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ABSTRACT 

SOME THEORIES OF TELEPHONE TRAFFIC DISTRIBUTION: 
A CRITICAL SURVEY 

D. Bear 
General Electric Co. Ltd. 
Wembley, Middlesex, UK 

INTRODUCTION 

A number of methods of predicting the distribution of 
traffic in telephone network are discussed, with parti
cular reference to their suitability for a computer model. 

This paper is based on studies undertaken in connection 
vdth a traffic prediction model [1]. An essential require
ment in such a model is a mathematically sound method of 
distributing traff ic between exchanges. Some commonly used 
methods are lacking in mathematical consistency. This may 
not matter so much in everyday planning, since the defects 
of a theoretical formula can be remedied by human judgment. 
These methods are, however, unsuitable for computer model
ling. This state of affairs is not altogether surprising, 
since the mathemat ical analysis of traffic flows in net
works is a subject of comparatively recent development. It 
has certain formal analogies with optimisation techniques, 
such as linear programming. It involves, however, not 
simply the mathematical problem of deriving feasible solu
tions in accoroance with specified criteria, but the se
lection of criteria which realistically reflect the pattern 

- of subscribers' behaviour in a changing environment • . 
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A great deal of research has been carried out in recent 
years in connection with similar problems in other fields, 
particularly transportation. One purpose of this paper is 
to draw attention to some relevant investigations, which 
m~ not yet be widely familiar to telephone traffic 
specialists. 

Apart from a brief discussion of the prediction of traff ic 
on routes, this paper is concerned only with point to 
point traffic: routing philosophy is not cons~ered. 

While a few contributions of historical interest have been 
selected for comment, no attempt has been made to present 
a complete history of the subject. 

UNIFORM COMMUNITY OF INTEREST 

It is assumed that estimates have been made of the number 
of lines and the calling rate at each exchange, so that 
the total originated traffic is known. Ineffective traf
fic will be ignored. The simplest assumption regarding 
traffic distribution is that the probability of a randomly 
chosen subscriber calling another randomly chosen subscriber 
is independent of their locations, so that the whole area 
can be regaroed as a single exchange. This assumption is 
sometimes fairly realistic, e.g. in the case of a central 
urban network. The originating traffic at each exchange 
might then be distributed in proportion to the numbers of 
lines at the terminating exchanges. This is reasonable 
unless there are wide variations in average line loading, 
in which case the hypothesis of uniform community of in
terest would in any case be implausible: under these con
ditions, the assumption would lead to excessive unbalance 
between originating and terminating traffic at an exchange. 

Alternatively, the originating traffic at each exchange 
might be distributed in proportion to the originating 
traffic at the destinations. It is easily shown, however, 
that this entails exact equality of originating and term
inating traffic at each exchange. This unrealistic 
assumption can be avoided by predicting both originating 
and terminating traff ic at each exchange and distributing 
the originating traffic in proportion to the terminating 
traffic at its destinations. 

COEFFICIENrS OF PREFERENCE 

An early investigation of the problem of traffic distri
bution with non-uniform community of interest was carried 
out by Langer, who, according to Syski [14], "defined the 
'coefficient of preference' as the ratio of traffic flow
ing from an exchange A to an exchange B and the traffic 
which would flow from A to B if the traffic were distri
buted proportionately to the sizes of the exchanges". 
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Thus Xij - EL. 
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where Xij 

kij 
O. 

traffic originating at exchange i and 
terminating at exchange j 
coefficient of preference 

1. 

L
j 

total traffic originating at exchange i 

size of exchange j. 

The objection to this formula is as follows:-

0i4k. L. 
EX

i
. = J 1..1 J 

Ek. L. 
j J.J J 

j J EL. 
j J 

Even if this equation is satisfied initially, it will not 
in general be satisfied after some or all of the L .. 
terms have changed as a result of growth, unless tli~ kt . 
terms are allowed to change, which would make them unsut t
able for prediction. The same applies if the originating 
traffic is used instead of the number of lines. 

A better coefficient of preference can be derived as fol
lows. It is assumed that the effective originating and 
tenninating traffic at each exchange are equal. 

