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ABSTRACT 

A general class of time-homogeneous Markov processes is 
considered in this paper. The mean and the variance of a 
process {X(t); t ~ O} , belonging to the class, are as
sumed to exist. The mean E tX(t)} is constant and Is de
noted nx. 
We primarily have in mind applications to traffic prob
lems and for such applications we refer to our process as 
a traffic process (there are however, of course, many 
other applications). In traffic applications nx is usual
ly the traffic handled if a loss system is considered and 
the mean of the number of engaged devices + queueing 
calls if a delay system is considered • 

Observations of the state of the traffic process are as
sumed to be made in such a way that the intervals between 
observations are independent, identically distributed, 
positive random variables with an arbitrary distribution 
function V(x) with finite mean m and with Laplace
Stieltjes transform ',,4(%) _!-e- U .d", .. ). 
It is assumed that the measuring process is independent 
of the random mechanisms governing the traffic process. 

The measurement is performed either with a fixed number 
of observations, .... ' or with a fixed measuring period of 
length T. 

As an estimate of my we take ·in both cases the sum of the 
q.bserved states divided by the number of observations. In 
the latter case, of course, the number of observations is 
a random variable. 

The estimates are easily found to be unbiased, which is 
valid for much more general traffic and measuring proc
esses than those considered here. 

The main problems are to find the variances of the esti
mates, which are denoted d~ and dt(T') , respectively, for 
the two cases. 

The general formula for d'fa. is given by (5.1.2) or 
(5.1.4). This result provides a generalization of formulae 
given by K.M. Olsson (OLSSON 1957), V.E. Benes (BENES 
1961), P. Le Gall (LE GALL 1962), K.M. Olsson (OLSSON 
1967) and the author (LIND 1969). 

The Laplace transform of d~(T) is given in formula (6.1), 
which provides a gener-alization of an earlier result of 
the author (LIND 1965, 1967). 

The asymptotic results for d~ and (j'l(T) valid for large 
values of po and T, respectively, are 

Here, - 0(. .. ,-0£'2., •... are the non-zero eigenvalues of the 
matrix of transition rates for the traffic process.Cl , 
C

2 
, ••• are certain characteristics of the traffic proc

esses given below by (2.1.18) and (2.1.28) • 
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1. INTRODUCTION 

In previous papers the author treated the problem of the 
accuracy of tnaffic measurements in a Poisson traffic 
process with arbitrary distribution of intervals between 
observations and either a measuring period of fixed length 
(LIND 1965, 1967) Or a fixed number of observations (LIND 
1969) • 

In the present paper there will be given a generalization 
to an extensive class of traffic processes ' of tpe results 
presented in the previous papers. 

The detailed assumptions will be given in Chapter 2. 

In Chapter 3 the problems are formulated. 

In Chapter 4 the deduction for the case of · a fixed number 
of observations will be performed and the general results 
and some specific results for this case are presented in 
Chapter 5. 

Finally, the deductions and the general results for the 
case of a fixed measuring period are given in Chapter 6 
and 7, respectively. 

2. ASSUMPTIONS 

2.1 The traffic process 

We are going to concider a class of Markov processes with 
discrete states in continuous time. The state space is 
assumed to be finite, the possible states being O,l, ••• r. 

r = highest possible state (2.1.1) 

The state at time t (t ~ 0) will be denoted X(t) 

X(t) = state at time t (t ~ 0) (2.1.2) 

The applications we primarily have in mind are applica
tions ·to traffic problems. Then, if a loss system is con
sidered, the state is usually the number of engaged de
vices and r = n = number of devices. If a delay system 
is considered the state is usually the number of engaged 
devices + the number of queueing calls and r (> ni 
where n is the number of deviQes) is the maXimum number of 
engaged devices + queueing calls; Fo~ such applications 
the stochastic process lx(t);t ~ O} is referred to as a 
traffic process. 

The probability structure of lX(t); t ~ O} is deter
mined by .an initial distribution and transition probabil
ity functions. 

The initial dist~bution i~ 

Qo(k) • PiX,.) -Il} 
where 

(k.O,f, ..... ,r) 

(k.O,1, ..... ,r) 
and 

(2.1.3) 

(2.1.4) 

(2.1.5) 



The transition probability functions 

are assumed to depend only on t and not on u. i.e. we 
assume {X(t)i t 2! Ol to have stationary transition 
mechanis~. We denote the transition probability func 
tions 

. Q(j,k,t) • p{XCu.+t). k\X(u.).jl. 

