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ABSTRACT 

The present study concerns the planning of the additions 
in the telephone central offices, a problem which, in its 
general lines, falls between those of the inventory contrcL 

In determining the extension policies it is necessary to 
take into account, besides economic factors, the quality 
of service given the subscriber. This is obtained by de
termining separately the optimum provision period (on 
the basis of purely economic considerations) and the equip
ment level (on the basis of the quality of service). 

As for the o'ptimum provision period, the problem is sim
plified by considering solely the mean trend ofthe demand. 
A correct determination of the equipment level necessitates 
taking into account both the uncertainty of the forecast, and 
the stochastic nature of the proce s s of the demand. This 
is described as a particular birth and death process which 
takes into account both the new subscriber arrivals and 
the entering transfers (with coefficient Mt) variable infuno
tion ,to the time) and of the disconnections and exiUng 
transfers (with a coefficient jp proportional to the number 
j of the subscribers). 

In function to the coefficients ~(t) and j p, the probabilit y 
distribution associated with the process of demand and 
consequently the various parameters which characterize 
the quality of service given the subscriber and in parti
cular the probability Wc (t, t) that a request whic1;l ar
rives at time t must wait longer than $' to be satisfied are 
determined. 

Pre-establishing a maximum value admissible for this 
probability gives then an immediate determination of the 
equipment level of the extension policies. 
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1. INTRODUCTION 

One of the major problems which presents itself to a tele
phone operating company is keeping up with the increase 
in the body of subscribers and assuring each new subscrib
er a rapid satisfaction of his request, putting at his dis
position: 
- a loop which connects him with a central office; 
- the corresponding equipment in the central office. 

Necessarily these means are installed by lots and there is 
the problem of establishing the size and frequency of these 
lots. 

In seeking the overall optimum it is not necessary to con
sider jointly the additions on the subscriber networks and 
on the central officies. It can, in fact, be observed that 
in practice the quality of the service, which the system 
must meet, is decisively elevated and it is significant, 
therefore, to seek the optimum from each sub- system 
independently of the other, defining the performance which 
each must meet in respect to the demand made upon it. In 
particular, the problem of evaluating the extension poli
cies for the central offices, which is the subject of this 
paper, can be affronted separate1y. 
This problem, in ' its general lines, falls between those of 
the inventory control and how such could be tackled with 
the technic of dynamic programming. According to such 
a formulation, the best solution of the problem could be 
achieved in exclusively economic terms and consequently 
each generic factor would enter into the problem only by 
means of the definition of an appropriate cost. 

This fact presents no difficulty for the factors which ac
tually have a monetary content, that is : 
-the plant cost; 
-the holding cost for spare capacity; (0) 
-the interest rate. 

On the contrary, it is rather difficult to introduce into the 
model the ulterior factor which is nonetheless estremely 
important; that being the quality of service supplied to the 
sub s criber. 

The most natural way to introduce such a concept into the 
dynamic programming model is to introduce a penalty cost 
which must take into account not' only the loss of earnings 
on the part of the company, but above all the inconvenience 
suffered by the subscriber because of his unsatisfied re
quest. Such cost is, however, difficult to determine not 
only because not all of it is directly carried by the tele
phone company, but, essentially, because of the very na
ture of a public utility service which doesn It permit iden
tification of the inconvenience with an actual economic 
loss suffered by the subscriber. For example, it would 
be difficult to evaluate the inconvenience to the private 
subscribe'r who uses the telephone for personal purposes 
laeking any ecqnomlc content. The most immediate eva
luation could be constructed from the additional "price" 
that the subscriber weuld be willing to pay in order to 
have the service opportunely. This evaluation teo, how

(0) The holding co st in the fir at approximation can ba ig
nored since the buildings which house the equipment are 
prepared according to a separate plan and with long in
tervals, and furthermore the costs of maintenance ,of the 
spare capacity equipment are of negligible importance. 



ever, seelllS unsatisfactory since in the lllanagelllent of 
a public utility it is desirable to separate as llluch as pos
sible the aspect of the "costs" frolll the "prices". 

