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ABSTRACT 

The "roulette" model for the simulation of 
loss systems is very well known. Several 
papers have been published for the application 
of "roulette" models for the simulation of 
waiting syste~s.However, application is always 
restricted to the consideration of exponential 
holding times. 

The object of this paper is to present a me
thod by which a roulette may be applied to 
the simulation of waiting OF combined delay
loss systems, b~t without the restriction of 
1ts application to systems involving parti
cular holding time or arrival laws. Further
more, the method is able to accommodate any 
"birth and death" process. 

The method described here is especially 
advantageous when it is applied to processes 
in which the main traffic volume involves 
Poissonian arrival and exponentially distri
buted holding times (for example, the prese
lection process in conventional switching 
systems). 

The idea is based on the assumption of an 
elementary time unit, dt, as the time interval 
between two successive-rhrows of random 
numbers. Thus, to estimate the waiting time, 
it is necessary only to count the quantity of 
random numbers generated during the time that 
calls are waiting. 

For the particular case of Poissonian arrival 
and exponential holding times, the method 
consists of dividing the interval of real 
numbers (O,~ into subintervals which corres
pond to the generation and release of calls, 
sampling and the "no event interval". These 
subintervals are to have sufficient lengths 
that the counting of random numbers gives a 
good estimate of the waiting time to be 
measured. 

The accuracy in estimating waiting time is 
dependent upon the differences existing 
between the values given by the Bernoulli and 
Poisson laws; since the model is to simulate 
a continuous process by means of sequences of 
discrete events. 

In order to reduce computer time, two 
roulettes are used in accordance with the 
fre:edom or occupation states of the queues, in 
the system under consideration. 

In the general case, the inter-arrival and the 
holding times are generated by means of two 
separate roulettes. A third roulette is to 
function as the "clock". This third roulette 

, may be the roulette of a dominant process 
having Poissonian arrival and exponential 
holding times • 
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1. INTRODUCTION 

In Telephony, traffic simulation techniques 
are being applied more and more intensively 
to the study of complex waiting systems. 
Three basic areas for the application of 
simulation in the investigation of traffic 
capacity are: 

a) Control Units. In these there are differ-
ent systems of service (highly inter

related in a manner often difficult to define 
and evaluate), complex distributions of 
demands for service, and device occupation 
or holding times. 

b) Switching Units, such as Line Selection 
Units. These operate as waiting systems, 

with simple stochastic parameters (generally 
defined by negative exponential laws) and a 
very great number of cl:evice·s •. 

c) Units in which the Switching and Control 
are integrated. 

The simulation means for the areas of interest 
are usually carried out during lengthy periods 
of computer program execution, with unfavo-
rable economical consequences resulting. 

In this paper we present a model which might 
be adaptable to simulation in the areas 
mentioned in paragraphs ~ and c) above, i.e., 
principally in waiting systems combined with 
link systems. In such combined systems the 
application of the new model would be much 
more economical than the "time true models", 
since the operating time of the computer is so 
much shorter. 

The "time true model" offers the simulation 
of "birth and death" processes and consists 
mainly in substituting them through imbedded 
chains. The principal ~isadvantage of this 
model lies in the high cost of its executio,n, 
which rises rapidly with the number of calls 
to be presented simultaneou~ly to the system. 

The proposed model also has an adequate 
general range of application (theoretically) 
to a wide number of telephonic problems, but 
with greater economical advantage than the 
time true model. The model proposed, which 
may be utilized for the determination of 
average waiting time and the distribution of 
waiting times, gives approximate results. 
By means of ideal random number generators, 
the degree of approximation desired may be 
obtained by evaluating these times through 
a count of the quantity of random numbers 
produced during the time that each call waits 
in line. 



2. DESCRIPTION OF A GENERAL ROULETTE FOR 
SIMULATING MARKOVIAN BIRTH AND DEATH 
PROCESS 

For purposes of simplicity we ~ ~all consider 
only unidimensional processes. 