• p(X(t).kIX{o)ajJ 

For Q(j.k.t) we assume that. as At - o. 

t.bH.t .. O{"~) (k-j) (2.1.8) 

QCi,k, 6*) a {bjkAt .. 0(.+) (kaO,., ... ,j.t,j+t,jtt, .. rl1:t 

(j.O,t, ..... , .. ) 

We further assume 

<j • 0, t, .,. " , r) (2.1.9) 

i.e. we assume our Markov process to be conservative. 

We then know that the system of forward equations 

QS!.ill - Cl U)· S 
cH H~Oj Q(o)-l) (2.1.10) 

and the system of backward equations 

u:tOj Q(o).l) (2.1.11) 

where we have written the systems in matrix form with 

both have the same unique solution Q(t). where the ele
ments Q(j.k.t) satisfy 

O~ Q (j,k,t) ~ 1 ( t ~ 0 i j, k • 0, f , ..... , r) ( 2 .1.13 ) 

r 
L Q{j,k,t)-1 H l 0 i j. 0,1, .. '" , r) (2.1.14 ) 
k.O 

r 
Q (j, k.t) • 1:. Q q,t, u.) • Q (l, k,t- u.) 

l·O 

(LL ~ 0 ; t ~ u.; j, k • 0, i, ..... , r ) 
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We shall now further assume that all states of our pro
cess intercommunicate and (for simplicity) that the eigen
values of B are all distinct. 

The eigenvalues of B are denoted ~ 
- ot.~ = " -th eigenvalue of B (" =0.1 ••.•• r) 

(2.1.1(i) 

We know that one of the eigenvalues is.O. say 

'" = 0 o (2.1.17) 

and that 0(." (" =1.2 ••••• r) has positive real part and 
that 

(t ! 0 ) j, k • 0, t, ..... , ,. ) 

so that 

L,," Q(j,k,~) -QCk} (j,k.O,i, ..... ,r) 
i-O 

independent of the initial state j. We have 

} (2.1.18) 

(2.1.19) 

o < Q (k) < 1 (k· 0, i, ..... , r) 
r r Q(k)-1 

} (2.1.20) ~ 
k.o 

The distribution {Q(k)i k = O.l •••• r} is termed the equi
librium distribution of our process. 

We shall assume that the initial distribution (2.1.3) is 
the equilibrium distribution: 

( k • 0,1, ..... , r) (2.1.21) 

i.e. we assume tha~ when ·the process starts it is in 
statistical equilibrium. Then we have 

Q (k,t)· PI xtt)·k 1 • Cl (k) 

( t ~ 0 j k. 0,1, ..... J r ) 
} (2.1.22) 

so that all one-dimensional distributions of {X(t)it ~ 0) 
are given by the equilibrium distribution. 

This implies that E \X(t)} and Var {X(t)} are constant. 
We use the notations: 

m,caE{XCt») (t lO) (2.1.23) 

6".' : Vor {X(t)}. E[[XU)-E{X(l)})tj (t ao) (2.1.24) 

The l-dimensional distributions (l= 2.3 •... ) of tX(t)i 
t ~ ol are given by 

QCk1 ,.kt., ..... ,k,,; ~",t11""" t l }-

• p{X(1)· "1) X{t,). kt, ..... , XU,,) - klJ
k! 

• Q (k.) ·1.~ Q (ki) ki-t1 I ii..1- ~t ) 

(kl·O,f, ..... ,r; i·.,2, ..... ,l) 

(e~t1<t.< ....... <tL< 0.) 

(l·2.3, ........ ) 

~ 

~ 



• 

• 

• 

• 

Using (2.1.25) for l = 2 we have 
,. ,. 

