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ABSTRACT 

In many situations the C.P.U. (central processor unit) of 
a computer is provided with a local store (L.S.) of small 
capacity but with high speed access time. Access time to 
main store (M.S.) is much slower. Data flow of blocks of 
words from M.S. to C.P.U. is via L.S. An address trace of 
a program to be processed by the C.P.U. often requires at ' 
various places of the trace the same data and instruc

.tions. Keeping of such data and instructions in L.S. 
diminishes the throughput time when considered versus the 
situation without L.S. 

The present study investigates the operational influence 
~f the presence of a L.S. on the throughput time, given 
the capacity of L.S. and of M.S. An important operational 
feature is the policy which determines which of the data 
and instructions already once needed by the trace and 
~till available in L.S. should leave the L.S. to make 
r?om f~r new data or instructions required for the 
processing of the trace but not available in L.S. and 
therefore to be ~ransported from M.S. to L.S. A variety 
of such replacement policies is known and has been 
iI;lvestigated. 

Th~ performance of storage h~erarchy leads to an inter
esting and important traffic problem concerning transport 
in the computer organisation. This problem is studied 
here and an analytical method is developed to evaluate 
the operational influence of a L.S. for various types of 
replacement policies. The method is approximative, but 
sound evidence is available, that its results are 
accurate. 

The first part of the study {s devoted to a description 
of the statistical characteristics of the trace. This 
description is fundamental and seems to be new, it will 
be' useful also for other purposes. The second part 
describes and studies a stochastic model by which it is 
possible to evaluate various replacement policies. 
The re'sults obtained are promising , and show clearly which 
stat,istical information about the trace is needed to 
calculate the effect of storage hierarchy. 
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1. INTRODUCTION 

The evaluation -pf the operational characteristics of 
storage hierarchy is of great importance in computer 
design. In the present study a number of basic points 
concerning storage hierarchy will be analysed. 
The most simple hierarchy is considered, i.e. a main
storage with a capacity of v pages and a buffer (local 
store) with capacity b, see fig. 1. 

fig. 1. 

For this model various replacement procedures are con
sidered and analysed. 
From the insights so obtained, more complex hierarchies 
can' be analysed. The operational characteristics of the 
storage hierarchy, depend on: 
i. the str~cture of the system, 
i.i. the replacement procedures, 
i.i.i. the statistical properties of the trace. 

The first part of this stu~y discusses those statistical 
properties of the trace which are relevant for the 
determination of the probability of hit. The concepts of 
concentration and traffic are introduced. 
The second part is devoted to the study of the L.R.U., 
the FIFO and the Random Out procedures. For these, 
disciplines analytical models are developed, which may 
be considered to be sufficiently close to the actual 
situati on. These models are discussed and formulas for 
the probability of hit are derived. The statistics of the 
trace filtered by the L.S. and offered to the M.S. is 
investigated. 
In the last section a number of questions are listed, 
which need further study. On the whole it may be said 
that the present app'roach seems to ' be very promising. 
Experimental results and information about the statistics 
of actual traces are extremely important and badly needed, 
in order to obtain from the theory presented reliable 
design methods. 
Discussions with 'Messrs. Alewijnse, Elie, van Marion and 
Palmboom on "Storage Hierarchy" led to idea's and problems 
on which the present study is based. 
The present study contains on annex written 'by v.Marion; 
here some modeling ,assumptions are investigated and 
evaluated. 

2. ON THE STATISTICS OF THE TRACE 

2.1. Characterization o~ the trace. 
Traces are ordered sequences of pages, every page being 
element of a set of v different pages. 
I~ m is the number o~ occurrences o~ a certain page in 
a trace containing M pages, then the freguency p of this 
page for the given trace is defined as: 

(2.1) 
m p=
M 

The concentration c of this page for the given trace is 
de~ined by: 

(2.2) c = vp 

By ~('c) will 'be d e noted the <luotient o~ the number of 
different pages with concentration not less than c in the 
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given trace and the number M. Clearly ~(c) is a non
increasine;., function of c, 