2.1 Equations of state for Birth and Death 
Process 

A~sume a . process with . birth and death 
coefficients ~land I'i respectively (independent 
of time), when there are i calls in the system. 
Then, the process equations are as follows: 

Pi(t+dt)=Pi(t) (1- Aidt) (1- ~idt)+Pi_l(t) Ai _ l 

dt(l-~i_ldt)+Pi+l (t)fti+ldt(l- "i+ldt ) 

where P . (t) is the probability that i 
are in tEe system at instant ~. 

(2.1) 

calls 

Assuming that, in an time interval of length 
dt, the probability that an event will occur~ 
negligible, the above equation becomes: 

Pi(t+dt)=Pi(t) [1-( Ai+/'li) dtJ +Pi_l(t) ~i-l 

dt+Pi+l(t)~i+ldt (2.2) 

and, with the stationary condition P. (t).P . 
and the boundary condi tion ~ P. =1 ~ l. 

i=O 1. 

~ '),.1--1 

J/.:1, 7'T 
M= --"----'------- Where bo and Po 

t+~ nU::!-
r;, 1= 1 1"-1 (2.3) 

2.2 Markov Chain Associated with Roulette 

Assume the half-open interval (0,1]. in which 
are defined the subintervals L and M, of 
lengths L. and M., respectively, when i calls 
exist in the system; and L.+M., 1. Let us 
further assume that each ttme1. a random number 
is included within the interval L, an event 
is generated or born; and each time that the 
random number pertains to the interval M, an 
event dies. Then the cor~esponding Markov 
Chain has the following Equation: 

Pi (k+l) =P i (k) [1- (Li +M) ] +P i-I (k) Li _ l +P i+l 

(2.4) 

Where P . (k) is the probability that there are 
i calls1. in the system after the generation 
of the ~th random number. 

Assuming the process is stationary, we shall 
have P. (k)=P.; and taking the boundary con
dition1. as 1. IP.=l; we have: ,::0 1. 

and 

P . = 1. 

P = o 

'+~TL Lj~1 
i;, j=t Mt 

1 

where i> 0 

(2.5) 
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2.3 Simulating' Birth and Death Process by 
a Roulette Model 

If the simulation of a process is intended • 
for ~tudying a function, which depends solely 
upon the probabilities of the system state, 
it may be made by using a roulette model and 
imposing nothing more than the conditions 
that: 

-24.. = ~M~ - Ll " 
= .... . -M - .e..L - ~ 

- Lt - Ht - Lo 

These conditions are sufficient (but not 
necessary) to make the probabilities of state 
(3) and (5) coincide. The conditions which 
are, however, necessary and sufficient, are: 

where i > 1 

Nevertheless, the coincidence of probabilities 
of state ·f2.,3) and C:~ . ,$) is, in general, not 
required, but coincidence is ~uired for the 
probabilities whose evaluation is desired in 
each case. 

To clarify this point, let us consider the 
following example. We desire simulation of 
an Erlang process in a system with traffic A 
and devices N. The roulette contains inter
vals L and M, whose lengths are given by 
the follDwing law: 

L . = A 
M.= 

i 
where O~i<N 1. A+N 1. --x+N 

(2.8) 

LN= 
kA 

~= 
kN where O<k<l A+N --x+N 

The probabilities of state corresponding with 
the Markov Chain defined are: 

P.= 1. where 

The loss probability in the example to which 
this Markov Chain is associated is: 

kA 
AN 

LN P
N 

x N!k 
F= N N-l Aj AN 

(2.10) 
L.P. r J J r A jT+ kA N:!:k j=O j=O 

which coincides with the loss in the Erlang 
process. 

Thus it may be stated, in a general way, that 
the lengths of the intervals of a roulette 
should be adjusted. This adjustment should 
be carried out not to obtain coincidence 
between the probabilities of state (of the 
chain defined by the roulette) and those of 
the actual process. Instead the adjustment 
should be made to 
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measure the real process parameters of interest 
to us, in the most economical manner. Further
more, in the case at hand, involving proba
bilities of state, they may be measured with 
nothing more than defining some appropriate 
random samplings . In the previous example, 
the following roulette should be defined, in 
which the interval S would correspond to the 
seizure of a sample of the number of elements 
held at the instant that the random number is 
generated. And the intervals, L . , M. and 
Si' are defined by the following r~lationships: 

R 
A+N+R 

where 0 ~ i < N (2.11) 

kA kN kR 
j ~= A+N+R A+N+R A+N+R 

The probabilities of state of the chain 
associated with the roulette would be those 
given in (2.9), and those measured in the 
sampling would be proportional to the follow
ing: 

AN 
Where 0' i < N P;"'=tb riiTIi 

N-t At A 
(2.12) ~7f+Niti 

N 
Imposing the condition that 
have: 

L.P' . = 1, we 
j=O J 

P' . 
1 N 

L 
j=O 

(2.13) 

which coincides with the loss probability 
of an Erlang process. 

