
• 

• 

• 

• 

ABOUT DETERMINING OFFERED TRAFFIC 
FROM CARRIED TRAFFIC MEASUREMENTS IN LOSS SYSTEMS 

Paolo Oberto 

CSELT - Centro Studi e Laboratori Telecomunicazioni 

Torino, Italy 

ABSTRACT 

Usually the Telephone Operating Companies and the Tele
phone Administrations make periodic traffic records on 
their networks in order to: 
- check the grade of service; 
- obtain plan data for plants extensions. 

Equipments of general use allow to record, in loss sys
tems, the traffic carried by either a full or limited avai
lability group. 

From busy hour carried traffic it is necessary to deterIl!i 
nate: 
- the first choice group offered traffic; 
- the pure chance traffic component that overlaps an ove.!: 

flow traffic of known characteristics in order to be of
fered to an intermediate or final choice group. 

This paper deals with the algorithms allowing to solve 
this problem with aid of a c,?mputer. 

Furthermore it is studied the effect of a carried traffic 
variation on the offered traffic determination for first 
choice groups: this emphasizes how much care is neces
sary for measuring the traffic carried by high usage 
g·roups. 
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1. GENERAL 

Under the hypotheses relative to the application of Erlang' s 
theory to full availability groups inloss systems, when a 
full access group of N circuits is offered a pure chance 
traffic A, it will reject a traffic amount: 

RN (A) = A· BN (A), (1 ) 

where 

A

N

/

N 
BN(A) =- ~ 

N! 0 

-, 
i! 

that will be lost or overflow on a next choice group. 

The group will then carry the remaining amount: 

(2) 

Similar equations apply also to first choice groups with li
mited availability, but function BN: K(A), the definition of 
which involves also the availability parameter K, must r~ 
place function BN(A). 

From these relations, adding the concept of equivalent 
group, the equations relative to the traffic carried and lost 
by full or limited availability groups of intermediate or 
final choice are obtained. 

Among A, R, Y, B, the most suitable parameter for a me.!. 
surement is Y: from it the other ones are derived. Its me.!.· 
surement is carried out in the operating time in order to: 
- check the grade of service; 
- determine offered traffic A, in order to obtain forecast 

data which allow to plan plant extensions, so that the se.!: 
vice quality could meet the requirements of a developing 
traffic. 

2. CARRIED TRAFFIC MEASUREMENTS 

Carried traffic measurements are done by means of more 
or less complex equipments, which however supply data 
for establishing the group total holding time during a pre
fixed time interval. 

Through statistics on these data the mean busy hour car. 
ried traffic for a given group and its confidence interval 
can be calculated. 

These devices, whatever their operation principle may be, 
supply data affected by a measurement error. But, even 
worse, the mean traffic values obtained through the succe.!. 
sive statistical proces sing have confidence intervals gre.ater 
than the measurement errors. A reduction of these intervals 
involves a great increase in recordings, provided in the me&,!! 
while traffic conditions do not change. 
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110UR Ll9-00 09-15 09-30 09-45 
DAY 

1.16 S/6 1.Ul 1.30 1.64 
6/8 1.17 1.30 1.23 0.95 
7/8 1.1tj 1.15 1.)6 1.26 
tj/8 1.26 1.62 1.57 1.57 
~/U 1.44 1.45 1.44 1.55 

12/8 U.95 U.96 1.Lla 1.16 
13/8 0.93 u.70 0.75 0.94 
14/8 u.73 0.82 0.63 U.89 
16/8 U.95 U.92 U.95 O. ~j7 

MEAI~ 1.20 1.21 1.14 1.17 
SIGMA -U.2Q 0.28 0.29 0.34 
DELTA~ 15.0U · ~p.25 2U.9u 23.5a 

Table 

Table I shows a typical example of carried traffic data pr~ 
cessing (DELTA is confidence interval width referred to 
MEAN). From this example (taken from a real traffic re
cording) it appears that it is rather difficult to establish the 
busy hour and its carried traffic value, and a remarkable 
indetermination (95% statistic reliability) of the values of 
each hour traffic is found out, as on the average is of ±20%: 
this can depend on a certain discontinuity of the values r~ 
lative to 5+9 days with respect to 12, 13, 14, 16 days. 
Nevertheless, even in more homogeneous cases, the con
fidence interval width can reach 10% as compared to the 
mean value. 

