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ABSTRACT 

The basic assumptions of Poissonian arrivals and negative 
exponential distribution of holding times, often used to des
cribe the input process in classical traffic theory, are rarely 
found in practice. This paper shows that the binomial dis
tribution with positive or negative index can be used as a more 
fitting distribution to describe any input process. 

1. INTRODUCTION 

The well known Erlang theory, widely used to determine 
the number of circuits in a telephone exchange, is based on the 
following theoretical assumptions: 

a. Calls are likely to originate at anyone moment as at 
any other in random manner, irrespective of time ' or the state 
of occupancy in the system. 

This implies that the rate of flow of traffic is constant 
and that the traffic originates from an infinitely large number 
of traffic sources. The call holding time is also assumed to be 
infinitely diminished, so that the product of the infinitely in
creased number of calls and the infinitely diminished call hold
ing time remains finite, and equals the mean of the offered 
traffic. The assumption made here is that the average conver
sation of one subscriber is produced by many subscribers each 
contributing a call of infinitely small duration. 

b. The interarrival time, that is the time between suc
cessive calls, as well as the call holding time, is exponentially 
distributed. 

c. The system is in a state of "satatistical equilibrium." 
The concept of statistical equilibrium implies that the growth 
and decline of the number of calls in a large number of sub
groups is equal. 

Mathematically speaking, an input process underlying 
these assumptions is called a Poissonian process. The proba
bility to find ''x'' calls in progress is given by the well known 
Poisson formula: x -m 

me 
P (x,m) = --x-!-

where m is the mean of the offered traffic. 
The Poisson distribution, because of its simplicity, 

has been adopted to describe the input process in classical 
traffic theory, although the theoretical assumptions of Poisson 
arrivals and exponential holding time are sometimes inadequate 
to describe the input process. 

Concerning the distribution of the call holding time, it 

has been determined (1) from measurements on real traffic 
that the holding time distribution of local calls can be approx
imated to the negative exponential distribution except for call 
attempts of short holding time. The holding ti:rp.e of long
distance calls tends to follow rather a constant holding time 
pattern. The overall distribution of the holding time of all 
calls falls between the negative exponential and the constant 
holding time distributions • 
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One of the measurable characteristics which represents 
the net result of the various theoretical assumptions undeTlying 
a Poissonian input process is that the mean and the variance of 
the distribution are equal. With the present-day availability of 
advanced automatic traffic measuring facilities, it is possible 
to measure accurately all the moments of any input process. 
Traffic distributions with mean equal to variance are rarely 
found in practice, thus confirming the inadequacy of the Poisson . 
distribution to describe the input process. Consequently much 
effort has been spent in the past few years to supplement the 
classical theory. The present paper is an effort in that direction. 

2. TRAFFIC MODEL 

The model used in this investigation is a group of channels 
. forming a full availability group through which traffic flows. 
The channels are unlimited in number so that the traffic flows 
without restriction and no calls are lost. No information is 
given about the sources from which the traffic originates nor 
about the distribution of the holding time of the calls. Our 
task is to obtain ·a mathematical expression which will satis
factorily represent the fluctuations of traffic under such 
conditions . 

Assume a record of the number of calls in progress is 
made at equally spaced intervals for an infinitely long period 
of time from which the mean "m" and the variance "v" of the 
random variable ''x'' of the number of calls in progress 
simultaneously can be calculated for the steady state. (In the 
follOwing, the mean and variance wherever mentioned apply to 
the steady state.) 

3. THE INPUT PROCESS 

The variance-to-mean ration, (deSignated by the Greek 
letter a), often called the "C oefficient of Dispersion", is a 
useful parameter which provides information about the v~ri
ations of traffic and the demands it puts on the equipment. Its 
value varies between the limits of zero and infinity. 

From the knowledge of the two parameters "m" and a of 
the traffic flowing in the model, we will try to determine the 
theoretical distribution that describes the variations of traffic. 

For practical engineering purposes, a distribution can be 
defined from its first two moments: the mean and the variance. 
The simplest procedure to follow in solving this problem is to 
fit the mean and the variance of the observed traffic to known 
standard distributions. To facilitate the fitting process, let us 
divide the range of a into three ranges: 

First range: Q -< 1 
Second range: Q = 1 

Third range: Q > 1 



As mentioned in a previous paper (2), the range a « 1 
covers the class of "smooth" traffic while the range a » 1 
covel;"s the class of "rough" (in contrast to smooth) traffic. The 
range a = 1 covers the class of random traffic. 

Tlie main standard distributions that can be used to fit the 
distributions in the above mentioned three ranges are shown in 
Table 1. 

