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ABSTRACT 

The paper is concerned with the construction of 
the best linear predictor (in the mean-square 
sense) of the . waiting time process in a simple 
delay system. Unlike in the usual formulation, 
it is only assumed that the process is stationa~ 
with known covariance function. Explicit 
expressions are obtained for a simplified joint 
distribution of waiting time of two calls. 
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1. PREDICTION 

It is frequently of importance to predict the 
waiting time of a call which will present 
itself to the system at some future instant, on 
the basis of waiting times of calls which already 
appeared in the past up to the present instant. 
This paper is concerned with the construction of 
the best linear predictor in the sense of 
minimization of the mean-square (m.s.) error. 

1.1 Let Xn be a non-negative random variable 
(r.v.) representing the waiting time of the 
n-th call in a simple delay system (single 
server, strict order service). Unlike in the 
usual formulation, it is only assumed that the 
stochastic process [Xn ,n-O,±1,±2, ••• ] is m.s. 
stationary with the known covariance function R; 

n - 0, ± 1, ± 2, ... 

and constant mean and variance: 

var X - 0
2 < m. n 

The prediction problem consists of approximating 
Xn +h (for h > 0) by r.v.'s in the subspace 
?n.n spanned by r.v. 's Xn ' Xn- l , •••• , 
minimizing the m.s. error: 

inf Elxn +h -xI2 - Elx -X 12 - 0
2 

n+h n,h h 

X e: 7Jz 
n 

" The minimizing r.v. Xn h is called the best 
predictor for h steps'ahead on the basis of 
the infinite past up to the present instant n. 
The existence and uniqueness of solution is 
assured by Projection Theorem for Hilbert space, 
which expresses ~n h as a projection of Xn+h 
on mn , that is t~e m.s. ·conditional 
expectation: 

For the account of Prediction Th~ory and for the 
derivation of all formulae used in this section, 
see Doob (Chpt. XII), Yaglom, Urbanik, Grenander 
& Szego. 

According to Wold decomposition theorem, the 
Xn-process can be represented as the sum of two 
mutually orthogonal (stationary) processes with: 

n - 0, ± 1, ± 2, 

where Vn is the deterministic component 
containing information relative to the remote 
past, and Un is the non-deterministfrc componen~ 
containing information entered as an innovation 
at some finite time in the past. Furthermore, 
Un can ·be expr.ssed as moving average relative 
to the innova t .ion process [Yn , n-O ,±l, •••• ] 
with orthonormal r.v.'s: 



ci:> 

U I Yj 
Y 
n-j n j=O 

with I I Y j 12 < 00. 

The Wo1d theorem implies that prediction can 
be carried out separately for each component 
process. Kence, the best predictor can be 
written exp1icite1y as: 

~ ~ 
X h = V +h + L Yj Yn+h - j • n, n j=h 

The prediction error for the deterministic 
component is zero (by definition), so the 
error in p~edicting Xn+h is the same as that 
in predicting Un +h : 

h .. 1, 2, •••• 

Thus, the prediction· problem has been reduced 
to prediction of the non-deterministic 
component and this amounts to finding the 
innovation process [Y n ] and the coefficients 
[y j] • 

1.2 In applications, explicit solution can be 
obtained when restriction is made to the linear 
predictor of the form: 

with coefficients ak depending on h (but not 
on n). The Projection Theorem leads to the 
Wiener-Hopf equation for coefficients: 

R(h+j) - I a k R(j-k), 
k=O 

j 0, 1; 2, .••. 

The crucial step in solving of this equation 
is the factorization of the spectral 
distribution function (d.f.) F defined on 
[-~,~] by Herg10tz-Bochner theorem: 

J
~ 

itn R(n) .. e dF(t) 

-~ 

w~th F(-~) - 0, F(~) - R(O). The Wo1d theorem 
implies that F - Fv + Fu where Fv 
(corresponding to the deterministic component) 
is singular, and Fu (corresponding to the 
non-deterministic component) is absolutely 
continuous with Spectral density f. 

Write for the generating function ~ of 
coefficients: 

aCt) - I a k 
k-O 

-itk 
e 

Since the determinis tic and the non-deterministic 
past can be predicted separately, it follows 
that the same function a (uniquely determined, 
neglecting values on a set of F-measure zero) 
will serve for all three processes (Xn,Vn,Un ). 

It therefore suffices to consider only the non
deterministic process, that is to replace 
X and R by Un and R, respectively, in 
t~e above equation for coe~ficients ak' The 
spectral density of the moving average process 
is known to be of the form: 
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1 
f(t) ... 21T - ~<t<1T. 