Let 0i,Oj total traffic originating or terminating at 
exchanges i,j 

Xij traffic originating at exchange i ani term
inating at exchange j 

p(j li) coniitional probability that a call, orig
inating at exchange i, terminates at 
exchange j 

</>(ilj) coniitional probability that a call, term
inating at exchange j, originates at 
exchange i 

Xij can be expressed in two ways, viz: 

o.p(jli) = o.</>(ilj) 
1. J 

EX .. = EO .</>(i I j) 
j J.J j J 

o.</>(ilj) 
J 

EO .</>(i I j) 
j J 

This may conveniently be expressed in the fonn 
O.O·kt . 

X =~ 
ij EO .k •. 

j J J.J 

the coefficient of preference being defined as 

kij = :~~IB 
If all the present traffic flows Xi ' are known, including 
own exchange traffic (i=j), there a~e sufficient equations 
to determine all the ki .'s, so the future traffic distri
bution, corresponiing t~ specified values of 0i' 0" can be 
predicted. The number of lines in the terminatingJexchange 
is sometimes substituted for OJ. The formula may be used 
as an approximation even when the Originated ani terminated 
traffic are not equal at every exchange. 

Fonnulae of this type have been in use for a number of 
years [14,15]. They do, however, suffer from a theoret
ical defect. Even if the present traffic distribution has 
equal originated ani tenninated traffic at each exchange, 
the predicted traffic may fail to satisfy this assumption, 
thereby invalidating the fonnula on which it is based. 
This inconsistency may lead to unacceptable forecasts, as 
illustrated by the follovling example. 

Consider a network of three exchanges, the numbers of 
lines and Originated ani terminated traffic being as shown 
in Table I. 

From 
exchange 
no. 

Termin
ating 
traf:fic 

Average 
tennin
ating 
traffic 
per line 

To exchange no. 

1 2 3 

1 60 10 110 
2 10 2 8 
3 110 8 700 

180 20 818 

I .0450 .0200 .0818

1 

Number 
of lines 

4000 
1000 

10000 

Origin- Average 
ating origin-

traffic ating 
traffic 
per line 

180 0.~5 
20 0.020 

818 0.0818 

I 
I 
I 

! 

! 

: 
1 

Exchange no.1 is doubled in size, with no change in calling 
rate, the other exchanges being UJ'X}hanged. The new traffic 
matrix, calculated from the coefficient of preference form
ula, is shown in Table 11. 

From 
eXChange 
no. 

Tennin
ating 
traffic 

Average 
termin
ating 
traffic 
J.!lr line 

1 
2 

~ 

TABLE II 

To exchange no. Number 
of lines 

1 2 3 

180.0 15.0 165.0 8000 
13.4 1.3 5.3 1000 

193.9 7.1 617.0 10000 

387.3 23.4 787.3 

. .0484 .0234 .0787 

Origin- Average 
ating origin-

traffic ating 
traffic 
per line 

I 
360.0 0.045 

20.0 0.020 
818.0 0.0818 

I 
! 

I 
I 

j 

l 

Hence, an extension to exchange no.1 only, with no dlange 
in calling rate at any exchange, theoretically produces an 
8.Po increase in average terminating traffic per line at ex
change no.1, a 17% increase at no.2, and a 4% decrease at 
no.3. This redistribution of traffic, though not impossible, 
is unexpected and difficult to explain. Moreover, it 
raises a suspicion that the formula might produce completely 
unacceptable predictions in certain circumstances. For ex
ample, a small exchange in a large network might theoret
ically be swamped with traffic as a result of growth else
where. Similar anomalies are . conceivable with any pre
diction model which merely distributes originating traffic 
ani blindly accepts the resulting estimates of terminating 
traffic. 

THE METHOD OF DOUBLE FACTORS 

A paper by Kruithof(1937) contains an important contri
bution to the subject of traffic distribution [2]. After 
showing that a number of other methods then in use were 
unsatisfactory, he proposed an iterative technique, known 
as the method of double factors , which enables the new 
traffic distribution to be predicted, subject to pre
determined originating a m terminating traffic values. This 
eliminates the risk of anomalies of the type mentioned in 
the previous section. This useful technique seems to have 
been rediscovered independently by Furness [3] (1965). 
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Let Xij present traffic from i to j 

0 
°i,Oi present and. future traffic originating at i 

0 
T j,T j present and future traffic termi!:nting a t j. 

The present traffic distribution is regresented by a , 
~~trix with elements Xij , row total s 0i and column totals 
'1 j. 