Such an observation is particularly important if, once de
termined the offered traffic A according to the methods 
discussed later on, it is necessary to know the uncertaini 
ty interval of A corresponding to a given confidence inter
val relative to carried traffic. 

3. OFFERED TRAFFIC DETERMINATION FOR FIRST 
CHOICE GROUPS 

Th is paragraph deals with numeric calculation methods 
allowing to determine the traffic offered to a first choice 
group, starting from the carried traffic and the group ch.!: 
racteristics. 

Group characteristics are: the circuit number N, and the 
availability K for limited availability groups. 

Reference can be made to the system shown in fig. 1. 

known 
N. (K) 

unknown 
A 

R. V 

Fig. 1 

measured 
Y 

lU~U 1O~15 10-)U 10-45 l1-UO 

1.71 1.42 1.52 1.35 1.04 
1.3U 1.11 1.13 1.2U 0.96 
1;12 1.21 1.13 1.06 1.2f-
1.45 1.)0 1.16 1.39 1.81 
1; 54 1.61 1.64 1.35 1.13 
1. 31 1 .• 51 1.69 1.95 1.74 
0.77 G.84 U.84 0.97 1.Oli 
0.87 1.01 LJ.96 U.61 G.78 
0.55 0.81 0.86 U.91 1.10 

1.18 1.2U 1.21 1.19 1.21 
0.3b 0.2u 0.)0 0.35 0.32 

24.51 17.84 20.2U 23.80 21.47 

Even if a full availability group may be considered as a 
particular case of limited availability, the two cases will 
be discussed one by one. 

3. 1 Full availability first choice groups 

The functional relations connecting quantities A, R, Y are 
said (1) and (2), which are rightly determined. 

In this case the equation 

(3) 

must be solved with 'respect to A, Nand Y being known. 

The function Y N(A) is positive, monotonous and growing, 
its second derivative is negative, in the positive domain of 
A; it has horizontal asymptote Y = N and tangent Y = A at 
the origin. Therefore, Eq. (3) may be solved (for instance, 
with the method of chords and tangents) starting from two 
approximate solution values, a lower and an upper appro
ximation. 

These approximated values are derived by virtue of follo~ 
ing considerations: 
- curve Y N( A) lie s between the broken line Y = A, Y = Nand 

the hyperbola A=Y· N/(N-Y) (that coincides with Yl(A)); 
- curve YN(A) is quite near to hyperbolic tlJ:ngent Y = N • 

. th (A/N) and exponential Y =N (1 - e- A/ N ); 
- said four curves, for positive finite and non-null A, are 

such that 

• 

• 

broken line > hyperbolic tangent> exponential ,> hyperbola. 

Fig. 2 shows, for N = 8, that from Y = 0 up to Y ~6. 16 the 
broken line and the th supply the two approximate values; • 
from the previous limit up to Y ':!!7. 52 these values are SUE 

plied by the th and the exp, and then up to Y = 8, the expo
nential gives the lower approximation and the hyperbola 
the upper one. 

This solution method was implemented in a FOR TRAN sub 
routine: in searching the equation (3) root, it is necessary 
to avoid that the errors due to the iterative method used 
lead to an incoherence between the successive lower and 
upper approximations and the corresponding carried traf
fic values. 

3.2 Limited availability first choice groups 

It is a question of solving, with respect to A, an equation 
similar to (3), as already underlined in paragraph 1, i. e. 

(4) 

where there is the new parameter K and the function 

B N, K(A) representing the loss of a N circuit group with 
availability K. which is offered a pure chance traffic A • 
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In theory, such a loss is not only .a function of A, N, K, 
but also of the way in which the N circuits are graded 
among the K hunting steps of the devices scanning the 
group and the traffic is distributed among the different 
access subgroups. Every grading {G I and traffic distribu
tion {AI require then the introduction of a functionB{GI{AI, 
whose value can be established case by. case by solving the 
state equations system. 