(2.3) ~(o) = 1, ~(oo) = 0, 

and ~(c) - ~(c+~c) is the fraction of different pages 
in the trace with concentration exceeding c and less 
than c +~c. 
We introduce the concept of traffic: 

(2.4) Q(c) d~f ~ Y d ~(y), 
is for the given trace the traffic delivered by those 
different pages with concentration not less than c. 
From (2.2), (2.4) and 

dQ(c) = -cd~(c), 
it follows immediately that 

Q(O) = 1. 
Let ~ be a non-negative stochastic variable with 
distribution function 
(2.6) F(c) def Pr{~ < cl, 

and suppose 

F(O+) = 0 E{~} = 1, 

F(.) is assumed to be continuous from the left. 
If we take 

(2.8) ~(c ) 1-F(c) 

then 

Q(c) = jyd( 1-F(y)), 
c 

Q(O) = E{~} = 1. 

Consequently, as far as the concentrations of the 
various typesof pages in a given trace are concerned, 
it suffices to specify the distribution F(c) with mean 
equal to one. 
We discuss a few examples. 
Ex. 2.1. There are 120 different pages, so v=120, of 
which for a given trace 20 have each a frequency p=0,04 
and the remaining '100 pages each have frequency 0,002. 
Consequently, for this trace the concentration c has 
only two values, viz. 4,8 and 0,24, and 

1-F(c) = ~(c)=1 for c < 0,024, 

whereas 

=1/6 0,24 S c < 4,8, · 
=0 ,,4,8 S c, 

Q(c)='1 
=0,8 
=0 

c < 0,24, 
0,24 S c < 4,8, 
4,8 S c .. 

The graphs for ~(c) and Q(c) are given in fig. 2. 
In this example 80% of the traffic is originated by 20% 
of the ~ages (those with c=8); the remaining 20%-of the 
t 'raffic items form; 80% of the pages. 
Ex. 2.2. Here it is assumed that £ has a negative 
exponential distribution, so that 

and hence 

1-F(c) = -c e 

Q(c) = j e-y ydy = (c+1)e-c • 
c 

The grapns for these functions are shown in fig. 3 
(full lines). From the curves it is seen that 10% of 
t~e pages has a concentration not less than 2~ and that 
about 33% of the total traffic is delivered by th~se 
pages. 
Ex. 2.3. Here we take 

-6 
'e 1-F 1 (c) 

and 
Q1(c) = j {(1+c)2+1}e-c , 

the graphs are ' also shown in fig. 3. It is seen that 
10% of the pages have concentrations larger than 1,2, 
they deliver about 89% of the traffic. 
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2.2 . . Mi'xing of' traces. 
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Suppose two traces type 1 and 2 with distributions F1(c) 
and F2(c) for the concentration are given, these traces 
are composed to a single trace, as follows. 
In some order the CPU chooses the successive pages to 
be processed from the traces of type 1 and type 2 . until 
all pages of both traces have been processed. 
Since dF1(~) (dF2(c») is the fraction of pages with 
concentrat1on c such that c S c S c+dc for trace of type 
1 (type 2), it-is seen that fo~ the resulting trace 

~dF1(c) + ~dF2(C) 
is the f'raction of' pages with concentration c E(c,c+dc). 
Hence for the resulting trace the distributi;n F

3
(c) is 

given by 

so that 



• 

more generally, 
trace of type 1 
type 2 n2 times 

(2.10) 

if the resulting trace is such that 
is processed n 1 times and that of 
then for the resulting trace 

n
1 

n
2 = -- F

1
(C) + -- F

2
(C), 

n
1
+n

2 
n

1
+n

2 

Simllarly, 
tion.£. can 
of traces. 

n
1
+n

2 
the resulting 
be found if a 

Q1(c) + ~ Q2(c). 
n

1
+n

2 
distribution of the concentra
trace is composed of a number 

Note. If traces with the 'same distribution of concentra
tion are mi,xed, the resulting trace has also the same 
distribution for its concentration c. 

