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INTRODUCTION 

Many systems in telephony are of the finite source 
type; some of the recent computer time-sharing 
and information query systems can be so classi
fied. In many cases no provisions are made in 
such systems to strictly follow the first come 
first served discipline. Thus the random selec
ti on qi $cjpline is of interest, both from a 
theoretical point of view and as a possible ap
proximation to the practical mode of operation. 
Dela s stems with Poisson in ut ne ative expo
nential holdin times and dela ed re uests served 
at r.andom were cons ered by a m 1, e or [2J, 
Vau 0 J Pollaczek 4 and Riordan [5]. A 
fin e source s stem wi delayeo reques s served 

n or er 0 arrlva was considered by T. C.~ 
[6J. A. Descloux [ ZJ showed that for this case 
the delay distribution is a left truncated chi
square distribution. Burke 8J studied a finite 
source ~in le-server system with constant holding 
times and delayed requests served at random. 
Durnan [9J studied systems with constant holding 
times, random order of service, and both Poisson 
input and finite source input, by means of simu
lations. 

We are considering a c-server system fed by a 
finite number, N, of sources. We assume a 
negative ·exponential distribution of ·holding 
times wi·th mean l/ll, random arri val~. wi th l'ate A 
proportional to the number of idle sources (a 
source is in an idle state when it is neither 
being served nor wait~ng) and delayed calls 
served at random. This model was considered by 
Eisen [lOJ for the one server case. 

The general expression for the delay distribution 
is obtained and illustrated by an example. Re
cursive formulae are derived fo~ the moments of 
the delay distribution for a customer conditional 
on his finding n customers waiting at the time of 
his arrival. Comparisons of the moments of' the 
delay di·stribution are made for this finite source 
input model with different queue disci~lines. It 
is proved that the variance of the delay distri
bution for the random selection discipline exceeds 
the varianc·e for the order of arrival-,queue disci
pline, which is a known result for thePoisson 
inpu t mode 1 . . 

PRELIMINARIES 

Throughout this paper it is ass~ed that the sys
tem ls in statistical equilibrium. Let ITn be the 
probability that a request on arrival finds n re
quests waiting (N-c-l ~ n ~ 0) and all servers 
busy and let IT* be the probability that a request 
on arrival finds no one in the system ... Let Fil(t) 
be the probability that a new arrival, when find
ing n requests waiting and all .servers busy~ is 
delayed at least t (defined ~or 0 ~ n ~ N-c-l) 
and fn(t) its density. Let F(t) be . the prob
abili ty that a new arrival is delaye.d at least t, 
then from the definitions it is clear that 

N:"c-l 
F(t) = L ITnFn(t). 

n=O 
(1) 



ITn and IT* are not affected by the order in which 
delayed requests are served (excluding disci
plines wilere the order is a function of the ser-

l ce times), therefore 

IT n 

and 

(N-l)! (A/J.l)c+n = IT* 
(N-n-c-l) ! c! cn for o < n 2. N-c-l 

(2) 

(3) 

The expressions for ITn and IT* are well known (see 
for instance [7J). 

THE DELAY DISTRIBUTIONS Fn(t) AND F-(t) 

Consider a customer who finds n customers waiting 
on his arrival. In the next interval of ~t the 
following events can occur: 

(i) with probability [l/(n+l)JcJ.l~t the customer 
is selected for service following a de
parture 

(ii) with probability [n/(n+l)JcJ.l~t the customer 
is not selected 

(iii) with probability (N-c-n-l)A~t another 
customer arrives 

(iv) with probability 1 - (N-c-n-l)A~t - cJ.l~t 
neither an arrival nor a departure occurs. 

Accordingly Fn(t) must satisfy the following 
system of equations: 

Fn(t) = (n/n+l)(cJ.l~t)Fn_l(t-~t) 

+ (N-c-n-l)(A~t)Fn+l(t-~t) 

+ [1 - (N-c-n-l)A + CJ.l)~tJFn(t-~t) 

o 2. n 2. N-c-l 
(4) 

and the initial conditions Fn(O) = 1-

Equation (S) is obtained after passing to the 
limit ~t + 0, substituting a = A/J.lC, u = cJ.lt, 
K = N-c, and taking l/cJ.l to be the unit of time. 

t 

Fn(U) = (n/n+l)Fn_l(u) - [1 + (K-n-l)aJFn(u) 

+ (K-n-l) Fn+l(u) o 2. n 2. K-l 
(5 ) 

This is a finite system or homogeneous linear dif
ferential equations. 

Let Aj be the eigenvalues of the matrix A (as
sumed to be distinct), where A is obtained from 
the constant coefficients of (S). 

-[l+(K-l)a] (K-l)a 0 0 

1 -[1+(K-2)a] (K-2)a 0 2" 

A= 0 n -[l+(K-l-n)a] (K-l-n)a n+l 

0 K-2 - (l+a) K-l 

0 

0 

0 

Cl 

0 0 0 K-l -1 K 
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Let knj' 0 2. n 2. K-l, be the 
eigenvector corresponding to 

elements 
Aj' then 

K 
F (u) = 2 

n j=l 

Aj u 
Cjknje 

of the 

(6) 

where the constants Cj are determined by the 
initial conditions Fn\O) = 1, 0 2. n 2. K-l, or 

K 
L Cjknj = 1 0 < n 2. K-l. 

j=l 

From (1), (2) and (6) one obtains 

K [K-l 1 AjU 
F(u) 2 cj L ITnknj e . 

j=l n=O 
(8) 

In the appendix we illustrate the method of 
solution with an example. Figure 1 shows the 
delay distribution for the random case in com
parison with the order of arrival case. 