Fig. 2 

This is not possible from the practical point of view, ther~ 
fore many Authors proposed analytic formulas for BN l{(A) 
which meet quite well many practical situations. AmC:ng 
the last ones, Palm-Jacobaeus formula 

(5) 

can be quoted and Lotze's variant, where the loss is given 
by Palm-Jacobaeus ratio calculated not for traffic A, but 
for a fictitious traffic A o' which offered to a full availabi
lity group of N circuits would originate the same carried 
traffic as traffic A offered to said limited availability 
group. In such a case the loss is defined by following reI,!: 
tions: 

LB N, K(A) = BN(Ao)/BN_K(Ao) = pJBN, K(Ao ), 
(6) 

Y N(Ao) = Ao[l-BN(Aa)] = A[1-LB N, K(A)) = y N, K(A) 

The Traffic Department of the Italian Telephone Operating 
Company assumed this definition as a standard for the loss 
calculations of the limited availability groups. 

Knowing Y, N, K and using the definition (6), i t is very 
simple to calculate the offered traffic A with the following 
method (similar to that used by Lotze [1]): 
- Aa is calculated from Y and N by using the above men

tioned method for full availability groups; 
- from Ao' N, K Palm-Jacobaeus ratio pJB N, K(Ao ) is ca.! 

culated: it coincides with the loss L BN K.(A) defined by 
Lotze for the limited availability group', m corresponde~ 
ce of the unknown traffic A; 

- from Y and LBN, K(A), A follows immediately. 

The writing of a program which supplies A according to (6), 
using said method, is straightforward: it only requires 
care in calculating the Palm-Jacobaeus ratio, as it could 
give quite inexact results if it were simply obtained divid
ing BN(Ao) by B N , K(Ao )' calculated one by one. It is ther~ 
fore convenient to :adopt the following recursive formula [2] 
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all 

. 2 - i3 IIAT~ 
16 20 24 28 A 

which eliminates the above mentioned disadvantages. 

4. DETERMINATION OF PURE CHANCE TRAFFIC 
AMOUNT OFFERED TO FINAL OR INTERMEDIATE 
CHOICE GROUPS 

It is considered an intermediate or final choice group, the 
carried traffic Y 0 of which is obtained from the measure
ment, and which is offered, besides the traffic overflowing 
from previous choice groups - characterised by its mean 
value R and variance V -, also a first choice pure chance 
traffic Ao. Fig. 3 shows the system under examination. 

unknown l Aeq 
I PREVIOUS 

I unknown { -,- CHOICE 
ANY I : SYSTEM 

I Neq,(Keq) __ 

r- - ~n~~t ~u:~o:'- - - -: --- -- -1;';;';1l~ ~n:W: f- - - - --

R . V t Ao I R +Ao ' V+Ao M E AS URED 

G ROUP fknown{. , } me~~ured: known{ I }mea;: red 
N , (K) : - : N, ( K )I _'_ 

, 
REAL SYSTEM I E Q UIV ALENT SYSTEM , 

Fig. 3 

The solution of the problem always requires the determin,!: 
tion of a full availability group or a ,grading equivalent to 
previous choice system and A o ' on the ground of charact~ 
ristics R and V of the peaked traffic and of trial values of 
the pure chance traffic Ao. 

The determination of an equivalent full availability group is 
rather easy [3], but quite difficult for an equivalent grading 
even if Lotze [4] described a procedure in this connection. 
Such a method, because of the basic hypotheses (the groups 
of the different previous choice gradings must be scanned 
by the same number of access subgroups, the previous 



choice equivalent grading and the group under examination 
must constitute a "good" grading, etc.) is sui table for 
manual calculation. In fact an engineer, helped by his se~ 
sibility and using practical formulas, can add the missing 
data of the problem; it seems more difficult to use such a 
method. in the automatic calculation. 

Therefore the case of a full availability successive choice 
group was taken into consideration, as it is necessary to 
know only the total mean value and variance of peaked of
fered traffit:, regardless if they overflow from full or limi 
ted availability groups, and neglecting previous groups ch.!: 
racteristics. 

A chords and tangents procedure could be used for the so
lution of the problem, as fig. 4 shows (Y 0 versus Ao ' for 
R = 3, V = 4, No = 8, compared with Y 8(Ao)): but a dicho
tomy method is more suitable, to avoid ay 01 aAo comput.!: 
tion. The same fig. 4 suggests two approximate root 
values: 
- the upper limit will be traffic AI, which offered to a full 

availability group of N circuits would generate the carri 
ed traffic Y 0; 

- the lower limit will be traffic AI-R if positive, otherwise 
0, as AI is certainly smaller than Ao +R. 

s. 