It is .therefore established that the problelll be circulll
v~nted, not letting the quality of the service intervene in 
the cost function to lllinilllize but pre-establishing it ~ 
priori as a constraint which lllUSt be satisfied' whatever 
be the extension policy. 

2 • . FORMULATION OF THE STUDY 

An extension policy is characterized by two fundalllental 
parallleters: the provision period, defined as the inter
val between two consecutive additions, and the equiplllent 
level, defined a's the level of the installed llleans, after 
the considered addition. 

In a rigorous solving of the problelll, such fundalllental 
parameters should be considered jointly since, once the 
constraints on the quality to fulfill are established, one 
is the function of the other. In the case in question, the 
possible addition points are, however, sufficiently spaced 
out time-wise (a year) and therefore a unitary variation 
in the provision period corresponds to a notable variation 
in the equiplllent level. Moreover, while each variation 
in the trend of the dellland leads to a variation of the equip
lllent level, only substantial variations lead to a variation 
in the provision period. Consequently the actual process 
of the demand lllUSt be considered solely for deterlllining 
the equiplllent level, while as for the OptilllUlll provision 
period, the process of the dellland can be substituted by 
an e.quivalent deterlllinistic curve which in a first, but 
sufficient, approxilllation can be identified with the lllean 
trend of the dellland. 

Such a forlllulation is also justified by the fact that the 
other elelllents which influence the deterlllination of the 
OptilllUlll provision period are ·thelllselves of uncertain 
deterlllination and it is not therefore llleaningful (to this 
subject) to analyze in excessive detail the trend of the de
llland. In particular it is well to observe two points : 
a) the plant cost C is norlllally represented in function to 
the lot size X of the intervention by a linear binolllinal e»
pression of the type 

C = A + BX (1) 

which lllUSt take into account not only the considerations 
of installation, but also the additional costs which, es-pe
cially in lllaintenance, follow each intervention. It fol
lows that, apart frolll eventual errors introduced by the 
linearization of the plant cost, the very evaluation of the 
constants A and B presents a certain alllount of illlprecie
ion; 

b) the interest rate, to be effectively utilized in the cal
culations, lllUSt take into account the following factors: 
- present nOlllinal cost of llloney; 
- effective rate of devaluation; 
- prevision of the cost of llloney; 
- obsolescence of the E!quiplllent wanted for acquisition. 

It is natural then that the interest rate to be used in the 
calculations be the fruit of a subjective evaluation of sev
eral factors and as such is itself of uncertain deterlllina
tion. 

The increase in dellland lllUSt instead be analyzed in the 
greatest pos sible detail when considering the equipment 
level. In this regard it seelllS opportune to introduce two 
fundalllental concepts: 

- probability aspect connecteq with the phenolllenon of the 
arrivaJ. of requests; 

- uncertainty with which the prevision of the increase in 
subscribers is made. 

In thejpllowing chapters the first concept will be analyz
ed in detail, while the second will only be lllentioned briEf
ly. 
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As for the general forlllulation of the study, let us obser.:s.c..e 
that the first concept was introduced interpreting the proo
ess of the requests by subscribers as a birth and death 
process which takes into account both the arrival of new • 
subs.cribers and entering transfers, and the disconnec-
tions and exiting transfers. 

The second concept (uncertainty of the prevision) can be 
taken into account by lllaking a forecast not only of the 
expected value of the average annual increase, but also 
of the value that will not be exceeded with the confidence 
level S (for exalllple S = 95 %). Corre sponding ' to the two 
forecasts there lllUSt, naturally, be illlposed two differ
ent qualities of service and in general two different equip
lllent levels are obtained as the result. Putting into prac
tice the larger of the two, it is certain that the progralll 
of extension achieved will guarantee a "good" quality, if 
the 1ll0St probable prevision is achieved, while it will con
tinue to supply in any case an "acceptable" quality even if 
less probable previsions are obtained. 