The Wiener-Hopf technique applied to the moving 
average process [Un] yields the solution 
for a: 

I -ikt 
Yk+h e 

a( t) k-O - ~ < t < ~ 

I -ikt 
Yk 

e 
k .. O 

with 

n 

Yn+h = I a k Yn- k , 
k=O n=O,l, ••• ,h>O 

In practice, it is R which is given, and 
o~e finds F by inversion and then coefficients 
Yk and ak~ 

2. MARKQVIAN CASE 

It is well known that in the system GIIGI1, 
the waiting time process (Xn ,n=O,l, ••• ] is 
Markovian whose transition probabilities 

n - 1, 2, 

satisfy the usual recurrence relation; cf. 
Cohen, Syski. 

Assuming that the invariant limit distribution 
G exists: 

= G(y) 

n~ 

[
Gn(Y1X) dG(y) .. G(x) 

0-

and taking it as the common distribution of 
r.v.'s Xn , one obtains the strictly 
stationary process with the joint d.f. Gn : 

- (x Gn(YI z) dG(z) 
.10-

n .- 1, 2, •••• 

The covariance function can be computed from: 

R(n) - i r~ xy ddGn(x,y), n - 1,2,00 .0 . 

0- )0-
roo 

R(O) - / x 2 dG(x), 

10-
n - O. 

Unfortunately, the explicit expressions for 
Gn(ylx), and henc~ for R(n), are difficult 
to obtain. In prificip1e, they could be deduced 
from the following transformation: 

T X 
I zn E(e nlxo '"' x) -. 'I'(z,'rj-x) 

n-O 

for which the explicit expression is available 
(cf. Kemperman), but the form of dependence on 
x makes calculation prohibitive (for z-O, one 
obtains well known Pollaczek-Spitzer identity) • 
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For the s ystem MIGI1, Po11aczek (p. 66) 
obt a i ned the explicit expression for the 
gen e ra ting function 

L(x,y;z) - 1: 
n-O 

zn G (x,y) 
n 

and shown asymptotic independence 
Gn(x,y)--+G(x) G(y) as n~. In the simple 
case MIMI1, the expression for L(x,y;z) is 
a linear combination of exponential terms, and 
is symmetric ~n x and y. Exp1ieit formulae 
for Gn can be obtained, but are rather 
cumbersome. It is clear, however, that the 
d.f. Gn must have an atom at the origin, and 
probability concentration along positive axes 
Thus, Gn has all three components in its 
Lebesgue decomposition. 

The covariance function R could be in 
principle computed from L but calculations 
are cumbersome even for MrMj1. For the system 
GIIGI1, the task is prohibitive. Assuming 
that R has been found, one can extend it to 
negative argument by R(-n) - R(n). 

However, for Markov process the prediction 
problem is not very interesting, because by 
Markov property the best predictor would depend 
only on the 1as tob s ervat ion: 

whe~e the function $h is given by: 

$h (x) -1"" y d Gh (y I x) 
0-

and can be found (in rrinciP1e) from the 
transformation ~(Z,L x). 

However, the requirement that the predictor be 
linear imposes con~traints on the process, 
because the function $h need not be linear. 
Consequently, the best linear predictor may 
dep.nd on several r.v.'s from the past. 
Furthermore, Markov dependence is only the 
idea1i~ation of ~ the true situation at the 
system, so linear prediction may serve as some 

"kind of appro~imation and is not so trivial as 
it m~y appear ai the first glance. 

3. AN E.XAMPLE 

This example, althou~h somewhat artificial, has 
been modeled on MIMl1 system. Its chief 
a dvantage is that it yields the explicit 
solution for the best linear predictor, and 
thus may be helpful in study of situations in 
which calculations are prohibitive. 

3.1 Covariance function 

Suppose that the d.f. G 

G(x) - 1 - P + ~ 
- 0 

is of the form: 

get) dt, x ~ 0 

x < 0 

where 0 <p <1, and g is a density of some 
non-negative r.v. with mean m and (finite) 
variance s 2, Clearly, G(O) "'l-p and 
w-pm,02-ps2+p(1-p)m2 • 

Take for the conditional d.f. of the waiting 
time: 
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- G(y) 

n 
a 

il 
- a 

x > "0 

x-a 

for y ~ 0, and Gn(olx) - 0 for 
Here a is a constant such that: 

y < O. 

o < a < min(1,(1-p/p)2) 

and GC = 1- G. This choice represents the 
"on-off" situation in the sense that 
conditioning depends only on whether the 
~revious call has waited or not (but not on 
the magnitude of its waiting time). Clearly, 
Gn(olx)--+G as n--*"". 

The joint d.f. Gn is easily found to be: 

x ~ O. Y ~ 0 

- O. otherwise. 