Every row is multiplied by 0i/Oj, making the ith row total 
equal to 0.. Let T ~ d'enote the new total of the jth 
column. E~ch columR is now multiplied by. T.lT j, making 
the column totals equal to T., but altering the i th row 
total to 01. Each row is ne~t multiplied by ai/ai, am 
the process is continued until the row am column totals 
agree with the 0i and T. values as closely as required. 
The convergence of the Iteration can be proved [4], and, 
in practice, is usually rapid. 

The double factor transformation has a number of proper
ties which are desirable in any practical method of 
traffic prediction, including the following. 
a) Uniqueness. There is only one final matrix, having 
the specified row' and column totals, obtainable from a 
given initial matrix by this method. 
b) Reversibility. The final matrix can be transformed 
into the initial matrix by the same procedure. 
c) Transitivity. The final matrix is the same whether 
it is derived from the initial matrix by a s ingle tra~s
formation, or by way of a number of intermediate tra'1s
formations. 
d) Exchangeability. If all the initial traffic flows 
were reversed, the final flows would also be reversed. 
e) Invariance under relabelling of exchanges. Suppose, 
for example, that the first and second rows are inter
changed, and then the first and seconi columns. The 
double factor transformation is now applied, ani the 
interchange of rows and columns is repeated. The final 
matrix is unaffected by the rearrangements. 
f) Another property which is ideally desirable is 
fractionability, i.e. initial exchangls may be combined or 
split without affecting traffic densities at other 
exchanges. The double factor method does not meet this 
condition, but Kruiihof states that the error is very 
small. 

Bear and Seymour [1] have employed a modification of the 
double factor method, in which some of the row and column 
totals in the future traffic matrix are not predetermined, 
but are allowed to "float". The rows in question are un
al tered during row normalisation, but their elements are 
included in column normalisation, and likewise for the 
columns. Elements which are common to undetermined rows 
and columns are unchanged. This is a useful method of 
allowing for the effect of traffic flows across the 
boundary of the area of interest, without having to fore
cast future traffic in the outside world. Convergence is 
generally slower than in the case of the original double 
factor method. Properties (a) to (e) are still 
applicable. 

THE GRAVITY MODEL 

The double factor method is based on the assumption that 
the traffic originating at exchange i and terminating at 
exchange j is given by a formula of the type 

Xij = Ai B jkij 

kij is a measure of community of interest, which is 
assumed to remain constant during the prediction period. 
Ai and B j are defined by the row and column totals, i.e. 

EX .. = A.EB .k .. = 0. 
j ~J ~j J ~J ~ 

EX
i

. = B .EA. k .. = T. 
i J Ji ~ ~J J 

where 0., T. denote total traffic originating at i and 
terminatingJat j respectively. 

-Since Ai ani Bj are respectively proportional to 0i and 
T j' we have 

Xij a: 0i T jkij 

This model. wh..i.ch seems intuitively reasonable~ may be 
regarded as one of a fami.ly of gravi. ty models. Thi.s 
term is derived by analogy with gravitational 
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attrac tion: it is particul,rly appropriate if' k , . is pr op
ortional to an inverse pOIV(,r o~' the inter-exchru\~e 
distance . The simplest gr avity rr. oie l . h 'i:ever , ,i;)e~ not 
satisfy pre-determined ro. .. and col umn total s :llU is 
therefore unsuitable as a telephone trafl'ic mcx':el . 
Gravity models have been used successfully ,ill :.itud ie~ :) [ 
transporta tion ~nd other f i elds. 