It is well to observe that, if there should be still greater 
increases in the nUlllber of subscribers, the telephone 
cOlllpany would still be able to bring the quality within 
acceptable lilllits lllaking use of its own "agility'~ which 
allows it to lllake further additions. The value of the con
fidence level S (for exalllple 95 %) will therefore be deter
lllined keeping in lllind how often it is advisable to resort • 
to the "agility" .of the telephone cOlllpany. · 

3. MODEL OF THE DEMAN AND QUALITY OF THE 
SERVICE 

3. 1 Validity of the lllodel 

As was lllentioned in the preceding chapter, the process 
of the request by subscribers is interpreted as a birth 
and death process. In such a process the state j of the 
Systelll represents the nUlllber of subscribers who are 
connected, or are waiting to be connected, to the central 
office under exalllination; the birth coefficient A (t), in
dependent frolll the state j of the systelll and variable in 
function frolll the tillle, takes into account both the new 
subscribers arrivals and the entering transfers; and the 
death coefficient j ll, proportionate to the state of the sye
telll and independent of the tillle, takes into account the 
disconnections and exiting transfers. 

The absolute generality of the birth coefficient ).(t) per-
lllits it to t .ake every actual situation into account (for 
example, trend in function to tillle of the linear or expo
nential type with or without the seasonal elelllent while the 
independence frolll tillle of the death coefficient lllay seelll. 
rather lillliting. FrOlll a practical point of view such a 
lilllitation seelllS, however, absolutely negligible (at least 
in Italy) since the statistics lllake evident a sufficient con
stancy in tillle for this parallleter. 'Furtherlllore, as will 
be seen later, the ·equiplllent level is not very sensible to 
the variations of the coefficient p • 

The process which is being considered consists therefore 
of a non-holllogeneous Poissonian input and of a negative 
exponential distribution for the service duration (i. e. the 
life of a connection into a central office). This coincides 
therefore with the process of "fast intensity fluctuati')ns" 
studied by Pallll. 

It can be seen further that the form chosen for the death 
coefficient (j p) illlplies that the subscribers who are wait
ing to be connected figure in the sallle way as those who 
are already connected: that is, they thelllselves have the 
possibility of leaving the systelll by llleans of a "death" 
with the same probability as the others. The lllodel is 
then considered as a lost call held system rather than as 
a waiting system. This constitutes an approximation since 
even though there exists the phenolllenon of relinquished 
and annulled requests their percentage in respect to the • 
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waiting requests is different (higher) than that of the dis
connections and exiting transfers in respect to the num
ber of the connected subscribers. The phenomenon is, 
however, negligible in the first approximation for the fol
lowing reasons : 

a) the model under study is aimed at establishing the lev
els of intervention which guarantee a quality of service 
decisively elevated and consequently the percentage of 
waiting subscribers in respect to those already connec
ted is so 1.ow as" to have no prattical influence sn the death 
coefficient; 

b) it seems contrary to the objectives of a telephone com
pany to rely on a gr eater probability of leaving the system 
of the would-be subscribers in respect t6 those already 
connected. 

3. 2 Determination of the probability distribution 

Let P (j, t) be the absolute probability of being in state 
j at time t. The equations of state of P (j, t) are com
pletely analogous to those of the birth and death process 
with a constant coefficient of birth in time : 

dr~,t):: A(t) pej-1,t)- [A{t)+)r1 P(j,t) +(j+1)p PCj+l,t) 
(·~i} 

c:LP(O,t) J --rr-= -A(t) P(O,t) 1--)4 P(i,t) 

Introducing the generating function 

(2) 

(3) 

the system of the preceding equations is converted into 
a single equation: 

By means of Lagrange method the general solution to 
this equation is the following: 

't'(Z,t)= H{CZ-1) e-JIIt } ~_(._Z)4(,.t .. U) "(5) 

where: t " 

mIll = 1 e"" >. (-rl cl. t' (61 

while H {(z - 1) e - pt} is a generic function of the ar
gument (z - 1) e - pt which must be determined from the 
initial state to time t = 0 and from the consistency rela
tion : -~ P(j,t) = 't'(of,t) =1 

J:O 
(7) 

In our case said i the initial state of the system to time 
t = 0, the function H {(z -1) e - pt} is therefore determin
ed by the conditions : 

{
H{Z-1}:: 't' (2,0) =Z'" 
H{O\ = 't'(1,t)=1 

(8) 

from which is obtained : 