JOo koO 
E {X (LL) • X (LL ~ t ) } = J.. 1:. j. k· Q (j) . Q q, k. \) } 

(2.1.26) 
(u.,i ~O) 

and by use of (2 .1.18) 

where 
(u.,t ~ 0) } (2.1.27) 

(y .. 1,2, .... . ,r) 
From (2.1.27) we have that the 
of \X( t); t ~ O} is given by 

} (2.1.28) 

covariance function ~ (t) 

.;. - ot.yltl 
¥'(t) • ~ Cy e (- - < t <. .. ) 

~·1 
(2.1.29) 

We conclude from (2 .1.29) that 

,. 
L. C y • 
Y·1 

(2.1.30) 

2.2 The measuring process 

We assume that in the traffic process defined above the 
state is observed at randomly varying points of time. 

We shall deal with two cases. 

Either we have a fixed number of observations or we have 
a fixed measuring period. 

In the first case we observe the state exactly ~ times, 
where ..... is a fixed posi ti ve integer. 

~ = the fixed number of observations ( ~ = 1,2, .. ) 
(2.2.l) 

Here,the length of the measurement becomes a random 
variable. 

In the second case the state is observed at randomly 
varying points of time during a fixed period [O,T] • 

T = length of the measuring period (2.2 .2) 

Here the number of observations becomes a random vari
able, which we denote 

~(T) = number of observations in [O,T) (2.2 .3) 

The values taken by J.l (T) will be denoted by tL • No 
confusion with (2.2.1) should occur as it should be 
clear from the context what case is considered. 

The observations are made at time-points t
l
,t2 ..• where 

we assume that 

tl = 0 (2.2.4) 
and where the intervals between observations 

(i..1,2, ...... ) (2.2.5) 
are assumed to be independent, identically distributed, 
positive random variables with an arbitrary distribution 
function V (x) with finite mean m. 

Vex) & P('li ~ xJ 
V (X) • 0 (X ~ 0) 

(L.:1 j 2, ....... ) 

I (2.2.6) 
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-m- E{t-i} -1 XdV(x) (i.f,2, .... ) (2.2.7) 
o 

(O~m<' eo) 

It is thus assumed that the measuring process is a renewal 
process. 

We are going to use the Laplace-Stielt jes transform of 
V(x) .. 

V*CZ) z le~ dV()() (2.2.8) 
o 

which exists at least for Re(z) ~ O. 

If the distribution corresponding to V(x) is absolutely 
continuous we shall denote the probability density func
tion by V(x). For this case 

v (X) a dr:> 
and the transform (2.2.8) is an ordinary Laplace trans
form 

.. - Z,X 
V· Cl) • J e . V(X) • d(x) (2.2.l0) 

o 

The following special cases are of great interest. 

Constant Intervals between Observations 

{ 
.. O V(x) -, 

- "lZ. v tt (z) = e 

(X < In) 

(X ~ m) 

) (2.2.11) 

Exponentially Distributed Intervals between Observations 

Vex) 1: {O -At 
i-e 

V*<l)a ~ 

(X~o) 

(x>o) 

) (2.2.12) 

Gamma-Distributed Intervals between Observations 

. V ()() • 
{ 

0 
~ '\-1 

A.~ 
m -r CA) 

V· (l) .. C,\Z rn%)'~ 
(A >0) 

(x ~o) 

Cx >0) 

,\JC -nr 
. e (x">O) (2.2.13) 



For A = 1 (2.2.13) gives (2.2.12) as a special case. 
For A - _ in (2.2.13) one obtains (2.2.11). 

2.3 The Joint traffic and measuring process 

In Sections 2.1 and 2.2 we have considered the traffic 
process and the measuring -process and their probability 
measures separately. 

We shall now make assumptions regarding the Joint proba
bility measure of the traffic and measuring process. 

Let 
Yi = state at the ith observation 

(i::ol,2, ... ) 

and, as before in (2.2.5), 

1ri '" time between the ith and (i+l)th 
observation 
(i= i,2, ••• ) 

2.3.1 Fixed number of observations 

(2.3.1) 

(2.3.2) 

We are going to consider for ~ = 1 the random variable 
'11 (2.3.3) 

and for ~ = 2,3, ••• the finite random vector 

(2.3.4) 

We assume that the probability distribution of Yl is 
given by 

(k1 ·O,1 •..... ,r) (2.3.5) 

and that the joint probaoility distribution of (t,~) is 
given by 

(k, • O. t •••••• , r J i· i ,', ..... , .,.) 
(",. 0 ; , ••• ', •... ., ~. t J 

(fA .t", ........ ) 
In (2.3.5) - (2.3.6) Q(k1 ) is given by (2.1.19) ~d 
Q(ki,ki+l,xi ) by (2.1.18). 