DISTRIBUTION MODELS BAS:rn ON ENTROPY 

If n is the t otnl number of calls, and n .. the number from 
i to j, durin!; Il certain period , the num~~r of ways in 
which calls can be allocated to r outes, subject to speci
fied numbers of calls on each route, is 

n~ 
w=~ 

ij ~J 

By analogy with statistical mechanics, ',Vilson [8,16] 
argues that the equilibrium traffic distribution corres
ponds to the most probable state. This is obtained by 
maximising w, or for convenience, log w (the entropy 
function) subject to the specified row and column totals, 
together with the condition that the total "generalised 
cost" 

En .. c . . 
~J ~J 

is fixed. cij is not necessarily the actlli~l monetary cost 
per call, but a "deterrence factor" related to the comm
uni ty of interest between i ani j. Some variants of the 
entropy model avoid this assumption [9], tre truth of 
which is not self evident, but they lead to the same 
result, which is a form of the gravity model, viz: 

-yc .. 
n .. = A.B .e ~J 
~J ~ J 

Y is not invariant under change of row ~nd column totals, 
so the model is not identical with that assumed in the 
double factor method. If the c .. ' s ~~d the new row ani 
column totals are given, then y~~an be determined and the 
(~) matrix can be obtained by applying a double factor 
transformation to the (e-YCij) matrix [10]. The model 
could also be used to predict the future (nij) matrix from 
the present one, the Cij terms being unknown, but this 
would involve more diff~cult calculation than the double 
factor method. 

Although the co~~unity of interest f unction, directly de
rived from the entropy model, is of negative exponential 
form, other forms are compatible with the model,because 
the degree of deterrence associ ated with a cost, as per
ceived by the user, i~ not necessarily proportional to its 
measured value [11]. For example the effective cost as 
perceived by the user might be proportional to the log
arithm of the measured cost, in which case the community 
of interest fWlCtion would be of the form c .. -y 

~J 

The validity of the concept of entropy in system modelling 
is still a matter of controversy. In any case, the concept 
essentially applies to discrete entities like calls: the 
application of the theory to traffic flows measured in er
langs can only be justified by analogy. The utility of a 
theory, however, does not necessarily depend on the 
correctness of the assumptions from which it was originally 
derived. The resulting distribution formula is plausible, 
and the different form of the community of interest func
tion from that assumed in the double factor method does, 
in principle, provide the basis for an empirical compari
son between these very similar models. 

INT"...:R-EXCHANGE DISTANCE AND TRAFFIC DISTRIBUTION 

When a complete point-to-point traffic matrix is available, 
the community of interest parameters for a traffic distri
bution model can be estimated, at least in relative terms. 
It would be useful, however, to be able to estimate these 
independently of traffic measurements, for the purpose of 
planning new exchanges and reducing the need for special 
traffic measurements. 

The community of interest between two exchanges depends on 
many faotors which could only be allowed for realistically 
in a complete econometric model. There is some evidence, 
however, that the distribution of traffic is correlated 
with the distance between originating and terminating ex
changes. Thus i.nter-exchange distance (preferably travel-
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ling distance) might be used as a rough provisional 
measure of community of interest. The shape of the 
community of interest function, in terms of distance, or 
alternatively the parameters of an assumed function, can 
be determined from a known traffic matrix [13]. 

Two commonly used functions are 

-yd .. 
k. . = e 1J or d~~ 
1J 1J 

where d .. = distance between exchanges i ani j. To apply 
the inv~~se power law to own exchange traffic, it is nec
essary to postulate non-zero virtual distance for this 
traffic. Given a measured traffic matrix the effective 
distance for each exchange could be calculated from the 
assumed model, ani it might be possible to relate it to 
other parameters such as subscriber density: this would be 
useful in planning new exchanges. 

The value of distance, or any other simple parameter, as 
a measure of community of interest is strictly limited, 
but, at least, it may be expected to result in more rea
listic predictions than the assumption of uniformity. 

OTHER METHODS 

So far, our discussion has been based on the concept of 
some kind of theoretical model underlying both the present 
and future traffic distributions . The model includes 
variables representing the community of interest between 
exchanges. These can be evaluated either from the present 
distribution or from other information, and the model can 
then be used to predict the future distribution. In 
practice, it may not be necessary to evaluate the 
community of interest variables explicitly. 