(9) 

and then in conclusion : 

(10) 

The desired distribution P (j, t) is then the convolution 
of the following two dist'ributions 

Bernoulli distribution 

(k t) = ("') -},k.,t [ __ }'tJ4..k .. 
~ i' k e 1 e .. (11

1
' 
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Poi ss on di str ibution 

~ (k t) = CA (t)]ka e-A(t) 
,. I' k,.! (11") 

where: 

(12) 

In particular, the mean value E (t) and the variance ~(t) 
of the distribution P (j, t) result in 

E tt) = -i. e-".t + A (t):; e-}'t [ .(. +11'1 It)1 (13) 

o-1(t) = -i e-}4t (-1- e?'t) -tA(t) :; E (t) - i e2.}l-t (14) 

These expressions are very important since extensive nu
meric examples have demonstrated that in the field of val
ues of practical concern the exact distribution given in 
(11) can be approximated fairly well by using a Gaussian 
distribution with the parameters E (t) and/{t)(O). 

Naturally in this way the possibility of obtaining negative 
values for j is introduced, which is absurd. From the 
calculations worked out it resulted that, in the cases of 
practical concern, the probability of obtaining a negative 
value for j is negligible (<(10- 10). 

The result of an examination of (13) and (14) is that the 
variance ~1(t) is a very simple function of E {t) and of p 
(for the third parameter i, it is i = E (0». This fact of
fers the possibility of employing as parameters indepen
dent of the model E (t) and p instead of A (t) and p. In this 
way it is evident that a correct prevision of the mean tr"end 
E (t) leads to satisfactory results also when errors in the 
determination of the single factors: births and deaths, are 
made. 

Introducing then the parametersA(t), met), A(t), whichap
pear in (6), (12) and (13), in function to E (t) produces: 

A(l):E(t)-"\'e-"~ (15) 

-m.(t) = e}"t ACt):I: e}"t E (t)-.(, (16) 

,\ (D ~ eJ4~. d-~ -m,(t)=r E (t)+ t E et) (.17) 

Keeping in mind that in this model A (t) can be any non-ne
gative function to time, from (17) it is concluded that E(t) 
can be any continuous function to time which can also be 
decreasing provided that each of its points decreases less 
than a negative exponential with a time constant p. 

3. 3 Definition and calculation of the quality of service 

Let us consider a determinate policy which, according 
to what was said previously is deterministic, and let us 
determine the quality of service derived from it. In prao
tice we are concerned with verifying the one which is re
lative to the first period included between two consecutive 
addition points since the successive addition points are 
worked out taking into account the objective situation 
which is determined and the new prevision for future de
mand. Moreover, it can be granted that the extent of each 
addition be sufficient to satisfy the entire backlog of orders 
which have accumulated in the preceding period and it is, 
therefore, possible to determine the parameters which 
define the quality of service given the subscriber solely 
in function to the level R of the available means during 

(0) In correspondence to a given value for the probability 
pr{ j~x}, the Gaussian distribution supplies in fact avaJ.
ue for x which is shifted by only a few units (at most 3) 
from the actual value, also for probability values of 1 %. 



the period considered and to the tizne 1'in which the suc
cessive lot is availab1~ ignoring its size. In the prob1ezn 
under exaznination the quality of the service refers to the 
custozners' waiting tizne (until their request for connec
tion to the telephone central office is satisfied). 

Nuznerous parazneters can be eznp10yed to zneasure this 
waiting tizne. For exaznp1e : 

a) average nuznber Ew{t) of requests awaiting fulfillznent 
to tizne t;. 
b) probability WC (0, t) that a request which arrives at 
tizne t znust wait; 
c) probability WC (S, t) that a request which arrives at 
tizne t znust wait longer than t ; 
d) average waiting tizne TW<t) of a request which arrives 
at tizne t, as suzning that it znust wait. 

The quantity which zneasures in the znost zneaningfu1 way 
the quality of service is the probability WC (S', t) which, 
in the particular case (8' = 0), coincides with Wc (0, t). 
As will be seen in the following section, it is on the basis 
of this quantity that it is decided to diznension the equip
znent level. It is, however, interesting to deterznine the 
expression of all the quantities considered here. 