Fig. 4 

The calculation of AI (see 3.1) requires some computing 
time, therefore AI could be replaced by its lower approxi 
mation Y o' As Y 0 < AI, Y 0 > Ao does not hold sure: but 
the following alternatives allow to identify the interval 
bounds within which the root is included: 

- 0 and Y 0 (if Y 0 ~ R); 

- Y 0 - Rand Y 0; 

- 2n. Yo and 2 n +l Yo ' with n = 0, 1, 2, ••• 

5. INFLUENCE OF CARRIED TRAFFIC MEASUREMENT 
ERROR ON OFFERED TRAFFIC DETERMINATION, 
FOR FIRST CHOICE GROUPS 

Following up par. 2, relative to the confidence interval 
width, which is determinated at the same time of the mean 
value and variance of the carried traffic through statistical 
processing on the traffic measurements, this question 
arises: "if carried traffic Y is determined with an error 
or uncertainty 11 Y, which will be the corresponding error 
I1A 'Of the offered traffic A (deduced from Y by means of 
3. 1 and 3. 2)? " 

This question can be answered by qetermining, as a func
tion of the mean carried traffic and the system geometry 
(characterized by parameters Nand K), the ratio l of of
fered traffic relative error to carried traffic relative 
error, i. e. 

,= :A/:Y (8) 
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5. ~ Full availability first choice groups 

Referring to (2), the following variation I1Y of carried 
traffic corresponds to a I1A variation of offered traffic: 

11 Y = Y N(A+ I1A) - Y(A) = I1A· Y N(A) + (I1A}2 12. YN(A) + .•. ; • 

neglecting the terms of a degree greater than the first one 
- and this is admissible for small I1A values - one . get-s: 

YN(A) 
(~---. 

A YN(A) 
(9) 

This formula shows that J.. is inversely proportional to the 
derivative of YN(A) with respect to A: this means that l 

will become greater and greater, as soon as the Y N(A) cu.!. 
ve, when A increases, deviates from the bisector of the 
first quadrant to approach the asymptote N, i. e. when the 
mean efficiency of the group (Y IN) comes near to the unit. 

Starting from (9) the curves of l were plotted in fig. 5 as 
a function either of Y IN with parameter B or inversely of 
B wit h parameter Y IN (dotted lines), for some values of 
N (solid lines). 

For l a logarithmic scale was chosen, while for Y IN and 
B a scale such that the curve relative to N = 1 was a 
straight line with slope 1, i. e. the logarithmic scale Ofthee inverses of the complement to 1, either for Y IN or B. In 
this scale 0 is at the origin and 1 tends to infinite, there-
fore all values of mean efficiency and loss which may oc-
cur in practice are represented. 

When N > 1 the curves as a function of Y IN lie under that 
of N = 1 while those in function of B lie over; the two dia
grams - complementary' each other - can be represented 
in only one figure (fig. 4), which is very synthetic and full 
of information. In fact the l scale can be graduated in 
values of Y~(A} = YN(A} - YN _1(A}, i.e. of carriedtraffic 
increases because of the addition of an Nth circuit to a 
group 9f N -1 circuits (traffic carried by the last circuit, 
in case of sequential hunting). This is a very suitable par.!: 
meter for alternate routing systems planning. 

It is 

(10) 

and therefore the Y* scale, which can be overlapped to ne 
l logarithmic scale, is a logarithmic scale of the inverses 
of the complement to 1, as for Y IN and B. It must be un
derlined that the curve for N = 1 in fig. 4 is the graphic rea 
presentation of relation (10) if y * replaces B or Y IN; the~ 
fore y * can be obtained graphically from l as illustrated -
in fig. 6. 

In addition to fig. 5, which shows a certain reading diffi
culty for the B domain from 0 to 0.3 with l less than 2, 
and particularly for large N, the graphic of fig. 7 was tr.!: 
ced out; it shows l as a function of B (logarithmic coordi
nates) with parameter y/N. The scale chosen now for ( 
is such that for small values of B the curve N = 1 is only a 
little different from a straight line with slope 1: it is the 
logarithmic scale of the values diminished of 1 (in fact 
N=l and small B1(A) give l ~ B1(A} + 1). 