Range ofa 

TABLE 1 

FITTING STANDARD DISTRIBUTIONS 

Name of 
Distribution 

Distribution 
Function 

a<I Binomial P(x)1~) ~ (I-p) n-x 

(with positive index) 

(Bemoulli) x=O.I .. .. n . . .. (1) 

-m mX P(x) - e 
x! 

a=I Poisson 

x= 0.1 ... . .... (2) 

p(x)=e) (-<If (I_q)k a>I Binomial 
(with negative index) 

Pascal x=O. I ... . . . . . (3) 

The input process, therefore, can be described by one of 
the above mentioned three distributions depending on the range 
of a. The next step is to express these formulas in terms of 
the given parameters m and a • 

Table n shows the parameters of the positive and negative 
binomial formulae given in (1) and (3) in terms of "m" and "a". 

Positive 
Binomial 
Distribution 

m=np 

v = np (l-p) 

a = I-p 

p = I-a 

n=~ 
l-a 

TABLE n 
Negative 
Binomial 
Distribution 

~ 
1-q 

~ 
(1_q)2 

_1_ 
l-q 

1 
q= I-

a 

k=~ . 
a-I 

Substituting these parameters and after some algebraic 
manipulations, formulas (1) and (3) become: 

m 
~ -x 

a •... (4) 

Formula (4) can, therefore, be used to represent the 
traffic distribution of smooth or rough traffic. The limit of 
fO'rmula (4), when a approaches unity, is the Poisson formula 
describing the distribution of random traffic. 
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Formula (4) is valid for any positive or negative real 
m 

number i -"'a which may not be an iilteger. It will be noticed 

that, the distribution of the holding time does not play a part 
in formula (4) which makes it valid for any distribution of 
holding time. For negative values of...!!L- formula (4) can 

be also expressed in the form: 

[

m 
x+

a-I 

P(x) = m 

-- -1 
a-I 

_ 1) (a_l)x 

I-a 

x+~ 
a-I 

.• . . (5) 

The input process described by (4) forms a regenerative in
put process in which the rate of arrival of calls depends on the 
state of occupancy in the system. When a is less than unity, the 
rate of arrival of new calls dec,reases with the increase of the 
number of calls in progress, while for a greater than unity, the 
reverse is true. When a is greater than/unity, it is easier to 
work with formula (5). 

The parameter I
m 

may be interpreted as representing -a 
the hypothetical number of originating traffic sources, while 
1-a represents the occupancy per source, the same for each 
source. 

Figure 1 shows the relationship between the hypothetical 
number of traffic sources "S" and the variance-to-mean ratio, 
"a" for m = 20 erlangs 

\.> 
i;: 
~ 
~ 

~ 
~ 
~ 

.2 .6 

Figure 1. Shows the relationship between the hypothetical 
number of traffic sources S and the variance-ta-mean 

ratio , "a" of the distribution of the input process for 
m = 20 erlangs . 
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Figure 2. Typical three-dimensional probability distribution 
histogram with mean of 20 erlangs showing the change 
in the distribution, with variation of the variance-to
mean ratio . 
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The curve in the first quadrant represents the values of S 
for smooth traffic when a is less than unity, and the curve in 
the fourth quadrant represents the values of S for rough traffic 
when a is greater than unity. As a approaches unity, from left 
to right or right to left, S approaches plus infinity and minus 
infinity respectively, the region of Poisson distribution. This 
graph provides a physical meaning of the range covered by the 
Poisson distribution when the formula blows up at the point 
a=1. 

4. THREE-DIMENSIONAL PROBABILITY DISTRIBUTION 
HISTOGRAM 

Figure 2 is a typical three-dimensional probability distri
bution histogram for m equal to 20 erlangs which depicts the 
distribution of traffic for smooth and rough traffic with varying 
degrees of a covering the range from zero to infinity. The 
probability distributions are shown in the vertical planes for 
selected values of a. Along the a-axis, the hypothetical number 
of traffic sources, S, and the calling rate per source I-a 

(or 1-!) for smooth and rough traffic respectively are also 
a 

indicated. 
This diagram shows how the distribution changes when it 

passes through the limits. At a= 0, S= 20 the calling rate per 
source ; I-a is unity and the distribution has the value of 
P (20) = 1 and zero elsewhere. At a = 1, S is infinitely large 
and the calling rate I-a is infinitely small resulting in the 
Poisson distribution. At a = m + 1 = 21, the distribution passes 
to the geometric distribution. As a approaches infinity , S 
approaches zero, the calling rate per source approaches unity, 
and the distribution has the value P(O) = 1 and zero elsewhere. 

This histogram shows that the Poisson distribution occupies 
only one point in the universe of a which extends from zero to in
finity. 

5. CONCLUSION 

The theoretical assumptions underlying the Poissonian 
input process, used in the classical traffic theory, do not agree 
with practice. Traffic dealt with in practice is either smooth or 
rough with variance smaller or greater than the mean. 
Poissonian traffic with variance equal to the mean is seldom 
found in practice. 

The binomial distribution chosen with the right parameters, 
with reference to the mean and variance of the offered traffic, 
can better be used to describe any input process. 
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