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ABSTRACT 

A previous paper on the planning of junction network1/ is 
based on the assumption that the busy hours for the 
traffic between the exchanges is coincident. As an ex
tension of previous investigations, the present paper 
deals with the question of planning a junction network 
when the traffic between the exchanges is given by a 
number of data at different points of time and when the 
busy hours are not coincident. 

In order to get an approximate solution to this problem~ 
the time dependent traffic between the exchanges is sub~ 
stituted for a fictive time independent traffic. Using 
this value the number of bigh usage junctions . is deter
mined in the usual way with the help of the improvement 
factor and the cost ratio between high usage and tandem 
circuits. A numerical control of such an heuristic 
solution shows a fair approach to the optimal layout. 

1/Rapp , Y.: Planning of Junction Network in a Multi
exchange Area, I: General Principles, Eticsson Technics, 
No. 1 ~ 1964. 
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1 • THE PROBLEM 

The problem is defined as follows 

Given 

- the routing philosophy (junction matrix) and per
missible traffic losses 

- the traffic between the exchanges in different 
time intervals 

- the incremental costs for high usage and tandem 
circuits (determined with regard to transmission 
plan and signalling plan) 

to determine 

- the number of high usage and tandem circuits 

in such a way that the cost of the network is as small 
as possible. 

j 

Figure 1. A triangle in a single stage junction network 

i~j = exchanges 

A = tandemstage 

ij first choice route 

iAj second choice route 

In order to elucidate the problem~ consider a triangle 
iAj in a single stage junction network~ Figure 1. Assume 
that the number of high usage circuits on all routes is 
known except between the exchange i and j. Assume 
further that the efficiency of incremental trunks 
(marginal utility) is constant. Then the optimal number~ 
~j' of >?-gh usage junctio~s between ~.he exchanges i and 
J 1S def1ned by the follow1ng express10n 

minlB It· .+q B max\p .. +A
o

., \+q B max\P .. +A
O
,.\ (1) 1,J 1 t 1,J 1,/\ 2 t 1,J /\J 

~ij 

where n = 1/q = efficiency of incremental trunks 

P .. = Ai .E( ·~ .) = traffi~ r~j ected from the 
1,J J J route 1,-J 

o 0 
A iA ~ A Aj traffic rejected to the tandem routes 

iA and Aj from other high usage routes 

B~ Bl~ B2 = incremental cost for high usage and 
tandem circuits respectively 

The traffic between the exchanges is given by a number of 
data at different points of time (t = 1~ 2, ... ). 

Equation 1 permits calculation of the incremental cost for 
any given number of high usage junction, '~i" but it is 
not possible to express the cost as functioh of this 
number. A determination of the optimal number of high 
usage junction according to some scheme of calculation 
may therefore be rather circumstantial as will appear 
from the following numerical example. This example is 
only given with the purpose of illustrating the com
plexity of the problem and no use will be made in the 



sequel of the solution. 

The traffic between the exchanges 1, 2, and 3, of which 
3 is a tandemexchange, is given at three different points 
of time t', t", t", according to the following table 

t' t" till 

24 5 3 

18 32 

29 6 46 

The incremental costs for high usage and tandem circuits 
are equal and the efficiency of incremental trunks 
n = 0,8. For the determination of the number of high 
usage circuits, n 12 , let us try the assumption that the 
maximum traffic on the tandemroutes 13 and 23 occurs 
at the time t', t" or t '''. With help of the improvement 
factor (= 0,40) the three alternatives give three 
possible values for the number of high usage junctions 

n' = 27 n" = 6 n"'= 3 

A control of the maximum traffic on the tandemroutes is 
summarized in the following table 

n 12 max traffic time max traffic time 
on route 13 on route 23 

n' 27 32,0 t" 46,0 t'" 

n" 6 36,3 t' 47,3 t' 

n lll = 3 39,1 t' 50,1 t' 

Obvious~ none of t~e three values :or n 12 in ~he ~able 
above glves the optlmal number of hlgh usage ClrcUlts 
since the max traffics occur at points of time which 
are incompatible with the 'a priori' assumptions. 

After this unsuccessful attempt we conclude that the 
optimum number of high usage junctions must be one of 
the numbers for which the traffic on a tandemroute is 
equal at two different points of time. 