) -
2.3. Truncating of traces. 
Whenever from a given trace certain pages are deleted, 
so that also the set ~ is diminished, a new trace 
res-ults, a so called "truncated trace". 
It is of some interest to know the relation between the 
distributions of the concentration in the original and 
the truncated trace. We discuss here an example showing 
how such a rel~tion can be obtained. 
From the original trace with distribution F(c) of the 
concentration all pages with concentration less than or 
equal to Co are delete~. Denote by Ft(c) the distribution 
for the truncated trace, be further 

(2.11) Q
O 

Q(c
O

) j cdF(c). 
Co , 

~O ~(cO~ 1-F(cO)' 

• 
The total number vt of ~iff~rent pages which may occur 
'in the truncated tr,ace 1S g1 ven by 

• 
• 

(2.12) 

and ' a page with concentration c > Co and frequency p in 
the ori'ginal trace, ' will have a frequency 

(2.13) Pt = ~ , 
in the truncated trace? Hence, from (2.12), (2.13) and 
(2.2) it is seen that a page with concentration c in 
the orig~nal tra~e has concentration c

t 
in the truncated 

trace, w1th ct g1ven by 

(2.14) ct=O 
~O = -c 
QO 

Consequently 
QO (2.1~» pr{- c > cl 
~O -=t 

Obviously 

so that 

Further 

Q 
E{...Q .£..) 

~O " 

(2.16) , ~(c) 

if 

if 

1 f~ 

Pr{c>clc>c} =Hi£l." 
- - 0 1-F(cO) 

Q
O 
~' o 

Analogous relations are obtained if the original trace 
'is truncated by deleting all pages with concentration 
c > cl' 

3. THE, PROBABILITY OF HIT 
3.'. The replacement procedures. 
If the , next page to be processed by the CPU is not present 
in the L.S., then it has to be ,brought forward from the 
M~S. to the L.S. and at the same time a page has to leave 
the L.S. to free in the L.S. a place for the page desired. 

The replacement procedure is called: 
Random Out: 
if the page to leave the L. S. is chosen at random out 
of the b pages present in the L.S.; 
Least Recently Used (L.R.U.): 
if the page to leave the L.S. is ,the one which has been 

used least recently of all pages in the L.S.; 
First In First Out (FIFO): 
if the page to le~ve the L.S. is t he one whose sojourn 
time in the L.S. is largest of all pages present in the 
L.S. 

In the next sections we shall analyse these replacement 
procedures and derive expressions for the probability 
of hit, i.e. the probability that the next page to be 
processed by the C.P.U. is present in the L.S. 
The results are appoximative, but the assumptions on 
which the analysis is based seem to be very reasonable 
and sufficiently close to the real situation. Neverthe
less it is very desirable to check the analysis by 
experimental results. 
The basic assumption concerns the sequence of pages in 
the trace, viz. it is assumed that the occurrence of 
future pages in the trace is stochastically independent 
of the pages of the trace already processed. This 
assumption is quite reasonable if the number of different 
wordS per page is not too small. 'The as'sumption is , very 
acceptable in the case of multiprocessing systems. 
The analysis is first performed for a trace consisting 
of v different pages, Which, are assumed to be numbered 
from 1 to v, and p. shall denote the frequency of 
occurrence of page1i in the trace. 
From the results so obtained relations are derived for 
v very large, i.e. v + ~. 

3.2. The LRU procedure. 
We consider a".Markov chain with state space consisting 
ofb+1 st ates Ei,E2 ""'~+1' see fig. 4. 

P 01~ Q l-p l-p _l-p .--.l-p • 

§:~'~-n~ 
~- ' ===---------

fig. 4 

The one step transition probabilities Pij are indicated 
in fig. 4, i.e. 

(3.1 ) p . . 
1J 

with 0 < P < 1; 

P 
1-p 
1-p 
o 

1, 
i+1, 
i = b+', 

elsewhere, 

i 
i 

1, ... ,b+1, 
1, ... ,b, 

obviously, t his Markov chain has a stationary distribution 
u., j= 1, ... ,b+1, and i t is readily found that 

J ,j-1 ' ._ 
(3.2) u. p(1-p) , J-1, ... ,b, 

J 
(1_p)b j=b+1. 