An alternative approach is to postUlate, not an underlying 
model but a transformation law by which the future distri
bution can be predicted from the present. The distinction 
is one of convenience ani emphasis rather than principle, 
since it is always possible to construct a model corres
poming to a given transformation law. There are, however, 
a number of methods of traffic prediction which have been 
propounded in this form, without explicit reference to an 
urrlerlying model, though this may be implied. 

Typical examples are two methods described by Rapp [6], of 
which he remarks that "they have at least the advantage of 
being based on clearly defined assumptions regarding the 
behaviour of the subscribers". These alternative 
assumptions are as follows:-
a) "The sum of the traffic from one subscriber in an ex
change area, k, to all subscriber~n an area, 1, (in the 
direction k to 1) ~the traffic from all subscribers in 
area k to one subscriber in area 1 is constant". 
b) liThe sooof the squares of the change of initiated and 
received traffic per subscriber shall be as small as 
possible" • 

An empirical formula is suggested by Fukui [7], in which 
the inter-exchange traffic growth factor is expressed in 
terms of the subscriber growth factors at the originating 
and termina ting exchanges. 

None of these methods automatically satisfies predeter
mined origi nating and terminating traffic totals at each 
exchange . The resulting matrix therefore requires norm
alisation, which can conveniently be carried out by means 
of a double factor transformation. 

The following method, due to Ickler and Flachs, does not 
require row am column normalisation. 

The comitional probability that a call, originating at 
i, terminates at j is given by 

p( j I i) 
x .. 
~ 
EX .. 
j 1J 

The p( j I i) terms can be arranged as a transition matrix, 
with all row sums equal to unity. 

Thi s mpthod consi sts in determining the minimum pertur
bation i n t he transiti on matrix , consistent with the pre
dicted orieina ted and t erminated traffic. The adjusted 
v~lue s oC p (j I i) RJ"' t' thp. n used t o calculate the new 
traf fic (·lows . The t r ans i tion matrix represents the pat
t rn of callint: habi t s at a particular time, so that, in 
effect , t hi f" mo:! t i1CxJ maxi mi se s the inertia of subs~ribers' 
behaviour . Some users of the aouble f actor method 
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believe that it exaggerates the traffic growth between 
exchanges with high growth factors [5]. They may consider 
the transition 1'J. obabili ty perturbation me thod to be an 
improvement. 

ROUTE TRAFFIC FORECASTS 

In practice, it is not convenient to make rrutine measure
ments of point to point traffic, and forecasts have to be 
based primarily on measurements of traffic on routes, some 
of which may ser-re several pairs of origins am destin
ations. Smyth [5] has applied the technique of exponential 
smoothing to route traffic forecasting: the parameters of 
the growth curve are estimated from the weighted mean of 
the previous forecast and the current measurement, so that 
forecasts are continually updated. To reconcile the 
original point-to-point forecasts with current route 
traffic forecasts, each element in the point-to-point 
matrix is multiplied by the ratio of the route traffic to 
the sum of the elements included in that route: when an 
element appears in more than one route, a mean ratio is 
used, am the process is repeated until the reguired degree 
of agreement is obtained. Bear ani Seymour [1 J have used 
this technique to reconcile measured traffic and theoret
ical point-to-point traffic, derived from an assumed 
community of interest function. 

CONCLUSIONS 

1) To ensure a realistic estimate of traffic distri
bution in a network, it is advisable to determine the 
total originating and terminating traffic at each exchange · 
before calculating traffic flows within and between 
exchanges. 
2) Some commonly used methods of traffic prediction do 
not automatically satisfy pre-determined originating and 
terminating traffic totals, and therefore require adjust
ment. Krui thof' s double factor transformation can be used 
for this purpose. 
3) In principle, however, it is more satisfactory to use 
a method which automatically satisfies conclusion (1). 
Three such methods have been described, viz. the double 
factor method, the entropy method, and the transition 
probability perturbation method. The first two are based 
on variants of the gravity model, but differ in the form 
of the community of interest function. The third is based 
on the inertia of subscribers' behaviour. 
~) A method of reconciling point-to-point traffic estimates 
with route traffic measurements has been described. 
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