2.3.2 Fixed measuring period 

Let 

~(T) = number of observations in [o,T1 
as before (formula (2.2.3». 

(2.3.7) 

We are here going to consider the random variable 

(2.3.8) 

when ,,(T) takes the value 1. When fA. (T) takes one of 
the values 2,3, ••• we will consider the random vector 
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The joint probability distribution of (2.3.8)-(2.3.9) is 
assumed to be given by 

P {V •• Ie., V,. "" ..... , Yt'- k ... ; ~4. "4, 
,'r,. &l" •••.• , T" .•• "" .•• "tT)e,,} 

~., ".... e&-t } 
aQ (le.)· J t ..... j 1t {Q(~.Ici ••• JC,).4V~ • G.' ~.O ....... 'et 

~ . 
. [1 .. V(T -~ -1)] 

UI'·o.t,. .... ,r i ,.o,t ....... fA) 

(~~.;,.i.t, ..... ,.,..t) ~~,'T) 
'fA····,··· .. ) 3. PROBLEMS 

3.1 Fixed number of observations 

Fig. 1 shows the situation we consider. It illustrates a 
possible realization of the joint traffic and measuring 
process. 

Y, Y2 VJ V .... V" , 
1IIM 

T, "2 , 'it-, t 
t 

t,.o tl t3 .... .. 

Fig. 1. A possible realization of the joint traffic and 
measuring process for fixed number of observa
tions. 

The states observed at the successive observations are 
the random variables Yl , Y2, ••• , Yy.. as in (2.3.1). 

We introduce the following random variable: 

(3.1.1) 

Thus~", is simply the sum ofi the states observed at the 
different observations. 

The measurement is intended to give an estimate of the 
~ mx of the traffic process lX(t)i t ~ O} • 

The following estimate mI of m is very natural: x x 

(}.1.2) 

• 

• 

• 

• 



• 

• 

• 

• 

The problem to be treated in the follow~ng is to deduce 
the mean and variance of the estimate m , i.e. we shall 
determine x 

(3.1.3) 

and 

cs: · Vo.r { m~ } • Vo.r { ~l (3.1.4) 

Some special cases of (3.1.3) and (3.1. 4) have been 
solved earlier, namely 

1) constant intervals between observations, Poisson 
traffic pro~ess, by K.M. Olsson (OLSSON 1957), 

2) constant intervals between observations, Erlang 
traffic process, by V.E. Benes (BENES 1961), 

3) constant intervals between observations, general 
class of traffic processes having a covariance func
tion as given in (2.1.29), by P. Le Gall (LE GALL 
1962) , 

4) exponentially distributed intervals between observa
tions, Poisson traffic process, by K.M. Olsson 
(OLSSON 1967), 

5) arbitrarily distributed intervals between observa
tions, Poisson traffic process, by the author (LIND 
1969). 

3.2 Fixed measuring period 

Fig. 1 may illustrate a possible realization of the 
joint traffic and measuring process also in this case, 
but instead of the number of observations being fixed 
we now have a fixed measuring period of length T, count
ed from time-point t = 0, so that the number of observa
tions is a random variable. 

Referring to (2.3.1), Yl , Y2' •••• ,Y~<.T) are the states 
observed at the successive Observations, where ~ (T), 
as in (2:3.7), is the number of observations. 

The following random variable is introduced: 

(3.2.1) 

Thus 'I (T) is simply the sum of the states observed at 
the different observations. 

As in the foregoing case, the measurement is intended to 
give an estimate of the mean m of the traffic process 
\X(t) .. t ~ Ol and we shall study the following esti

mate m of m : x x 

(3.2.2) 

The problem ~o be treated In the following Is to deduce 
the mean and the variance of the estimate m;·, 1. e. we 
shall determine 

(3.2.3) 
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and 

6'l(T) • Vo.r {m~· } • VQr I ~ } (3.2 •• ) 

Some special cases of (3.2.3) and (3. 2.4) , where it is 
not assumed that the intervals between observations are 
constantX

, have been solved earlier, namely 

1) exponentially distributed int ervals between observa
tions, Poisson traffic process, by B. Wallstrom" (WAIJr 
STROM 1965), 

2) arbitrarily distributed intervals between observations, 
Poisson traffic process, by the author (LIND 1965, 
1967) . 