The stat es E
1

, ..... ~ correspond with the b positions 
for pages in the locaf store. Suppose the next page of 
the trace, say page k, to be processed has frequency Pk 
in the trace and is not in the L.S., i.e. it is in the 
M.S'. which corresponds to state ~ 1 in the. Markov chain; 
this situation will then correspond to a transition with 
probability P=Pk from state . ~+1 to E1, the entr~ce state 

' of the L. S . If,-nowever, th1s page k was already 1n the 
L.S. say, at state E

3
, then a transition with probability 

p occurs from state E3 to E1. 
Suppose that the next page of the trace to be processed ' 
is not page k, so that if at this moment page k is not 
located in the L.S. but in the M.S. then it stays in the 
M.S., which corresponds with a transition from ~+, to 
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~ 1 in the Markov chain with probability 1-p, wMereas 
i~+page k is in the L.S., say at E , then it is assumed 
to pass to state E with probabili~y 1-p, and if it is at 
stateEb ~hen it le~ve s the L.S. for the M.S. (~+,) with 
probab111ty 1-p. 
To every page of the set of v different ~ages we let 
correspond a Markov chain as described above with p 
equal to the frequency of the page in the trace. Due to 
the structure of these Markov chains, a page when pro
cessed mOles to state El' and when not processed moves one 
state to the right , and ultimately leaves Eb and goes to 
~ , i.e. to the M.S., and consequently the page least 
re6Jntly u sed moves wi th t he higher speed through the 

L.S. 
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Obviously, the present model of v parallel Markov chains 
for the description of the motion of the pages through 
the L.S. is an approximation of the real situation. For 
the description of the real situation the appropriate 
model is a vector Markov chain, the jth component of the 
vector describing which page of the v pages is in state 
E., i. e. the jth location in the L. S., j= 1 , .•• , b, where
aM the last component of the vector refers to those 
pages not in the L.S. A first investigation of the 
latter chain has been performed by van Marion. The 
analysis of this model, however, is complicated, and 
needs further investigation. The main objection to the 
approximati ve model is that pages leave the L. S., when 
there is in the actual situation no need to leave the 
L.S., this is due to the fact that the v Markov chains 
act .independent of one another. 
The influence of this fact on the probability of hit can, 
however, be eliminated for the greater part, as it will 
be shown below. . b 
From (3.2) it follows that (1-p.) is for the stationary 

, situation the probability that ~age number i is not in 
the L.S. Consequently, the probability that the next 
page to be processed is page i and that it is not in 
the L.S., i.e·. page i causes a mishit, is equal to 

Hence the 

Since 

b 
Pi (1-P) • 

probability a of a mishit 
v ' b 

a = . Lp . .( 1-p.) . 
~=1 ~ ~ 

1_(1_p.)b, 
~ 

is given by 

is the probability, that page number i is in one of the 
states E1""'~' it follows that for the present model 

(3.4) g = E {1-( 1-p. )b} 
i=1 ~ 

is the average number of pages in the L.S. 
Since v 

L 
i=1 

1, ' 

and 
(1-Pi)b> 1-bPi' 

it is seen from (3.4) that· 

g < b. 

A result which is intuitively clear, since as already 
pointed out above, the v Markov chains act independently 
of one another so that pages may leave the L.S. although 
there is no need for. 
To compensate this fact, ' we replace the capacity b of 
the L.S. ~y a greater (fi~t~ti~us) capacity bO' with 
bO deter~ned by the v cond~ t~on b 

(3.6) b = L {1-(1-Pi) "}, 
i=l 

and take in our model b +1 states in the Markov chain 
in stead of b+l. Hence,Owith the model so adjusted, 
the average number of pages in the L.S. equals b, and 
t he p~obability a of a mishit is now determined by 

v b O (3.7) a = L p;(l-p;) 
i=1.L .L 

Obviously 

(3.8) a < a. 