'3. APPROACH TO NEGATIVE EXPONENTIAL LAW 
BY ROULETTE 

The approach to the possible distribution 
laws of call arrivals and service time, may 
not be carried out in this paper in a complete 
general mannerj therefore the analysis will 
be restricted to the case of Poisson type 
distributions. 

If in a roulette, an interval has length 1 
(total length = 1), the probability that -
a random number pertains to this interval will 
be 1. And the probability that i among k 
random numbers pertain to that interval will 

. be: 

b(i,k,l}= (~)li(1_1)k-i 
1 

(3.1) 

At the limits (k- ~k1 
probability is given by 

( , '\.) -A Ai 
P l;/\ =e LT 

').,1 - 0) this 
Poisson's Law: 

As is well known, an error bound is given by 
the expression: i 2 X 

-i~ k-i + k-" 
b(ijk,l)e ~<.p(ijk) < b(ijk,~)e (3.3) 

The average separation between the consecu
tive "drops" of random numbers in the interval 
is equal to f/~. 

In order to make our course clear, let us 
supose that we adopt intervals of length 1 
for generating the termination of a determined 
type of call. An average call duration "time" 
!/~ may be assigned. The value ill will be 
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measured by the number of random numbers 
generated between the appearance of a call 
and its termination. Thus x random numbers 
generated are equivalent to-a "time" of xl 
units of holding time. The count of the;; 
random numbers permits the preparation of 
histograms from which probabilities and 
average waiting times may be derived. 

The results obtained through these time 
measurements will, of course, contain two 
types of errors: The first type of error 
results from the possible appearance in the 
real system of more than one event, in the 
time associated to the time between two con
secutive random numbers, but this error may 
be diminished by reducing the length 1. The 
second is the error inherent in approximating 
a Poisson distribution through a binomial. 
Evaluation of errors resulting from use of 
this roulette will be the object of paragraph 
4.2. 

4. DESCRIPTION OF MODEL FOR SIMULATING 
WAITING SYSTEMS BY ROULETTE 

The roulette, proposed for use in the 
simulation of a waiting system, is similar 
to the type used in a loss system when the 
models used are derived from Kosten's Model • 

To realize the roulette it is necessary only 
to add to the conditions imposed in paragraph 
2.3, the condition deduced in paragraph 3, 
and to choose the appropriate elementary in
terval 1. These conditions allow us to 
deduce not only the inherent properties of the 
probabilities of state but the probabilities 
related to service and waiting times. 

4.1 Method for Estimating Waiting Times 

The probability that the waiting time will 
be greater than ~ may be expressed by the 
formula: 

00 

p(w)t)= L PiP 
i=O 

(w> t/i) (4.1) 

Where P. is the probability of existence 
of i units in the system, and P (w > t/i) is 
the-conditional probability of waiting. 

Assume a birth and death process with para
meters Ai and f'i. For reasons of sim
plicity, the service periods are negative 
exponentially distributed with ordered queuej 
~{ = i~ j and the average service period 

is T= l/~ Then, for a call which arrives 
when there are i units in the system (all of 
whose devices are fully accessible), the 
probability will be: 

F(w>t\l)=o if <n 

= Jn7.en
l't (~~tl' dt = 

(4.2) 

= [(7~t) +.,., + ~~t + I] e-ryLt if l>/n 

To the interval t may be assigned a duration 
of K = lilT - random numbers. From this 
we may estimate the waiting time of a call, 
since it suffices to count the random numbers 
generated from the instant that the call 
enters the queue until the instant that it 
leaves. 