5.2 Limited availability first choice groups 

The ratio 

~ K = I1A/~ ~ Y N• K(A) 

A Y A 

is calculated also in this case. • 
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Considering that, for (6). 
- A is function of Ao. 
- Ao is function of Y. 
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it is convenient to calculate EK as follows: 

where ~ is the error ratio already calculated for full av~ 
lability groups. It remains only to calculate the coefficient 

(~A / ~~). which takes into account the limited group 

avaiLability. 
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Fu r small I1Ao. it is 

A 
a;:; • taking (6) into account this equation becomes 

I1A / I1Ao ~ I _ N' BN(Ao) + K· BN(Ao)/BN-K(Ao) = 
A Ao I - BN (Ao) I - BN(Ao)!BN_K(Ao) 

(12) 

where 
N· BN(Ao) 

I - BN(Ao) , 

K· BN(Ao)/BN_K(Ao) A - Y 

c N K(Ao ) = I _ B (A )/B (A ) = K ----y-
, N 0 N-K 0 

It is clear that C N , K(Ao ) = cN, K(Ao ) - cN(Ao) must be po
sitive, otherwise f K < f: this is easily demonstrated con
sidering that 

sgn (CN , K(Ao ))= 

(

mean efficiency ) _ mean efficiency of 
= sgn of the group of last K circuits 

N circuits • 
= positive. 

Once determined A. the following formula (equivalent to 
(11)) can be adopted for calculating l K: 

obtaining cN(Ao ) from the diagram of fig. 8. that for diffe.!: 
ent values of N shows cN in logarithmic coordinates versus 
Y IN in linear coordinates. 
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6. ,FINAL CONSIDERATIONS 

The calculation methods presented in 3. and 4. are simple 
and easy to implement, therefore ' they do not require fur
ther comments. On the other hand some more details can 
stUl be 'added to considerations of par. 5. 

Either '( or (K are obtained from a Taylor series expan
sion of YN{A) or YN,.K(A) with respect to A, truncated at 
the first degree term, i. e. neglecting the term (f1A)2 and 
those of higher degree. As, already stated, this is possible 
for small 'values of f1Y, and not for high values, as inthis 
case ( and ( K give only a magnitude order of the relative 
error. 

Examining the carried traffic vs. offered traffic curves, 
it appears that to an interval Y - f1Y - Y + f1 Y on the Y axis 
does not correspond an interval A - f1A - A + f1A on the A 
axis (where f1A has a value that could be obtained from ( 
or (K), but an interval A - f1IA - A + f1"A, with f11 A < f1A< 
< f1" A. Therefore the value A should have an asymmetric
al error interval (larger in the upper part): nevertheless 
f1A corresponds, more or less, to f1IA and f1"A average 
and ( and (K are still significant. 

Curves ( (as (K) give typical trends and limit values: 
a) with the same mean efficiency of the group Y IN, ( is 

larger for smal~er groups, and the opposite happens 
with the same loss B; 

b) for first choice full availability groups with loss Bless 
than 5% (i. e. when A is only a little larger than Y), and 
with N up to about 100 circuits, (does not exceed the 
value 2, and therefore it is not so important; 

c) for first choice full availability groups with greater loss 
~ has the value 2 when the traffic carried by the last 
circuit Y*N is worth 0.5, which corresponds to a higher 
mean efficiency of the whole group Y IN the larger the 
group is: y/N is 0.9 for a lOO-circuit group, withabout 
5% loss. When Y"N exceeds 0.5, ( may become too large, 
particularly for small groups. 
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A lar ge £ value could negatively affect plant checks or ex
tensions, and still more traffic forecasts, which are at the 
base of the plant dimensioning. This holds true not only 
for the check or extension of the group on which the mea..!!. 
urement is carried out, but also for the next choice group 
which is offered a mean overflow traffic with a percentage 
error interval depending on the error interval relative to' 
the previous choice groups. 

This happens if the above mentioned precaution limits - or 
those which can be easily determinated, case by case, 
from figs. 5, 7, 8 - are not respected. 
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