Let Xn denote the fraction of the v different pages 
all w~th the same frequency qh' h=l, ... ~n, 
so that 

Hence 

(3.10) a = 

g 

Define 

n 
E 

h=l 
n 

~=1, 

h~l ~qh=l, 

Ch = vqh' h=l, .... ,n, 

Pr{£.=ch } =~, h=l, ... ,n. 

n 
E 

h=1 
n 
1: 

h=l 

b 
(3.11) d = b/v , dO = O/v' j = g/v • 

For obvious reaSOIE d will be called the compress~on of 
the M.S. - L.S. combination. For v sufficiently large, 
which is actually acceptable, we obtain from ('3.4) 
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(3.12) a = h!1 Ch e-
dch pr{~=ch} = E{£e-

d
£}, 

v -dc dc 
y L {1-e h} Pr{c=c

h
} = 1-E{e- -}. 

h=l -
In the same way we obtain from (3.6) and (3.7) 

-do£. -dOC 
(~.13) a = E{£ e } j ce . dF(c), 

(3.14) 

with 

d 
-do£. 

1-E{e } 

o -d c 
1- j e ' 0 dF(c), 

o 

Pr{_c < c} = F(c) and E{c} = j cdF(c), 
- ~O 

here F(c) is the distribution of the concentration c 
for the given trace (cf. 2.6)). 
For given compression d and distribution F(.) of the 
concentration, d Is found from (3.14) and then the · 
probability of m~shit from (3.13). 
Ex. 3.1. (cf. ex. 2.2). 

For 
it follows 

so that 

(3.16) 

F ( c) = 1-e -c , 

1 
a = (1+d

O
)2 

a = 

c ~ 0, 

d 
1 

1- 1+d ' 
o 

so for d=0,0905 ~ a =0.82. 
Ex. 3.2., (cf. ex. 2.3). 
For -12c 

e c ~ 0, F(c) = 1 -
it follows 1 

(3.17) a = ~ {-~ + c0--~ (1+ t-) eND 
o 0 0 

so that. 

(3.18) 

For d 
o 

;; 1/~ 2 
~ (1- ;.- f e -y ay)}. 
2 t'1T ° 

_1_ ;; 1/i2d: 2 
d 1- _2_ e~dO ~{1- L f ° e-y dy}, 

I2da 2 liT ° 
d -d-dd 

, 0 0 
a=~ d Z -

o 
0,125 ~ d = 0,0943 ~ a = 0,585. 

Since a is the probability of mishit it is seen that of 
the total traffic ' E{£} =1 offered by the trace, 
the part co -d c 

a = f ce 0 dF(c) 
o 

is offered to the M.S., whereas the L.S. handles the part 
co -d c 

1-a = f c(l-e ~) dF(c). 
o · . 

The presence of the L.S. leads therefore to a demixing 
of the trace. In a more accurate form this may be stated 
as follows. Due to the presence of the L.S. the original 
trace is split up in two traces, that handled by the 
M.S. with distribution of c given by 

. 1 <; -d Y 
. F (c) = -1 d J e q dF(y), 

m . - 0 
and that handled b~ the L.S. with distribution of 
£ given by 

1 c -d y 
Fl(c) = d f (l-e 0) dF(y). 

. . . 0 .. . 
M~x~ng of these tracesw~th ~x~ng we~ghts 1-d and d, 
respectively, yields the distribution of £ in the 
original trace, 

F(c) = (l-d) Fm(c)+dFR,(C)' 

i.e. the mixing weights are proportional to v-b and b. 
In the derivation of the relations (3.13) and (3.14) 
the interaction of the various pages in the L.S. has 
been taken into account by introducing the factor d • 
There is, however, another way to take this effect 0 
into account. 
From the results of the Markov chain model it ' is seen 
that the density of the concentration £ in the original 
trace and the trace offered to the M.S. is reduced by 
a factor proportional to 
( 3. 19) e -d£ . 