The formula for estimating the probability 
of waiting for a time greater than t, i.e., 
that more than k random numbers are-generated 
before the call leaves the queue, when there 
are i calls in the system, is: 



p (w> k/i) o if i < n 

1 if i-n.)k 

(4.3) 

If k- oonl-0, and knl- n("lt • Then: 

p(w) t/i)= 0 if i < n 

i-n L , e -nl"t 
j=O 

which is the value shown in formula (4.2) 
for the real process. 

(4.4) 

The method may be generalized for any other 
birth and death process, with no other con
dition than that it be Markovian and homo
geneous in time. 

4.2 Efficiency of the Model 

The prop~sed model might be particularly inte
resting for simulating waiting systems combined 
with link systems, when compared with the con
ventional "time' true model", to which different 
simulation languages are being adapted with 
debatable efficiency. 

The basic advantage in the new model lies 
in the fact that the accounting of random 
numbers is to be carried out only for that 
small percentage of calls which actually have 
to wait (from l~ to 1% in the majority of 
cases). 

At first glance the proposed model would seem 
to demand generation of a very great number 
of random numbers and the accounting for them 
later. However, due to the fact that only 
delayed calls need for the evaluation of 
waiting magnitudes, the model does not waste 
random numbers for not delayed calls. 

A program switch indicating the existence or 
non-existence of calls in the queue may be set 
in the convenient position each time tha t a 
telephonic event occurs. When the switch 
reveals the non-existence of queued calls, 
a conventional roulette will be used for the 
generation of new events. The roulette inter
vals need not have the critical lengths required 
for the roulette discussed here. 

The favorable effect of the method may be 
promoted notably when simulation procedures 
are employed in large exchanges, or portions 
of. them, which function as waiting systems. 
This effect is even more fundamental in com
bined delay and loss system. 

4.3 Error Estimation 

In this paragraph are given general rules 
for the determination of the appropriate 
lengths of the roulette intervals. 

The speech network of modern telephone ex
changes is normally processor controlled, and 
the queues at the Control Unit generally pro
duce a very small waiting time compared with 
the waiting times in the different stages of 
the network. Telephone systemsnormally work 
in a waiting basis during preselection, and in 
a loss basis during local incoming and out
go'ing selection. In the systems now commonly 
used, there exists at least one line concen
tration stage for subscribers and another 
stage to which the digit receivers are con
nected. At times still another stage exists, 
comprising devices which function as ca11 
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finders or local feed junctors. Modern syste~ 

are conceived such that congest~on appears in 
the stag :~ noted above. These congestions, 
are, in orders of magnitude, a few thousandths . 
except in the case of local feed juncto~ in 
which congestions are usually in the range of 
a few hundredths. However, the influence of 
the corresponding queues is quite different. 

For example, in a subscriber stage, accessi
bility is usually twenty elements at the 
most, whereupon the waiting time distribution 
function decreases slowly in time. However, 
in terminal exchanges, the number of digit 
receivers to which a subscriber has access 
is, in general, between 50 and 300, whereupon 
the waiting time distribution function drops 
rapidly. 

In the digit receivers, the average service 
times usually lie within 10 and 20 seconds; 
while in the feed junctors and other devices 
handling conversational traffic, the average 
service times are around 100 seconds. The 
waiting time, which is taken as a reference 
in specifying the grade of service, is ge
nerally found within a marg~n of 0 to 10 
seconds. This time is within the range of 
0% to 100% (normally 30%) of the service time 
in the digit receivers. Furthermore, it 
lies within the 10% margin in the case of • 
devices handling conversational traffic. 

Since the waiting time distribution function 
decreases very rapidly with the number of 
devices, the influence of the digit receivers 
will, in general, be very small. This applies 
also to the queues due to mismatch conditions. 

On the other hand, the subscribers' stage will 
have a high degree of influence. 

4.3.1 Estimate of Proper Interval Lengths 
of Roulette 

As an example of how to proceed in the esti
mate of the appropriate lengths of intervals 
for the generation and release of calls, let 
us consider a perfect group of elements which 
offer traffic distribution in accordance 
with Erlang's law. 