Accordingly we find the traffics on the route 13 equal 
at the points of time t' and t" for n 12 = 10 and the 
traffics on the route 23 equal at the points of time t' 
and t'" for n 12 = 7. 

A final control shows that n 12 
solution. 

10 is the optimal 

From the numerical calculations, we conclude that the 
optimal solution is easiest obtained by trying different 
values for the number of high usage junctions and compare 
the costs. This is easily done for this simple case. 
When the number of high usage junctions has to be deter
mined between all exchanges in a network, the mentioned 
methods lead to comprehensive and time-consuming calcu
lations. Therefore it seems worthwhile to look for an 
approximative method for the determination of the number 
of high usage circuits with an accuracy sufficient for 
practical calculation. In the sequel such an attempt 
will be made. 

2. FIRST APPROACH 

For a first approach to the solution of the problem , it 
is assumed that the incremental costs for high usage and 
tandem circuits are equal. In this case, in a network 
with coincident busy hours, the number of high usage 
circuits is slightly superior to the offered traffic 
between the exchanges. An heuristic extension of this 
observation to be valid also for non-coincident busy 
hours, could possibly be 

nij = ~ Imax I Aij + AOi>.! + maxi Aij + A° >' j! 

1- I max A ° i).. + max A ° )..j 11 ( 2 ) 

where K is a factor to be determined by numerical cal
culations. 
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With coincident busy hours we get n •• = K Ai~ and with 
entirely time separated traffics we~~et n .. ~ 0 as long 
as A.. < min ! A 0 

., , A 0 , .1 1.-J 
1.-J - 1.-/\ /\J 

The control of equation 2 was done with 5.000 triplets 
of random numbers representing the traffics A .. , A. 
and A).. . at three different points of time witfiJ the1.-).. 
fOllo~ng constraints 

2 < max Aij s.. 50 

10 <: max I Ai ).. ' A)..j I ~ 100 

max A.. < min I max A., , A, . ! 1.-J - 1.-/\ /\J 

For eac h case n .. was calculated from equation 1 and 
thereafter K fr5fu equation 2. The mean value for K was 
found to be 1,15 with standard deviat ion 0,13. Using 
this mean value the approximate number of high usage 
junctions was obta ined from equation 2 with a new set 
of 5.000 triplets of random numbers with the restrictions 
given above. A comparison of the corresponding cost with 
the mlnlmum cost obtained from equat ion 1 gave the follow
ing result, Table 1. 

Cost 
Increase 

Relative frequency 
of cost increase 
using eq. 2 

(%) 

o 
0,0 - 0,5 
0 , 5 - 1,0 
1,0 - 1,5 
1,5 - 2,0 
2,0 - 10,0 

10,0 - 20,0 
20,0 - 30,0 
30,0 - 40,0 

Total: 

Mean value (%) 
Standard 
deviation (%) 
Max value (%) 

(%) 

48,72 
49,26 

2 , 00 
0,02 

100,00 

0,059 

0,127 

1,080 

Relative frequency of cost 
increase using improvement 
factor and 
max A .. mean A .. min A .. 

(%)1.-J (%) 1.-J (%)1.-J 

1,18 8,74 13,94 

25 ,42 75,06 51,98 

22,10 9,70 11,46 

44,86 6,46 17,70 
6,18 0,04 4,54 
0,24 0,38 
0,02 

100,00 100,00 100,00 

3,316 0,582 1,879 

3,566 0,908 3,457 

30,180 10,684 26,843 

For comparison the three last columns give the relative 
frequency of cost increase using max Aij, mean Aij and 
min Aij respectively, and the improvement factor for the 
determlnation of the number of high usage junctions. As • 
seen from the table, the improvement in the determination 
of the number of high usage junctions with help of equa-
tion 2 is considerable compared to any of the other 
methods . 

For further control a network with 4 exchanges, one of 
which was a tandem exchange, was examined with help of 
1.000 random values for the traffic between the exchanges 
at 8 different points of time. The calculations were 
carried out in the following steps 

1. Put nij = 0 for all high usage routes and 
calculate AO ., , AO .. 

1.-/\ )"J 

2. Calculate n .. according to equation 
1.-J 

2. 

3 . Adjust the o 0 
values of A i).. and A >.j. 