The first two quantities are iznznediate1y deterzninab1e 
being: 

(l8) 

(l9) 

These expressions, znaking use of the Gaussian expres
sion and interpreting j as a continue variable, becozne 
siznp1y : 

CR-tuf' 
E (t)= (dt) e :u - Hill [ .. - erF( R-ECt) )] (20) 

w 'ffiT 2 '12 ern) 

W'(o t)= ...1...[1- erf (R-ECt) )1 
I 2 fi. <rH) ~ 

(21) 

::e;:, =k fe-~' cl .. 
o 

The probability WC ( 6, to ) can "instead be deterznined 
on the basis of the following considerations. 

Let us assuzne that the queue discipline be FIFO. Frozn 
this we find that a request which arrives at tizne to znust 
w·ait znore than t if the nuznber of subscribers j present 
in the systezn at tizne t has not been reduced at tizne 
to +6 <'t to a nuznber less than R following the death 
process. In the case of to +b~'t , with the hypothesis 
znade (concerning the lot size), the result is certainly 
WC ( t, to) = O. In order to deterznine the" probability 
WC (t, to ) it is then sufficient to consider a fictitious 
birth and death process in which the coefficient p coin
cides with that of the actual process, while the coeffi
cient A-(t) is thus defined: 

{

>t(t) = ACt) 

A* (t) = 0 
(22) 

Correspondingly the function met) defined by (6) is trans
forzned in a function zn* (t) : 
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{

m* et) = 1Tl et) 

1T\*Ct)=m(to) 
(23) • 

The fictitious process will again have for distribution 
the convolution of the two distributions (11) substituting, 
however, the new function A* (t) for A(t) : 

{
A*et) = e-".t m*'(t)=A(t) 

A* (t) = e-,.t 111.* (t) = e-}"(~-to) A(t
o
) 

(24) 

The average value E ~(t) and the variance o'~(t) of this dis
tribution coincide then with the preceding E (t) and (1"2 (t) 
for t ~ to ' while for t> to they becozne 

E*(t)::: e-}"(t-to)E(t
o

) 

cr*l.(t) = f* (t) - -i e-2.jA t 
(25) 

which allow us to calculate WC ( d, tor inaking t = to + s
and operating as was done previously for WC (0, t). The 
final expression is : 

(26) • 

It is interesting to observe that the znethod described for 
deterznining Wc ( d, t) in the hypothesis of the FIFO dis
cipline can be very easily extended to the case of a queue 
discipline with priority. This possibility is interesting 
since in practice the arrivals which represen!. transfers 
are satisfied with priority. The probability WC ( t, to) 
that a non-priority request znust wait longer than r, is 
in fact deterznined in a way analogous to the preceding, 
considering the fictitious. process in which the coefficient 

).,* (t) is this tizne defined by : 

{
~(t) == A (t) 

Xk(t)=A"U) 
(27) 

where A .. (t) is the birth coefficient which takes solely into 
account the entering transfers. This possibility will not, 
however, be developed later in this paper. 

It is further seen that the probabilities WC ( t, t) and 
Wc (8', t), as they have been calculated, do not take into . 
account the probability that a request arrived at tizne t 
and whose waiting tizne is " being considered, withdraw of 
its own accord frozn the systezn before being satisfied. 
This forznu1ation seezns consistent with that indicated at 
point b) at the end of section 3. 1. Nevertheless, suppos-
ing th~t we wished to proceed in another znanner it would 
be sufficient to znultip1y the values we considered by the 
factor eil" which represents the probability that a sub
scriber "die" in the period t. It is clear that, also frozn 
a nuzneric point of view, this factor is negligible. 

Let us turn now to deterznining the average w.aiting tizne 
Tw (t) supposing that the quee discipline be FIFO and 

again ignoring the probability that the request arrived at 
tizne t and whose waiting tizne is being considered with
draw of its own accord frozn the systezn before being sa
tisfied. 