4. DEDUCTIONS, FIXED NUMBER OF OBSERVATIONS 

4.1 The mean m .... 

This simple deduction is left out. We find very easily 

'1 4.2 The variance cr~ 

(". • •• 2 ••.•.. ) 

The variance of our estimate mJl. is x 

d ~ • Var { ... ~ J • v., ( it} • "- (fA> - '" J& • 

~ lie .,1 • ...... ) 

where 

ot'l(~). £ {( ~)'l}1I a-. E lv~J 
For tL = 1: 

For tA= 2,.3, ••• : 

(4.1.1) 

(4.2.2) 

(4.2.3) 

The conditional expectation in (4.2.4) is, however, 
according to (2.3.6) the expected value of the square Qf 
a sum o"f random variables of our traffic process (X(t); 
t i!: 01 at the fixed pOints of time t l , t 2, ••• , t t'- where 

(L. 2,', ..... , t'J 
} (4.2.5) 

x For the case of constant intervals between observa
tions the problems are, of course, essentially the same 
whether we have fixed number. of observations or fixed 
measuring period. 



Thus 

I' • El (f.. V,) IT.,"t, ..... ,T.,... .. J. 
... t) 

• E 1l1: tUJ] ,-. t tl· I,3, ..... ) 
where the last expectat10n refers to our stochastic pro-
cess (X(t); t ~ O} • 

Now 

The last line follows since, of course, 

H.j .... 1 •...... , ,,) 
'Using now ("2:1."27) and ("2.1.30) in (4.2.7) we find 

Using then (~2.5) ~d (4.2.9) in (4.2.6) we find 

Elt. V,l'l,t •• Ta, .•••• t-..... )· ) ~ • t .. .. .... t "".~ ".. (4.2.10) 
.)I • ...:.~.r. Cy.2·Z:Cy'" It 

... \flit ~ e 
~., 

Now, insertion of (4.2.10) in (4.2.4) gives 

( &) • .. 1 I ~" • ,1'''''' + ".~ Cy+ 
~ (4.2.11) 

z:.r ..." - It" z:. t' k ., C· ~ l r t • lie' } 
M ., ~.~ ....... 't,.... &:\ .I. ,., 

By use of (2.3.6) we then have 

r ".t '" 
+2,.2: CYL~ C·· (V) Y.1 ,... &.,J 
where , .. 

·d V (~). dv(X I )" ...... d ~ (.<,,-4) • (4.2.13) 

• [V· (at.",) ] 
j-i 

~ the last line of (4.2.13) we have used (2.2.8). 

417/6 

in (4.2.12) 

} 
(4.2.14) 

. { i - [V-Cel. )]". J 
If now (1l..2.12~ and (4.2.14) are inserted in (4.2.2), we 
find r 

I:~ r y.:ti) 
-'(1'). 'tF ·i ~ C~ i-v ~~) -

1
(4.2.15) 

I . Z. c V·CtIy). (1- [v· <tLy)l"J.rn,.' .. ii' v-t "tt-v·~)]i 
FOrmu-ua (4.2.15) is valid for ~= 2,3, ... according to 
the deduction above. That it is also valid for ~ = 1 is 
seen by comparison with (4.2.2) and (4 .2.3). 

Finally, using (4.1.1) and , (4.2.15) in (4.2.1) we find 

l.,.. i, 2, ..... ) 

5. RESULTS, FIXED NUMBER OF OBSERVATIONS 

5.1 Arbitrary distribution of intervals between observa
tions 

In Chapter 4 we have s~own (formula (4.1.1» that the 
mean of the estimate m is x 

I ..... · "')( <" ••. 1 ...... ) I (5.1.1) 

as would be expected. This unbiasedness of m~ is, however, 
a much more general result, which is valid r3r spy traf
fic (or other) process with constant mean and any 'kind 
of measuring process which is independent of the random 
mechanisms governing the traffic process. 