In the second portion of formula (4.1), it 
may be observed that the in~luence of the 
different terms varies in accordance with 
the values of P. and p (w., t/i) • The terms 
of maximum valu~ will be that which satisfies 
the condition: • 

P . IP(w>tli-l)<P.p(w>t\ i»P. IP(w>t!i+l) . 
1+ 1 ~+ . 

or Pn P(w)tln»Pn+1 p(w)tln+l) (4.5) 

Assuming Erlang's model and substituting (4.2) 
the equivalent condition is: 

~.:;,t Ej-,-n (nFt) > !-1) f!.1(:n fl-n (nt't) 
(4.6) 

where C= A/n is the load per device. 

The decrease that the terms P. and P (w> t/i) 
experience, upon setting asidd tha maximum 
value i, may be estimated by the formula: 

rc= Pi &(w)t/i) 
R p. (w >tl i) 
.c. -r 

i-i 
(nfLt) (i-n)! 

(t- n)! 

• 
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Table 1 is constructed in accord~nce with 
("4.6) and demonstrates some representative 
values of the state of maximum influence, as 
functions ' of ft load, and number of devices. 

Tab 1 e-l 

More Influential States in the Probability 01 
Waiting More Than fLt Units 

~ t.=0.1 ~t= 0 .2 ~ t=O.,3 
n A c l/c i ... n i-n i-n 

5 1.13 0.226 4.,43 0 0 0 

10 3.96 0.396 2.52 o· 1 1 

20 11.09 0.554 l.tlO 1 3 4 

40 27.3B 0.6B4 1.46 4 6 9 

60 44.76 0.746 1.34 6 10 15 

BO 62.67· 0.7B3 1.27 B 15 21 

100 BO.9l 0.B09 1.23 10 17 2B 

140 llB.02 0.B43 LIB 15 27 39 

180 155.68 0.864 1.15 19 33 51 

NOTES: n number of devices 
traffic in Erlangs 
load per device (= A/N) 
waiting time 

A 
C 

fo't 
i-n number of calls queued or 

waiting 

Thus, to determine the proper interval 
length, it is enough to know: 

accuracy required;Y 
range of the histogram to be measured; 
i.e., maximum value of delay~, whose 
probability we wish to know; 
number n of devices to which there is 
access; 
load per device, C; and 
average service time, T. 

With the above values, we may obtain the 
number of queued calls, i-n, that have the 
greatest effect on p (w:) t/i), by means of 
formula (4.6), and the states, t', such that 

1"( <.J/ by means of formula (4.7 • 

Now it will suff~ce to choose an appropriate 
value for the number k of random numbers 
equivalent to tIT, that substituted into 
formula (4.3), gives us sufficient approxima
tion of formula (4.4), Poisson's formula 
where /-" = lIT. 

This may be accomplished by a trial and error 
m~thod, using Bernoulli and Poisson distribu
tion tables. On determining the value of 
k, the length 1 may be obtained through the 
relationship kl= tIT. This process should 
be ~epeatedfo~ the different stages which 
may influence appreciably the probabilities 
sought. Of all the values determined for 
the elementary length . l, the smallest will 
be chosen. -

The anculation of the remaining lengths, 
concerning the generation of calls, ' for 
example, presents no difficulty and may be 
carried out by using the methods described 
in paragraph 2. 

Let us take up now a simple example of the 
calculation of the elementary length 1 of 
a release interval. In order to simulate the 
n~twork given, the following data is given 
below: 
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precision required, 10%; 
delay time whose probability we wis~ to 

determine, t = 30 sec; . 
average service time, 100 sec; and 
traffic per source (originated only), 

fIil 0.08. 

The load in the links, A-B, is: 

c l = 0.08 x 32/8 = 0.32 

and in the outlets of stage B 

0.32 x 16/8 = 0.64. 

The number of queued calls have greater 
influence in the probability p (w > 30/100) , 
deduced from (4.6), is: 

i-n= 1, since 

Eo (8x30/l00) > (1/0.32-1) 
') 

El (8x30/l00) < (1/0.32-1) 

100 
8x30 

2xlOO 
8x30 

and 

From (4.7) it may be deduced that the state 
..i, beginning with 1'[<0.10, is j= 13; sinc'e: 

1 
1 
1 
1 

El (2.4) 3l! 
E 4 ( 2 • 4) 2. 4 liT = 0 • 096 < O. 10 

At this point we choose a value of k which 
when substituted in (4.3), produces-a value 
which sufficiently approaches that obtained 
in (4.4) • 

Taking k=60, we would have: 

~t= kl= 60~~~= 1/200, and nl= 0.08. 

