1. 

3.2.1 The probability of loss and the probabil- • 
ity of displacement, the carried traffic, 
mean holding time 

Class 1 

A l-call will never be rejected 

(50) 

A l-call will be displaced, if an arr1v1ng 
l-call finds all lines occupied by calls of 
class 1 only. 

U A 1 = Uy 1 = En (Al ) (51) 

The carried traffic is given by 

and the mean holding time for all l-calls is 
according to eq. (11) : 

Class 2 

A 2-call is rejected only, if an arriving 2-call 
finds all lines occupied by l-calls only 

B2 = En (A l ) (54) 

The probability of displacement is composed of 
two parts: 2-calls may either be displaced by 
l-calls or by calls of their own class. There
fore it holds 

Al 
UA2 = A

2
[En (Al +A2 ) -En (Al )] +[En (A l +A2 ) -En (A l )] 

A +A 
= ~[En(Al+A2) -En(Al~ (55) 

A2 

UA2 Al+A2 
UY2 = l-E

n
(A

l
) = A2[1- E

n
(Al)] [En(Al+A2)-En(Al)] 

(56) 
Thereby we obtain the carried traffic Y2: 

Y2 = A2 (1-B2 )h -A2UA2 h 

= A2 [1-En (A l )] -(Al +A2 ) [En (Al +A2 ) -En (Al )] 

= A2 [1-En (A l +A2 )] -A l [En (Al +A2 ) -En (Al )] 

(58) 
This result is identical with that of eq. (14a). 
This is evident, because displacements within 
the same class have no influence on the carried 
traffic of this class. 

The mean holding time of all 2-calls is given 
by Y2 h (A l +A2 )[E (A l +A2 )-E (A l )] 
h2 = = {1 - n n}h 

(1-B2 )A2 A
2

[1 -E
n

(A
l

)] 

= (1 -Uy2 )h (59) 

3.2.2 The holding time distributions 

It is not necessary to derive these distribution 
functions separately for class 1 and for 'class 2 
The results to be derived for class 2 will hold 
also for class 1, if we replace A2 by Ai and Ai 
by Ao = O. (In this way eq. (50 51,52,53) can 
be derived from eq. (54,55,56,5~,59), too). 
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Similarly as shown in chapter 3.1 we obtain the 
corresponding difference-differential equation: 
x=1,2, ••• n 

d~PX(>T) = -(X+A 1+A2 )·Px(>T) (60) 

+(X-l).Px_1(>T) +(A1+A2 )·Px+1(>T) 

The boundary conditions with respect to x are 
given by 

(61) 

and the initial conditions with respect to T 
P X ( >0) = 1 x = 1,2, n 

It is not necessary to develop a solution for 
eq. (60). This equation is identical to eq.(17), 
if we replace Al in (17) by A1+AZ. Therefore we 
can calculate the holding time d1stribution 
P~(>T) for this discipline in the same way as we 
d1d for the discipline "first-come, last-dis
placed". 

The analogous problem without displacements - by 
calls of the own class can be solved; too. In 
this case eq. (60) holds only for x = 1,2, •• n-l; 
for x-= n we obtain: 

JLp (>T) = -(n+A1 )·P (>T) +(n-l)·P l-(>T) (60a) dT n n -n-

A 2-call, arriving when all lines are busy, is 
then lost and cannot influence the state 
fIn lines occupied". 

But now equation (60) loses its regularity and 
cannot be solved as described in chapter 3.1. An 

-analogous solution method as shown in chapter 
3.3 will, however, be possible. 

To derive the d.f. for all calls of class 2, we 
need the probability that a 2-call starts in the 
state x. According to the discipline "first-come, 
first-displaced" only existing l-calls are rele
vant to an arriving 2-call. The reason for this 
is that an established 2-call is, if at all, al
ways displaced before the considered 2-call. 
Conversely, a 2-call, which arrives after the 
considered 2-call, will affect the holding time 
of the considered call. This explains, why now 
in eq.(60) the term Al+A2 appears instead of Al 
in eq.(17). Therefore we obtain: 

P~ : (64) 

That means, we can calculate P~ in the same man
ner as in chapter 3.1, but now we have to re
place Al+A2 in eq.(34) by Al. 

3.2.3 The distribution functions P(>T), PS(>T) 
and Pd(>T) 

To determine the d.f. P(>T), PS(>T) and Pd(>T) 
as well as the corresponding mean holding times, 
we can proceed in the same way as in chapter 3.1. 

To solve the problem for r>2 priority classes, 
the rules, presented in chapter 2, are valid. 

3.3 The discipline: random-displacement 
3.3.1 The probabilities of loss and displace-

ment, mean holding time 

Henceforth we don't admit displacements -within 
the own class. The results for the probabilities 
of loss or displacement, resp., the carried 
trarric and the mean holding time or all l-calls 
or of all 2-calls can be taken thererore rrom 
chapter 2 • 
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3.3.2 The ho l ding time distributions 

Up to now only the quantity of estab l ished calls 
of class 1 and 2 (cf. 3 . 1) or only of class 1 
(cf. 3.2) existing in the sys t em were signiri
cant for an arriving 2-call. Now it is necessary 
to know the number Xl of existing l-calls and 
the number x2 of existing 2-calls, separately. 
The reason is that i n the state fIn lines busy" 
the probability w or an established 2-call to be 
s~lected ror displacement depends on the number 
X2 of existing 2-calls. It holds: 