The variance of the estimate mX was shown (formula 
(4.2.16») to be x 

• { f - [ V· (-y) 1" }} 

<fA. 4.2, ...... ) 

where C~ is given by (2.1.18) and (2.1.28). 
By use of the hyperbolic functions 

. h a--i- " -~ .In 1IC. ____ ; &o+h J( .... a_a • .-a 

(5.1.2) 

(5.1.3) 

formula (5.1.2) can be written in the following way: 

(". i.I, ..... , .. ) (5.1.4) 

Cl" ••• t, ..... ) 

• 

• 

• 

• 



• 

• 

• 

• 

Formula (5.1 . 4) generalizes the result for constant inter
vals between observations given by Le Gall (LE GALL 1962, 
p . 196, formula (rrr,11,7)) to arbitrarily distributed 
intervals between observations . 

The general result (5 . 1 . 4) can be specialized to specific 
traffic processes. 

Owing to lack of space we mention here only two interest
ing special cases of (5 . 1 . 4) . 

The first special case is the one , where the traffic pro
cess is an Erlang traffic process, i . e . the case, where 

r = n = number of devices 

and where b
jk 

in (2 . 1 . 8) is given by 

{

- Y (kcO) 

bOk • ~ (k' i) 

~k • 

Here 

We put 

o (k a 2.3, .....• n) 

( k.j-t) 

( k · j) 

(k c j .. 1) 
(k.O'i •..... j-2.j .. 1, ..... ,") 

(j •• ,2, ..... ) n-1) 

(k- "-1) 
(k • ., ) 

(k. O,f, . .• .. ) "-2.) 

y = call intensity 

l/~ = s = me~ holding time 

(5 .1.5 ) 

} (5 .1. 6 ) 

(5 .1. 7) 

} (5.1.8) 

(5 .1.9) 

(5 .1.10) 

A = y/~ = y ' s = traffic intensity (5 . 1 .11) 

We can show that for the Erlang traffic process 

(Y.'.1, . .... ,n) 
) (5 .1.12) 

where - o£ '1.- ot l ... ··· .· OC' n are the n roots of the equation 
in the variable z: 

~ (a%+ L) • ~ sO 
/.., L Cn-i)! 
&:.0 

(5 . 1.13) 

and where En(A) is the Erlang Loss Formula: 

(5 .1.14 ) 

Thus we have 

ERlANC4 "TRAFfiC PROCESS 

("' .. 1.2 •..... , n) 

(JA' ".1 .... .. . ) 

Formula (5.1.15 ) provides a generalization to arbitrarily 
distributed intervals between observations of Benes'result 
(BENES 1961, also given in BENES 1965, p.210, formula 
(18» for constant intervals between observations. 

The second special case is the one, where the traffic pro
cess is a Poisson traffic process, i.e. the case where 
r = 00 and where b' k of (2.1.8) is given by (5.1.6) and 
(5.1.7) for j,k = e ,l, ..•• The interpreta t ions (5 . 1.9)
-(5 . 1 . 11) remain valid also for t he Poisson traffic pro
cess. 

S,trictly speaking, we have assumed r to be finite in 
Chapter 2 but as we can see from the deduction in Chapter 
4 we need only assume that the representat ion (2 . 1 . 18) 
with r = 00 is valid and that the second moments (2.1.27) 
exist . We can show that this is so for the Poisson traf
fic process with 

( 'J a i,1 ... ... 

(Y-i) 
("1 11 2.3 ...... ) 

Thus (5.1.4) becomes 

PO\SSON "TRA.FFIC PROCESS 

log v· (!l 
2. 

C,.,.·1,2, ... . .. ) 

(5.1.16) 

} (5.1.17) 

(5.1.18) 

Formula (5 . 1 . 18) coincides with the formula given by the 
author in an earlier paper (LIND 1969, p .223, formula 
(4.1.2») . 

Finally, we see at once from (5.1 . 2) that the generaL 
asymptotic formula for d~'1. , when t"--oo is 

(5.1.19) 

5 . 2 Gamma-distributed intervals between observations 

For the gamma-distribution we get v·(~~) from (2 . 2.13) 
and, inserting this in the general formula (5 . 1.2), we 
find 

C;AMMA- DI6TR1SUTED INTERVALS 
BETWEEN 08SERVA,.IONS 

(Y c 1,2) ..... , r ) (5.2 . 1) 

rf l\ is put = 1 in 5.2 . 1) we obtain the 1'ormu a for ex
ponentially distributed intervals between observations: 