It is easy to verify that Gn is indeed the 
proper d.f., and that its marginal d.f.'s 
coincide with G. Also Gn(x,y)--+G(x) G(y) 
as n--+co, indicating the asymptotic 
independence, as in MIMI1. Furthermore. 
Gn(x,O) and Gp(O.y) tend to (l-p)G as 
n--+co, and GnlO,O) - (1-p)2 - an p2--+(1_p)2. 
Thus, there is the atom at the origin carrying 
probability Gn(O.O), and the probability 
concentration along positive axes, each axis 
(excluding the origin) carrying probability 
p(l-p) + an p2; the remaining probability 
p2(1-an ) is distributed over the first quadrant 
according to density g(x) g(y), The joint 
moment is: 

r: r: 
E(Xr Xr +n ) - p' (1_.") 1 J xy sex) g(y) dx dy 

_ p2(1_an )m2 • 

Hence: 

R(n) - (1_a lnl )w 2 for n .; 0 

_ 0 2 + w2 for n - 0 

and R(n)_w 2 as a- ± so l: R(n) 
diverges. 

3.2 Spectral d.f. 

The inversion formula for the spectral d.f. F 
can be deduced from the general inversion 
formula (cf. Doob, p. 474) b~ a simple argument 
based on the right-continuity of F (for 
details, see Walker): 

F(t) + F(t-O _ R(O).Lt...1I + 1:. L R(n)sin nt 
2 2 'IT 'IT n-1 n 

It is easy to see that F is continuous except 
at t - 0 where it has the jump of m~gnitude 
F(O) F(O-) w2 • The simple computation shows 
that 

F (t) 

for 
and 

0 2 
H(t) + 2'IT (t+'IT) 

-'IT < t < 'IT, where 
- 0- fo~ t < O. 

w2 a sin t 7r arc tan l-a cos t 

H(t) - 1 for t ~ 0 

Hence, in the Lebesgue decomposition of F, 



the dis ~ rete component is Fv = w2 H, and the 
abs olutely continuous component Fu has the 
density f of the form: 

() R(O) w
2 

1-a
2 

_ 1T < t < 1T. 
f t = ~ - 21T 1-2a cos t + a2 , 

The corresponding decomposition of R has for 
the deterministic component Rv(n)" w2 for 
all n, and for the non-deterministic 
componen t: 

_ w 2 a] n ] for n :f 0 

for n = 0 

with < 00. 

Hence, Vn = V for all n, and for prediction 
purposes it suffices to consider only the 
Un-process with absolutely continuous spectral 
d.f. Fu' 

3.3 Coefficients 

The spectral density f can be put in the 
form: 

21T f ( t) = R ( 0 ) '::~-="':;:"::=--';:;~"::~":::--'~=-+-a-"'z , - 1T < t < 1T 

where 

The standard factorization technique 
(cf. Yag10m, pp. 60,120) yields: 

21T f( t) B 11-6 e ] .. r -ik t 2 -it 2 I 00 I 
]l-a e- it l 2 

k=O Yk e 

with 

6 = b-~ < 1 
2a ' 

a 
B = R (0) 8' 

and the required coefficients Yk are given by: 

_ B1/2 = B1/2 (_0) k-1 
YO ' Yk a I-' a , k = 1,2, .•• 

C alsequent1y, 

(a-6) ah
-

1 
el (t) .. 

1-6 e- it 
h - 1, 2, ••• , 

so th~ coefficicientB elk of the linear 
predictor are found to be: 

h-l k 
elk = (a-6) a 6, k = 0,1,2, ••• , h ... 1,2, .... 

The prediction error is: 

h = 1, 2, •••• 

3 • .4 Comments 

It can be easily verified that in the present 
case the r.v. 's Un of the moving average 
process sat~sfy the stochastic difference 
equation of ~utoregression type: 
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U - a U = Bl/2 (Y - 6 Y ) 
n n-l n n-1 

and coefficients Yk constitute the Green
function representation of the solution 
(cf. Feller). 

The form of the covariance function Ru of the 
Un-process indicates the possibility of the 
representation 

U + M - Z n n n 

where Un and Mn are orthogona1 r.v. 's 
(for each n), (Mn') is a Markov process with 
the "usual" covariance function w 2 al nl for 
all n, and (Zn) is the family of mutually 
orthogonal r.v.'s with covariance function 
vanishing for all n:f 0, and equal to Ru(O) 
for n = O. 

Finally, note that despite Markovian character 
of the Xn-process, the linear prediction 
depends on the whole past. For the exact be"st 
prediction, the function ~h is found to be 
equal to (l-ah )w for x > 0, and to 
(1+ah p(l-p)-l)w for x = '0. Consequently, 
~n h is the simple function of Xn , and the 
pr~diction error is 

2 2 2 2h -1 
Oh = ° - w a p(l-p) • 
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