4. Repeat the calculations according to equation 2. 

The following results were obtained , Table 2 . 
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Table 2 

Cost Increase Relative fre~ueney of cost increase using 
e~uation 2 
without iterations with max 5 iterations 

(%) (%) (%) 

0 15,40 16,20 
0,0 - 0,2 64,50 67,20 
0,2 - 0,4 13,60 13,70 
0,4 - 0,6 2,50 1,90 
0,6 - 0,8 0,90 0,80 
0,8 - 1,0 0,70 0,20 
1,0 - 5,0 2,30 
5,0 - 10,0 0,10 

Total: 100,00 100,00 

Mean value (%) 

Standard 
deviation (%) 

Max value (%) 

Results obtained with e~, 2 

without iterations with max 5 iterations 

0,152 

0,348 

7,552 

0,106 

0,125 

0,943 

A comparison between the results obtained in Table 1 and 
2 shows no significant deviation when maximum 5 iterations 
are made. 

3. SECOND APPROACH 

In a network with coincident busy hours the number of 
high usage junctions is obtained by the formula 

F(n,A) 

where F(n,A) 

A 

n 

n 

A ~(n,A)-E(n+l ,A)] 

improvement factor 

offered traffic between two exchanges 

number of high usage junction 

cost ratio between high usage and tandem 
circuits 

efficiency of incremental trunks 
(marginal utility) 

In order to use this formula for non-coincident busy 
hours we substitute ~j for a fictive time independent 
~ra~fic Aij' with the pr~perty that Aij = A£j for co
~nc~dent busy hours and Aij = 0 for entirely time 
separated t:af~ic if ~j < min I AO i ). , AOAjI, according 
to the heurlstlc formula: 

Aij = ~ I mox hj + AOiAI\+ max I Aij + A°).j I 
I-I max AOi ). + max A°).j I (4) 

The number of high usag7 junctions nij is conse~uently 
determined by the e~uat~on 

e:'n 

The control of e~uation 5 was done with the same con
straints as before and gave the following result, 
Table 3. 

4. AN ASIDE 

It may be of some interest to compare the fictive, time 
independent traffic, A, according to e~uation 4 with the 
necessary traffic handling capacity in the simplest 
symmetrical network. 

Let the (both way) traffic between three points 1,2, 3 
at the times t', t", .•. be defined by the vectors 

(a13 ', a 13" ... ) (6) 

The traffic capacitie~ A'2' Al~' A23 on the routes 12, 13, 
and 23 respectively has to be determined in such a way 
that 

is as small as possible under the constraint that it will 
be possible to.transport the traffics a 12 , a 13 ,.a23 
between the pOlnts 1 - 2, 1 - 3, 2 - 3, respect~veIy at 
any point of time t', t", ... . 

Cost penalty in percent for the approximate formul a equation 5 

e: 

0,30 

0,35 

0,40 

0,45 

0,55 

0,60 

0,65 

0,70 

e: = cost ratio between high usage and tandem circuits 

K = cost ratio between tandem circuits 

Percentile 99% 

K = 1 

upper limit of cost increase for 99% of examined 
3-2.000 triplets of random number 

K = 1.5 K = 2 

Mean Max Percentile Mean Max Percentile Mean Max Percentile 
value value 99% value value 99% value value 99% 

0,16 3,6 1,9 0,19 5,7 2,3 0,25 7,2 3,0 

0,13 2,7 1,5 0,16 4,8 2,0 0,23 6,2 2,8 

0,09 1,7 1,2 0,14 3,5 1,7 0,23 4,8 2,3 

0,07 1,4 0,9 0,13 2,7 1,3 0,24 4,0 2,0 

0,06 0,9 0,6 0,14 1,8 1,3 0,24 3,4 2,3 

0,09 1,2 0,7 0,15 2,6 1,6 0,24 4,1 2,4 

0, 13 1,4 1,0 0,16 3,2 1,8 0,24 4,6 2,6 

0,17 2,0 1,4 0,20 4,2 2,2 0,24 5,4 2,8 
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If ~or instance a 12 - A12 > 0, the surplus is lead over 
the routes 1 - 3 and 2 - 3. In order that this shall be 
possible the traffic reserve in these routes must be at 
least equal to the surplus load on the route 1 - 2 . The 
same reasoning is valid for the other routes 1 - 3 and 
2 - 3. For th7 determi~ation of A12 , A13 , A23 we thus 
get the follow1ng equat10n system 