EXPONENTIALLY DISTRI 8UTEO INTERvALS 

BETWE EN 08SERVATlONS 

t' 

& 2 : ..i..I: c [2+ nMCy - !. . ~ . {f-[1+m.t ft'J] 
.,. tA \J., \J me" f4 Cm,,~)l ~ 

(t' « 1, 2 ...... . . ) 
(5.2.2) 



If we let A- - in (5.2.1) we obtain 0-; for constant 
intervals between observations: 

COt!51ANT INTERVALS 'INUM 0MElYAT, ... S 

[ _",1ft." lJ • • f - e 

} (5 .• 2.3) 

(Y.f,2, ..... "r) 

By taking C'J and(l(.~ as given in (5.1.12) and (5.1.13), 
we can specialize (5.2.1)~(5.2.3) to the Erlang · traffic 
process. Formula (5.2.3) with s = 1 will then coincide 
with the formula given by Bene~ (BENES 1961, also given 
in BENES 1965, p.210, formula (18». 

By taking IJi ~ and C \I from (5.1; 16) and (5.1.17), we can 
specialize (5.2.1)~(5.2.3) to the Poisson traffic process. 
Formula (5.2.3) will then coincide with the formula ob
tained by K.M. Olsson (OLSSON 1957, also given in OLSSON 

· 1959, p.77, formula (15». The same result is also given 
in an earlier paper by the author (LIND 1969, p.224, for
mula (4.2.3». Formula (5.2.2) will coincide with the 
formula obtained by K.M. Olsson (OLSSON 1967, p.464,for
mula (23». This result is also given in the earlier pa
per by the author (LIND 1969, p.225, formula (4.3.2». 
Finally formula (5.2.1) will coincide with the formula 
given by the author in the earlier paper (LIND 1969,p.225, 
formula (4.4.2». 

6. DEDUCTIONS, FIXED MEASURING PERIOD 

These deductions are left out but will be published later. 

We just mention that the Laplace transform of 6 ~ (T) be
comes: 

(6.1) 

(Y.4.1 •.....• r) 

7. RESULTS, FIXED MEASURING PERIOD 

7.1 Arbitrary distribution of intervals between observa
tions 

We have found in Chapter 6 that 

(7.1.1) 

Here we can make the same comment as we made in Section 
5.1 with regard to the result (5.1.1). 

The Laplace transform of 6 2
(T) has been given in (6.1) 

and from this the asymptotic formula for (12(T) valid 
for large values of T can be obtained: 

d-'T) ~ .;po t.. C . 1. v·C.,,) .,.t " 1-vi c-.,) 
o.T~-
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Taking r, C ~ and (/...'1 as given in (5. 1. 5) , (5.1.12)
-(5.1.14) we can specialize (7.1.2) to the Erlang traffic 
process. 

Taking r = 00, ol...; from (5.1.16) and C -.} from (5.1.17) we • 
can specialize (7.1.2) to the Poisson traffic process.For 
this case formula (7.1.2) coincides with the formula given 
by the author in an earlier paper (LIND 1965. also given 
in LIND 1967, p. 487. formula (3.4».Thus (7.1.2) general-
izes this result to an extensive class of traffic proces-
ses. 

7.2 Gamma-distributed intervals between observations 

By use of (2.2.13). (2.2.12) and (2.2.111 w e obtain: 

~AHH~- O'5TAIIUTED INTI"~A~S 

.nw££ .... oaS'.VAT'OHS 

,. ~)~ 
CS 2 (,.) _ Y ~ c . ef + + f GsT ... -

• y (i+'!!?f-1 
(7.2.1) 

e:xPoNEHT'''L~X OlST.IIUTIO '"T'I~~~ 
e£TWli~ 0ISERVATI2NS 

,. 
a 4 r. 2+ "'''., Q.T-... .. (5 (T)'V"I"'" Cy ·-.. -

Y.1 .., 
(7.2.2) 

CONSTANT INTIRVA~' aITw££M 
015E RVAT 101'41,. 

.... ~.1 
(1- (T) - lP : L Cy' .a;; -1 ".1 (7.2.3) 

Q. T--

The results (7.2.1) - (7.2.3) can be specialized to any 
specific traffic process belonging to the class we con
sider by calculating the C'J - values ('V = 1,2, ••• ,r) for 
this traffic process. 
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