The average waiting tizne, T wet) can be deterznined by 
zneans of ..the nuzneric integration of WC (t, t) previous
ly calculated. It is nevertheless somewhat interesting 
to supply a direct expression of this average waiting time. 
According tw (j, t) the average waiting tizne of a request 
which arrives at time t, in the hypothesis that there be • 
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j ~R requests, we get 

(28) 

The average wait ing time tw (j, t) is finally determined 
on the basis of the following considerations. H at time 
't" there was no successive addition, the average waiting 
time tw (j, t) would coincide with the mean time DOW nec
essary for the system to pass, following the death proc
ess from the state j to the state R-l. On the other hand 
the mean time necessary to pass (because of a death) from 

the generic state s to the state s-1 equals * and then 
in conclusion would be : 

(29) 

In order to introduce now the effect of the addition point 
at time 1:' it is sufficient to consider that if among the 
j requests present at time t, k will still be present at 
time 't', it will be necessary to subtract from (29) the 
term: 

(30) 

According Q (j; k, 1:' -t) the probability with which this 
occurs, the final expression of tw (j, t) becomes: 

j 

tw{j,t)= Do(j)- ~R QCj;k,t-t) D.(k) 

and then 

(32) 

or much more simply 

(33) 

where the probability 

(34) 

expresses simply the absolute probability of the state k 
at time't'with the fictitious process already considered 
in (22) for determining Wc (C-, t). 

4. DETERMINATION OF EXTENSION POLICIES 

4. I Numeric examples 

The formulation given the problem leads to its drastic 
simplification, considered under the economic aspect of 
determining the optimum provision period, putting em
phasis instead on the quality of service given the sub
scriber. The first aspect of the problem becomes some
what marginal in the procedures of the present study and 
consequently the numeric examples which will follow are 
limited to the simplest pos sible consideration of a law of 
the increase in the number of subscribers (that is, linear 
in function to the time) and the economic optimization has 
been worked out considering an infinite horizon. 

Let us consider then a process of the number of sub
scribers whose mean value in function to the time is : 
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E(t)=.t.+A t (35) 

and let us say that the addition points possible all be 
spaced out in the time of At = 1 (years). As was said in 
chapter 2, the optimum provision period n is determin
ed considering (35) and corresponds then to a minimum 
of the function : 

V( ) - A/B+1'lA 
1\ - 1-«"" (36) 

where the quantities A and B are cost parameters 
which stand out in the expression (1) of the plant cost, 
while 0(, is the present worth rate ' relative to the period 
~t= 1. 

The level R of the addition is instead determined by put
ting a maximum value P on the probability WC (8', t). 
That is, it must be 

W'(t,t) ~ p (37) 

for each arbitrary time t included in the provision pe
riod considered. 

In practice the value of t for which it is enough to ver
ify (37) is 

t="t-S' 
In fact for t>"C'-bthere is certainly a wait inferior to t , 
while for t<'t'-t we get lesser values for WC (t, t). 

This is true for each non-decreasing trend E (t) in fun
ction to time. 

In determining the level R of the addition it is neces
sary to take into account an ulterior parameter, namely, 
the delay in the delivery of the order. In practice, there 
passes an appreciable period of time before the order 
actually becomes available, which must be taken into ac
count. This is necessary since the distribution of proba
bility P (j, t) and,consequently, WC (b, t) depend on the 
time when the number of subscribers is known with cer
tainty, besides on its successive mean trend in time. 
Namely, the longer away the initial moment when the 
state of the system is positively known, the more the dis
persion of the distribution around the mean value grows. 

In the numeric examples presented this delay of delivery 
has been made equal to one year. Consequently the ori
gin of the times (t = 0) has been made to be one year be
fore the time of the addition point in question, and the 
time of the successive addition point becomes: 

(38) 

The results of the examples considered are found in Ta
ble 1. These refer to an initial number of subscribers 
to time t = 0 equal to 500, 2000 . and 10000 and to a mean 

, 
! I (. 0 er = IS day. 

i L !+ : E(!) p p 

(y ears ) ( ~o ) ! 10 '1\ I 5." I Z"io : 1 '1. 10 .,., ! 5 .,. ! 2 '10 I 1 '1. I 

6 620 642 . 648 : 655 66 0 6 39 i 646 ! 65 2 i 657 
500 4 8 66 0 684 69 0 : 698 I 702 608