Thus it is inevitable to set up a partial dif
ference-differential equation for the d.f. 
PX1 ,X2(>T)Of the 2-calls. We obtain analogously 
to chapter 3.1 

for Xl : 0,1, ••• n-l; x2 : 1,2, ••• n-l 
x1+x2 = 1,2, ••• n-l 

.£..p (>T) = -(x1+x2+A1+A2 )·P (>T) dT Xl,X2 Xl,X2 

+A1 ·PX1 +1 ,X2(>T) +A2·Pxl,X2+11>T) 

+x1
o p 1 (>T) Xl- ,X2 

+(x2-1)oPX1 ,X2_1(>T) (65) 

and for xl: 0,1, •• _. n-l; x2 : 1,2, ••• n 
x1+x2 : n 

JLp (>T) : -(x1+x2+A1 )·P (>T) 
dT Xl,X2 Xl,X2 

+x1 ·p 1 (>T) Xl- ,X2 

+(X2-1).PX1 ,X2- 1 (>T) 

+A X2- 1
• p >~ 

1 x2 Xl+l,X2-1(') (66) 

The boundary conditions are given by 

PX1 ,X2(>T) = 0 x1 =0,1, ••• n; X2:(~7) 

and the initial conditions 
P (>0) : 1 Xl: 0,1, ••• n-l; x2 = 1,2, ••• n 

Xl,X2 (68) 

A handy general expression for Px x (>T) with 
the aid of eq. (65) cannot be 1, 2 derived, 
because eq. (65) represents a partial differ
ence-differential equation with nonconstant co
efficients_ with respect to the variables x1 'x2 • 
Moreover, this equation is additionally COM
plicated by the boundary equation (66). 

Besides a direct solution of the set of differ
ential equations (65,66), which is, of course, 
only reasonable for small systems of equations, 
a numerical computation of the distribution 
functions PX1 ,X2(>T) is possible as shown below: 

We derine a Laplace transform 

ZX1'X2(S) 
g (s) = L{P (>T)} = --~-XI,X2 Xl,X2 Dm(s) 

and introduce it in the eq. (65,66). If we write 
down these equations ror gXI x~(s) in the matrix 
notation, we get a matrix of'tne rank 
m: (n+l )n/2. 

The polynomials Dm(s) can be developed by in
serting m+l appropriate values for s (e.g. s : 
=0,1,2, ••• ) in the determinant. Thus we obtain 
m+l pairs or values which consist or values for 
s and the resulting values or the determinant. 



By application of these pairs of values the co
efficients of the polynomial Dm(s) can be cal
culated by solving a set of m+l linear equations. 

In the same ~ay th: m polynomials ZX1,X2(S) can 
be found by ~nsert~ng m values for each polyno
mial Zx X2(S) in those determinants which are 
obtained.'by substituting the "right side" of 
the matrix for the corresponding column of the 
determinant. All these polynomials Zx x (s) 
are of degree (m-l). 1, 2 

By decomposing gXl x (s) into partial fractions 
and applying the ~dv~rse Laplace transform we 
obtain finally P (>t). Xl, X2 
To get the desired d.f. P(>t), we need in addi
tion to PXl X2(>t) the probability of state 
PX1,X2. For'these probabilities holds: 

xl = 0,1,2, ••• n-l; x2 = 0,1,2, ••• n-l; 
x1+x2 = 0,1,2, ••• n-l 

(A1+A2+X1+X2 ) op Xl,X2 = A1 •PX 1-l.X2 +A2ePX1,X2-1 

+(x1+l) oPXl +l,x2 

+(X2+1)oPX1,X2+1 
(69) 

X1+X2 = n; X2 = 1,2, ••• n 

(A1+X1+X2)oPX1,X2 = A1°PX l-1,X2 +A2°PX1,X2-1 

+Al°PX1-l,X2+1 
(70) 

Together with the normalizing condition 

n n-Xl 
I I PXl X2 = 1 

xl =0 x2=0 ' 
(71) 

a set of m =(n+2)(n+1)/2 equations (69,70,71) 
is given to determine the m state probabilities. 
The solution of this set of equations can effi
ciently be done by iteration methods, e.g. by 
the Gauss-Seidel method, which is especially 
suitable for solutions on a computer. This meth
od has the advantage of a small memory-require
ment and provides a high accuracy of the re
sults. 

with the solution of the state probabilities 
PXl X~ we can find analogously to eq. (34) the 
pro~ability that a 2-call starts in the state 
(xl' x2 ) • 

3.3.3 The distribution functions P(>t), Pd(>t) 
and Ps(>t),mean holding times 

The d.f. of all 2-calls as well as those of the 
displaced or succesful, nondisplaced 2-calls, 
resp., -and the mean holding times can be calcu
lated in the same way as shown in chapter 3.1. 

References 
III Brockmeyer,E., Halstr0m,H.L. and Jensen,A.: 

The life and works of A.K.Erlang. 
Acta Polytechn. Scandinavia, Copenhagen, 
1960. 

121 Katzschner,L.: Verlustsysteme der W~hlver
mittlungstechnik mit Priorit~ten. 
Ph.D. Thesis, University of Stuttgart,1970o 

131 Palm,C.: Research on telephone traffic 
carried by full availibility groups. 
TELE (1957) ,1, pp. 1 - 107. 

224/8 

• 

• 

• 

• 