The values corresponding to (4.3) and (4.4) 
are: 

(4.3) (4.4) 
i Pi/Pn lP(w)t!i) PiP(w>tl i) p(w,H!i) PiP (W)t\i 

P P n n 

8 1.0 0.08635 0.0863 0.09072 0.0907 
9 0.32 0.30223 0.0963 0.30844 0.0984 
0 0~103 0.56759 0.0585 0.56971 0.0587 
1 0.032 0.78134 0.0250 0.77872 0.0250 
2 O.Olai 0.90826 0.0096 0.90413 0.0096 
3 o. 0o-3~ 0.96749 0.0033 0.96433 0 .• 0033 

In the above tab~e it is seen that the error 
diminishes as i increases. It is enough, 
then, to set error bounds for a certain val~e 
of i (in th~s case, 8). 

With regard to stage B, the influence on the 
probability pew,) 0.3) will be small. How
ever, the probability of a waiting time 
greater than t could be significant, as a 
result of a mismatch between stages A and B, 
espec'ially when there is only one free link 
in stage A. The probability that this parti
cular circumstance will occur i~, however, 
much smaller than the probability of total 
occupation of the links of stage A. There
fore, its influence on the value p (w '> 0.3) is 
small. 

Thus the elementary interval length for 
release may be taken as: 

~ = t/kT= 1/200 



5. GENERALIZATION OF ROULETTE APPLICATIONS 

It is interesting to study the behaviour of 
the conversation network and the control unit, 
taken as a whole. In such cases, it is 
pOssible, on occasion, to create a mathemati
cal model which permits substituting for some 
operations of the control network a series of 
operations linke~ to the processing of the calls 
and, therefore, time dependent. The process 
is, then no longer Mar~ovian, and we are 
obliged to use a time true model. This would 
apply to calls in the preselection phase, 
which have a minimum period of constant 
holding, before dialing the digits. 

In order to limit the conditions of our ana
lysis, let us assume a process with Poisson 
type arrival (constant birth coefficient per 
free source), a constant service time of dura
tion tl in a primary phase, and a negative 
exponential of average duration, t 2 , in a se
condary phase. If t l «t2 , and the probability 
that more than one event, produced in the time 
interval t~, is sufficiently small, then 
the process may be simulated by means of the 
conventional roulette. In this case, we are 
counting, for each call generated, a previous 
constant time t l , using tl/t2~ random numbers, 
before beginnin~ a release process of the 
call through the roulette, with an elementary 
release interval of length ~. 

In the most general case of simulating a 
Markovian birth and death process, homogeneous 
with respect to time, two roulettes must be 
introduced. One of these roulettes will 
determine the nerarrivals "times", and the 
other the holding "times". Both times are 
to be measured by random numbers. However, we 
would still lack a third roulette, functioning 
as a "clock". 

The introduction of this third roulette leads 
us closer to a conventional time true model. 
But if one of the waiting system phase under 
consideration maintains its Poisson charac
teristics; and the traffic volume correspond
ing to this phase is high relative to the 
volume handled by the other process phases; 
then it is fitting to follow up the advanta
ges of the model described here, using as a 
"clock" the roulette intended to simulate 
the Poisson phase of the complex process. 

In case the Poisson process is to handle 
types of calls with differing average duration 
times, the method described here is unlimited 
in its application, as pointed out in para
graph 2. 

6. COMPARISON WITH THE TIME TRUE MODEL 

The model discussed throughout this paper 
is not advocat~d as a substitute for the time 
true model, which has proved its usefulness 
in a large number of applications. However, 
'it merits being taken into account for the 
simulation of systems involving negative ex
ponential interarrival and service time. 
~hus, in the above system, the proposed model 
(except for delayed calls) does not require 
the updating of the system each time an event 
occurs. There is, however, the disadvantage 
that, in some cases, it is necessary to gene
rate a large number of random numbers. But 
random number generation is economical in 
comparison with the other operations to be 
carried out in the generation and handling 
of calls duri~g conventional simulation, 
using Kosten's model. 
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For the sake of orientation, we may s ay that, 
with an IBM 360/40 computer, the generation 
of a random number, including the c o rrespond-
ing subroutine access time, required about • 
300 microseconds. Thus a million rando~ 
numbers are equivalent to five minutes. 