.9 F (T) = PROBABILITY 
.7 OF DELAY AT LEAST T 
.6 
.5 
.4 

°.3 

.2 

N=3 SOURCES 
C= I SERVER ~ 
).a.2ARRIVALS/SOURCE X UNIT TIME , 
p.=.4 DEPARTURES/SERVER X UNIT TIME " 

T-( TIME UNITS) '-

FIG.I·COMPARISON BETWEEN DELAY DISTRIBUTIONS 

It may be noted that the relation between the 
two cases (random selection and order of arrival 
selection) is similar to that observed in the 
infinite source model; that is, the curves cross 
at say tc. The curve for the random case is 
lower than the curve for the order of arrival 
case in the range 0 < t < tc. Tne inverse is 
true for the range t > tc. Similarly the 
variance of the delay distribution in the random 
case exceeds that for the first-come first
served case. The proof is deferred to the last 
section. 

THE DENSITY FUNCTION fn(U) 

In this section we present alternative reasoning 
leading to relations between the densities. 

A customer on his arrival finds n customers 
waiting creating the state n + 1. Then the next 
relevant event is either a departure or an ar
rival; Accordingly the duration of our cus
tomer's delay will be u in the following cases: 

(i) If the state n + 1 does not change until 
he enters the service facility. This will 

• 

• 

• 

happen if a customer departs at time u, ~ 



• 

• 

• 

our customer is selected for service, and 
t ~ jere are no other arrivals or departures 
during u. 

(ii) I f the state n + 1 is maintained contin
uously until time v « u) when a departure 
occurs, our customer is not selected for 
service, and he waits for an additional 
interval u - v which has the density 
fn_l(u-v). 

(iii) If the state n + 1 is maintained contin
uously until time v « u) when an arrival 
occurs and our customer waits for an addi
tional interval u - v which has the density 
fn+l (u-v). 

Let f_l(u) = fK(u) = 0, then for 0 < n < K-l com
bining the events above and convoluting-the time 
intervals 

fn(u) = [l/(n+l)]e-[(K-n-l)a+l]u 

+ [n/(n+l)] JU e-[(K-n-l)a+l]vfn_l(U_V)dV 

v=O 

+ (K-n-l)a JU e-[(K-n-l)a+l]vf (u-v)dv 
n+l 

v=O 
(9 ) 

Let Hn(s) be the Laplace transform of fn(u) then 
taking the transform of (9) one obtains after 
rearrangements 

- [(K-n-l)a]Hn+l(s), o 2. s (10 ) 

Equation (10) may be obtained,directly from (5) 
by differentiation, setting Fn(u) = - fn(u), 
taking the Laplace transform, and noting the 
initial conditions fn(O) = l/(n+l). 

THE MOMENTS Mi(n) AND Mi 

Successive differentiations of (10), and letting 
s + 0, yields the following recursive relations 
for the ith conditional moments Mi(n) of fn(u): 

1 = - Ml(n-l) (n~l) + [1 + (K-n-l)a]Ml(n) 

- [(K-n-l)aJMl(n+l), (11) 

- [(K-n-l)aJM2 (n+l), (12) 

and in general, 

- [(K-n-l)aJMi(n+l). (13) 

The unconditional ith moment ' of -F'(u) is given 
by 

(14) 
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Multiplying (13) by (n+l)ITn , summing over ~ and 
noting that 

- (n+l)ITn+l 

+ [n + (n+l) (K-n-l)a]ITn - n(K-n)aITn_l 0 

equation (13) reduces to 

K-l 
L (n+l)i Mi_l(n)ITn n=O 

In the case of the first moment 

M = 1 

K-l 
L (n+l)IT , 

n=O n 

which is an identical expression to the one in 
the first-come first-served case. The second 
moment is given by the following expression 

M = 2 

N-c-l 
L 

n=O 
(16) 

The second moment for the first-come first-served 
case is given by 

* M = 
2 

N-c-l 
L 

n=O 
(17) (n+l)(n+2)ITn . 

* To prove that M2 > M2 it will be sufficient to 
show that Ml(n) ~ 1 + n/2. 

Consider an auxiliary case where an arriving 
customer finding n waiting calls in the system 
marks them and himself with a distinguishable 
mark. Waiting customers are chosen now at random 
from the marked ones. The conditional average 
delay M!*~ the auxiliary system is clearly 
smaller than Ml(n) since new arrivals are not 
candidates for selection and 

_1_ • 1 + n 1 2 ..1L n-l _1_. 3 
n+l n+l n· + n+l n n-l + ... 

1 n+l 
- L 
n+l i=l 

From which it follows that 

1 + !2 
2 

an~the second moment for the random case is 
larger than the second moment for the first-come 
first-served case. 

SUMMARY 

A multiserver system with finite number of 
sources and delayed requests served at random has 
been considered. Formulae were derived for the 
delay distribution and its moments, suitable for 
numerical computation. 
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APPENDIX 

Example: 

N 3 c = 1 .2 j..l .4 

ex = .5 j..l .4t 

II* .4 IIO .4 III .2 

-1. 5 .5 
A Al -1. B09 A2 = -.691 

.5 -1 

1.0 1.0 

-.61B 1. 61B 

.2764 

F(t) = .0764e- l . B09 (.4)t + .5236e-· 691 (.4)t. 

This result is shown in Figure 1. Comparison is 
made with the case where delayed calls are served 
in order of arrival. The delay distribution 
shown for the order of arrival case was calcu
lated using a chi-square table [llJ, and 
Descloux's result [7J 

The first and second moments for the random case 
are Ml = 2.0, M2 =*14.0 and .or the order of 
arrival case are Ml = 2.0, M2 = 12.5. 
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