1 
687 ! 694 ' 699 

10 700 725 732 i 740 ; 745 72 1 728 I 7 36 I 74 1 

6 ! 236 0 2398 2409 I 2421 H29 2388 ! 2399 ! 24 11 I HI9 
2000 3 8 2480 2521 2532 I 254 5 : 2554 ;!~: ; ~!!~ I ;!~: I ~!:! 10 I 2600 2643 2656 2669 j 2678 

6 111200 11271 1 1129 1 . 1131 3 ' 1132 8 11222 11J24 2 j 1J26 4 j 1J 279 
10000 : 2 ; 8 i 11600 1J675 1 1J697 I 1 172 1 1 11736 1 1617 : 11638 11 662 1 16 78 

i 10 12000 12080 I I ZI OZ , I ZIZ 7 I I Zl44 120l Z 1 12 035 12060 12076 , 

Table 1 Equipment level in funct i on to waiting proba
bility, for p = 1/20 

annual increases equal to 6+ 10% of the initial number, 
while for Jl we t ook Jl = 1/20 (that is, the average life 



of each ,subscriber was set at 20 years). As for the maxi
mum waiting time allowed, values of 0 and 15 days were 
considered, assuming in any case negligible the time 
spent in the actual technical hook up of a new subscriber. 
For P the values included between 10 and 1 % were con
sidered. The optimum provision period n, relative in 
each case was determined by means of (36) considering 
a ratio A/B=15 (which takes substantially into account 
only the installation considerations) and a present worth 
rate 0( = 0:92 (corresponding to an annual interest rate 
of 8%). Table 2 has been prepared in the interests of 
making evident the influence of the st,ochastic nature of 
the demand and of the quality of service. In this table, 

"( I E(t) 

of. 0 ,f'=15 day. 

i p P 

(year.)1 10'f, 1 5'" 2'fo 1 1'fo 10" I 5', 2" 1 " 
500 4 I 660 3.64 ! 4.55 5.76 I 6. 36 3. 03 I 4,09 5.15 5.91 

2000 3 I 2480 1.65 i 2.10 2.62 i 2.98 1.17 I 1.61 2.14 2. 50 
10000 2 111600 0.91 1.17 1.47 1.67 0.41 0.67 0.97 1. 16 

Table 2 Percentage increase in the equipment level in 
function to waiting probability, for ~ = 8 % and 
p= 1/20 1 

only in the case of a rate of increase of 8 %, the percen
tage difference of the equipment level in respect to the 
average number E ('t") forecast for the end of the pro
vision period is carried forward. 

As could be expected, this difference turns out as a fun
ction of the maximum waiting period allowed and of the 
number of subscribers. As for the dependence in func
tion to the number of subscribers, this is due to two con
comitant factors which act in the same sense: 

- the ratio between the standard deviation and the mean 
value decreases with the increase in the number of sub
scribers; 

- the optimum provision period is shortened as the ab
solute increase in subscriber number becomes larger. 

It can, however, be observed that also for the central 
officies of high capacity the stochastic nature of the de
mand has an appreciable influence on the equipment level. 
In particular for central offices in the category of 10000 
subscribers, the relative increase in the equipment level 
is still in the category of 0, 5 ... 1 %, inferior to 4.,. 6 % 
corresponding to a central office of 500 subscribers, but 
in any case not negligible. 

For the purpose of analyzing, all other factors being e
qual, the influence of the death coefficient p Table 3 
was also prepared which examines a value p = 1/30 and 
an increase rate of 8%. Comparing the values of this 

! 
! d& 0 .s = 15 days 

i 'r ! E(1') p P 

(years) , 10 'f, , 5 'lo ! 2 ', 1 1 '1, 10 ,"0 5 'lo 2 'lo 1 ', 

500 4 i 660 682 688 I 695 / 699 679 685 692 696 
2000 3 i 2480 2518 25"Z8 2540 2548 2507 2518 2530 2538 

10000 2 11600 11669 11688 1 11710 117Z5 11619 11638 11660 11674 

Table 3 Equ~ment level in function to waiting probabili
ty, for ~ = 8% and p = 1/30 

1 

table with those of Table 1, it seems that the differences 
remain very small (at most 10/(0) and practically null in 
the case of the maximum 'Waiting time allo'Wed being 15 

days, 
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4.2 Furthe r considerations 

The method illustrated allows adequate treatment both of 
the probabilistic aspect inherent in the phenomenon of ar. 
rival of requests ,and of the uncertainty with which the pr 
vision is made. 