The exponential type of this factor is evidently 
characteristic for the L.R.U. procedure, however, 
to take account . of the interaction of the pages in the 
L.S. the factor d in (3.19) has to be replaced by do, 

• 
• 

• 
•• 
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determined by (3.14). This factor d represents the 
compression, however, since always b pages should be 
present in the L.S. there is no need to reserve room 
for them in the M.S., so that the actual compression 

b d 
is equal to v-b = 1-d ' hence on behalf of (3.12) we 

might determine the probability of mishit from 
, _...L c 

(3.20) a = E{£ e 1-d - }. 

Yet, another way to, reason is by noting that if a is 
the probability of mishit,then in the M.S. only room 
should be reserved for v-(1-a)v pages, so that the 
actual compression is" 

1L = 1 d 
av a ' 

and hence On behalf of (~.12) 
- - c 

(3.21) a = E{£ e a - } 

Ex. 3.3. If F(c) = 1_e-c then 
a =(1-d)2 according to (3.20), so that we get the 
same value for the probability of mishit as calculated 
according to (3.13) ,and (3.14) (cf. ex. 3.1.). 
If we apply (3.21) then 

1 

so that 

therefore 

1-2d + [i':'4d 1-2d-d2+O(d 3), d+ 0 , 
, a = 2 

which differs from (1-d)2 by 2d2 , which is small. 

Obviously the relation (3.20) is the easier one for 
calculation. ' Similarly, as before we can determine 
for the case which led to the ' relation (3.20) as 
well as for the case which yields (3.21) the distribu
tion of the concentration of the traces which are 
handled by~the M.S. and by the L.S., respectively, 
and consider the original trace as a mixing of these 
traces, however, the mixing weights do not have such 
an intuitive meaning as before. Moreover, the rela
ticrns (3.13) and (3.14) merit preference over (3.20) 
and (3.21), since for 

F(c) = 0 for c ~ 1, 
= 1 "c > 1, 

it follows from (3.13) and (3.14) that 

a = ' 1-d, 

which is evidently the true value of a', as it follows 
from symmetry. From (3.20) arid also from (3.21), 
however, we obtain 

a = 1-d. + 0(d2 ) for d+O. 

Finally~ it is noted that (3.13) and (3.14) show that 
the derivative of d with respect to d is equal to a, 
a property which is useful in obtainigg numerical 
results. 

3.3. The FIFO procedure. 
As in section 3.2. we consider a Markov chain with 
s~ate space consisting ' of b+1 states E1""'~+1' see 
fl.g. 5 . 

~ ~+1 

l-p l-p l-p 

fig. 5 

The one step transition proba~ilities Pij are given by 

(3.22) p .. p, l.=J, i=1,,,.,b, 
l.J 1-p, i=j = b+1, 

1-p, j=i+1, i=1, ... ,b, 
p, i=b+1, j=1, 

= 0, elsewhere, 
with 0 < P < 1. Evidently, this Markov chain has a 
stationary distribution 'Uj , j=1, ... ,b+1, which is 
found to be 
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p 
1+(b-l)p 

1-p 
- 1+(b-1)p 

j=1 ,,,. ,b, 

j=b+1. ' 

As in section 3.2. the states E1, ... ,Eb correspond with 
the b positions for pages in the L.S. From that section 
and the description of the FIFO procedure in section 3.1. 
it is readily seen that this Markov chain may be used to 
describe in an approximative sence the motion of a page 
through the L.S. in the case of the FIFO procedure. 
For this model it is seen from (3.23) that the probabili
ty, that the next page to be processed is page i and that 
page i causes a mishit, is given by 

Pi(1-Pi) 

H(b-1 )p. ' l. 
and hence the probability of a mishit is given by 

v Pi(1-Pi) 
~3.24) a = E ( ) 

i=1 H b-1 Pi 

The average number g of pages in the L.S. is given by 

v 1-Pi = I bp; 
(3.25) g = i;1 (1- 1+(b-l)Pi) i=1 1+(b-1)Pi 
obviously 

(3.26) g < b. 