A12 + A13 ~ max I a 12 + a 13 1 
t 

A12 + A23 ~ max 
t 

I a 12 + a23 1 

A
13 + A23 ~ max 

t 
I a 13 + a23 1 

A solution of this equation system gives 

and 

A'2 -i~ la'2 + a'31 + ~ I a'2 + a231 
1- ~I a'3 + a2311 

A'3 - ir. la'2 + a13 1 + ~ I a13 + ad 
1-~ I a'2 + a2311 

A23 - i I ~ I a '2 + a23 1 + ~ I A 13 + ad 
1- ~ I a'2 + a1311 

min I A'2 + A13 + A231- ilm~ I a'2 + a13 1 

I + ~ I a '2 + a231 + ~ I a 13 + ad I 

(8) 

( 10) 

Now assume that the cost is proportional to the capaci
ties A12 , A13 , A

23
, and thus the total cost 

where q12' q13' q23 are constants . 

It is then easily seen that if 

C!£j > C!£k + qkj 

(C!£j = qj i' i • i • k = 1. 2. 3. k :# i , j ) 

( 11) 

which means that the cost ratio is greater than one, the 
route i3 shall be cancelled (A ij = 0). 

If the cost ratio is below one the solution according to 
equation 9 is valid. If finally the cost ratio is 
exactly one, the corresponding route could have any 
capacity between zero and the value obtained by equation 
9. 

5. MULTISTAGE SYSTEMS 

The method described in paragraph 3 above for the de
termination of the number of high usage junctions in a 
single stage alternative routing system with non-coinci
dent busy hours may be extended also to be valid for 
multistage systems. 

The calculations are done in steps. First the number of 
first choice high usage circuits is calculated. With 
help of this number the traffic offered to the second 
choice route is obtained at different points of time and 
the number of second choice circuits may be obtained in 
the same way as the first choice circuits. 

Consider a two level hierarchical network built up 
according to the routing shown in Figure 2a. A routing 
doctrine according to Figure 2b is treated in an ana
logous way and will therefore not be dealt with. 
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a 
Figure 2. Two level hierarchical networks 

i , j exchanges (i, j = 1, 2 •.. s) 

A tandemstages (A = s + 1, s + 2 \.I , 

'J ... S + t) 

The number of high usage circuits on the first choice 
routes is determined with aid of equation 5 and the 
following iterated process 

1. Put n .. = 0 for all high usage routes and 
1.-J 0 0 

calculate A iA ' A "j' 

2. Calculate nij according to equation 5. 

3. Adjust the values of A
O
i " and AOAj' 

4. Repeat the calculations according to 

equation 5. 

Consider a triangle \.Ij'J. 

The traffics offered to the routes jJj , jJ 'J and 'Jj are 
respectively 

A • = .r 
\.IJ 1.-£\.1 

~'J = j~'J 

P .. 
1.-J 

P . 
\.IJ 

( 12) 

( 13) 

( 14) 

The fictive, time independent traffic, A\.Ij' offered to 
the route \.Ij is then 

A,j - i I max I A,j + AO,vl + max I 'w • AOvjl 
1-lmaxAO,v +maxAOvjll ('5) 

• 

where AO and AO
v ' is the traffic rejected to the tandem

routes \.I~'Jand 'Jj !~om other second choice high usage 
routes. 

The process starts with the assumption that all n. 0 
and is repeated until sufficient accuracy has beegJ 

obtained. 

6. NUMBER OF TANDEM CIRCUITS 

After determination of the number of high usage circuits 
according to equation 5, the maximum traffic (and corre
sponding variance) on the tandemroutes is obtained. 
Finally the exact number of tandem circuits is deter
mined using formulae from the congestion theory. 

7. SUMMARY 

The paper presents a method of determination of the 
number of high usage junctions in a network with non
coincident busy hours with help of an approximate 
formula and an iterative process. As seen from Table 3, 
the method gives a good approximation for cost ratios 
between high usage and tandem circuits (£) and between 
tandem circuits (K) in the neighbourhood of 0,5 and 1 
respectively. For other ratios the approximation seems 
acceptable in the range 0,3 2. £ 2. 0,7, 0,5 2. K 2. 2. 
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