For the practical determination of the equipment level it 
is necessary to consider two more factors, namely: 

- the unavailability of the disconnected telephone numbers , 
for an adequate period of time d (during which,in the case 
of transfer, the changed number service is made); 

- the modular basis with which the equipment is installed. 

The first factor can be evaluated in a first approximation 
by evaluating the integral : 

t 
(r E ('t') c!1i (39) 

·tc! 
which gives the average number of the means in the cen-
tral office which at the time t are unavailable because 
of the phenomenon just now considered. 

Also the rigorous solution of the problem which considers 
the total distribution of the means necessary (subscribers 
connected or waiting to be connected and the unavailable 
means) doesn't present any particular difficultY. This 
distribution is in fact obtained by simply ignoring the • 
deaths which occur during the period t -d-...t. 

In this period the process is then reduced to a birth 
process with the coefficient A(dO)which can be consider
ed as a particular case of the birth and death process 
heretofore considered. Consequently the generating func
tion er (z, t) of this process is found by (5) making p = O. 
Which gives: 

where t 

1\.(t,t-cL):: J ).. (-r) cl 1;' 
I:-d. 

, (40) 

(41) 

while K f z - I} i~ a generic function to z - 1, that must be 
determined considering that at time t - d the distribution 
of the process just now considered, coincides with that of 
the birth and death process. That is 

K{z--fJ = r(z,t-C!)= 't'(z,t-cL) 

And thus for (I 0) : 

'" [-J"n .... ) J 
( L) [ ( ) _A.l.(t-oL)7 .-C.f-Z) e ."..,(t-cL)+1l(t t-cL) er z," :: -f- 1-Z er J I;; , 

It is concluded, therefore, that the desired distribution 
is still the convolution of a Bernoulli distribution with a 
Poisson distribution. Therefore, having the same char
acteristics of the distribution P (j, t) discussed in sec
tion 3.2 it is still possible to approximate it with a Gaus
sian distribution. Nonetheless, given the complementary 
nature of these considerations, the complete analysis is 
not made. 

The last point which remains to consider is the modular 
basis v.:ith which the equipment is installed. The first ap
proximation can allow that also this phenomenon not 
modify the optimum provision period. Consequently the 
only effect of the modules will be to round out the num
ber of means absolutely necessary with an average in
crease of a half module. 

(0) In order to calculate the probability Wc ($, t) the 
coefficient>f (t) given by (19) or (23) 'Will be considered 
as usual instead of A (t). • 



• 

• 

• 

5. CONCLUSIONS 

The generalline.s given the problem have allowed the sep
arate consideration of the determination of an optimum 
provision period and that of the equipment level. For 
reasons of simplicity it is assumed that the optimum pro
vision period can be determined taking solely into account 
the mean trend of t~e demand, ignoring completely its 
stochastic character and the influence of the modular en
gineering. 

This attitude is justified by the negligible . influence of 
these factors and by the scanty precision of the various 
cost elements which influence the determination of the op
timum provision period. Nevertheless this specific sub
ject requires further investigation. 

The fundamental point of this work consists instead of 
determining the influence of the stochastic character of 
the demand and of the quality of the service given the 
subscribers on the equipment level. 

The numeric results obtained demonstrated that the in
fluence is sensible, particularly for small central offices. 
With the quality of service here considered, this results, 
nevertheless, not negligible, also for control offices in 
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the category of 10000 subscribers, for w.hich the relative 
increase in the equipment level with respect to the average 
number of subscribers forecast for the end of the period 
is still 0,5;.1 %. 
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