The use of a language such as the GPSS, for 
simulation in accordance with the time true 
model, has the advantage of less programming 
effort. But, above all, in the case of 
simulating a system of large dimensions, the 
economical penalties paid in large memory 
capacity and high computer speed, tip the 
balance in favor of the model proposed here. 
This is especially true if the system research 
is to be carried out with different traffic 
data or is to be repeated several times. 

7. COMPARISON WITH SIMULATION RESULTS 

Simulation runs have been made of the Erlang 
process, with ordered, queue, for different 
number of devices and several traffic values. 

Some of these simulation results are given 
in table 2, for the sake of comparison. This 
table gives the distribution fUD£tion of the 
wai ting time, and the average Wroi. iU:ng time, 
with their corresponding confidence inter-
vals, obtained from the simulation, and the • 
same figures given by Erlang's formula. The 
lengths of the elementary intervals, and 
a rough figure of the speed of the execution 
in a 360/40 -:rBM computer, are also given. 
The simulation program was written in 
ASSEMBLER language. 

It can be appreciated the good agreemen~ 
in all the range, whose study is permitted 
by reasonable confidence intervals. 

T a b 1 e 2a 

n= 5 A 3 1 = 0.005 

speed 10000 calls/minute 
Average Simul. Results Calc.Results Waiting 
Time 0.120 : 0.016 0.119 

p(w 0) 0.239 + 
0.02~ 0.236 -

P(w 0.5) 0.090 + 0.011 0.085 -
P(w 1.0) 0.032 + 0.007 0.032 -
p(w 1.5) 0.012 + 0.005 0.012 -

Tab 1 e 2b 

n=lO ~= 5 1 0.0025 

Simul. Results Calc.Results 

Average 
Waiting 

0.0076 + 0.0012 0.0074 Time + 

p(w 0) 0.0)6 + 0.004 0.036 
p(w 0.5) 0.0036 

:; 
0.001 0.0031 

p(w 0.7) 0.0015 + 0.0007 0.0011 

Remaining probabilities are too small 

Average 
Wait.time 
pew 0) 
pew 0.5) 

Tab 1 e 2c 

n=15 A= 9 
Simul.Results 

1= 5/3xIO- 3 

Calc.Results 

0.0076 ~ 0.0015 
0.0454 : 0.005 
0.00249= 0.001 

0.0081 
0.0484 
0.00242 

Remaining probabilities are too small 

• 

• 



• 

• 

• 

• 

Notation: 

n 
A 
1 

number of devices 
traffic in Erlangs 
elementary interval length 

At the present time, a simulation program for 
the link system used as an example in para
graph 4.3.1, is being written, to confi~m 
the validity of the model proposed. 

8. ACKNOWLEDGEMENTS 

The authors express their gratitude to all 
members of the ITTLS Traffic Division for 
their cooperation and to the Standard 
Electrica, S. A. management for the per
mission to present this work. 

9.LITERATURE 

WAGNER, W. On Combined Delay and Loss 
Systems with nonpre-emptive Priority 
Service. 
5th ITC New York, 1967. 

GAMBE, E. SUZUKI, T. and ITOH, M. Arti
ficial Traffic Studies on a Two
Stage Link System with Waiting. 
5th ITC, New York 1967. 

PRABHU, N.U. Stochastic Processes. Basic 
Theory and its Applications. The 
Macmillan Co., New York 1965. 

LE GALL, P. Les systemes avec ou sans 
attente et les processus stochasti
ques. Vol. 1, Dunod, Pruris 1962. 

DIETRICH, G. and WAGNER, H. Traffic 
Simulation and its Application in 
Telephony. Electrical Communication. 
Vol. 38, nQ 4, 1963 • 

416/7 