To compensate the fact that g < b, we introduce as before 
a fictitious, L.S. capacity bo defined by 

(3.27) b = E b _.,..:P~i~:--
i=1 0 H(bo -1 )Pi ' 

and calculate the probability a of a mishit from 
v . Pi(1-Pi) 

a = E ) 
i=1 H('bo-1 Pi 

(3.28) 

With ~~ ch' "Clh , d and do as defined before (cf. (3.9)) 
we obtal.n ' 

n '(1-c
h

/v) 

a = h;1 ~ Ch 1+(b
o
-1)c

h
/v 

n ' 

d = h~l' ~ 
From which it follows for v + 00, 

C 
(3.30) a = E {1+d c} , 

0-
C 

d do E {1+d c} 
0-

ad . 
o 

From which it follows 

(3.32) 

The traffic offered to the M.S. is given by 
00 c 

a = f -----1+d dF(c), 
o OC 

and that handled by the L.S. is 

1-a = j ~ 
o 

With Fm(c) and Ft(c) 
we have 

c 1+d
o

c dF(c) = doa. 

as defined in the previous section 

1 c 1 
(3.35) Fm(c) = 1=d & Hd c dF(c), 

o 
-1 c~ (3.36) Ft(c) - d b 1+d c dF(c). 

o 
Mixing of the trace offered to the M.S. and that handled 
by the L.S. with mixing weights 1-d and d, respectively, 
yields again the distribution F(c) of the concentration 
£ of the original trace 

As in the preceding section where the formulas (3.20) and 
(3.21) have been derived to take into account the inter
action of the pages in the L.S. we obtain here for the 
FIFO procedure 

, ,c 

a = E{1+d£/(a-1)} , 

and 
c 

(3.39) a = E{1+d£/a} 
Not e that the last relation is identical with (3.32). 
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3.4. The Random Out proc~dure. 
Again we consider a Markov chain with state space 
consisting of b+1 states, E1' .•. '~+1' see fig. 6. 

~+1 

i _p 

The one-step transition probabilities ' are given by 

p .. 
l.J 

1-( 1-p)/b, 
i-p, 
( 1-p)/b, 
p/b, 
0, 

l.=J, ~=1, •.• ,b, 
i=j = b+1, ' 
j=b+1, i=1, ... ,b, 
i=b+1, j=1, .•• ,b, 
elsewhere, 

wi th 0 < p < 1. This Marko'; chain has fi' stationary 
distribution Uj' j=1,. : .,b+1, which is ~iven by 

Uj 1+(~-np , j=1,. ... ,b., 

, 1-p , 
1+(b-1)p ,j=b+1. , , 

Obviously, this stationary distribution ' is, identical 
with that of the Markov chain for the FIFQ procedure. 
Consequently, all results obtained for the FIFa proce
dure in the preceding section apply als~ for t~e Random 
Out procedure. 

3.5. Comparison of L.R.U., FIFa and Random Out . . 
To obtain an ' insight in the different behaviour of the 
three disciplinesstudied,it is worth wile to consider 
the sojourn time of a given page in the L.S. for the 
various discipline.s. For FIFa . and Random Out the , 
probability ,distributions ,of the sojourn time ~ of ~ 
page with frequency p are given by: 
for FIFa: '1 ' b n-b 

pr{s='n} = (n- ) (1-p) 0p 0, n='!),b+1, ... ;; 
- h-1 

for Random Out: , " ' 1 " 
Pr{s=n} = {1-.('1-p)/b }n- (1-p)/b , n=1,2, .. ,; 

- 0 0 ' 

the distribution for LRU . is rather intricate and will 
not be given here. It is found for the average sojourn 

, time: 

Obviously, the LRU 
J3ojourn time. 

b 
1-(1-p) 0 

p( 1_p)bO 

~ 
1-p 

~ 
1-p 

for LRU, 

FIFa, 

Random Out. 

discipline has the 'larger average 

For FIFa the distribution of the sojourn time is a 
negative binomial distribution, whereas for LRU it 
is a geometric distribution. Roughly spoken a process 
with a negative ~inomial distribution shows ~ore , 
"clusters" then a process with a geometric distribution. 
Consequently, if the occurrences of a given page in 
a trace show clusters then the FIrO procedure will 
probably be a better one than the Random Out disci
pline, and if the clusters are very outspoken, then 
the LRU discipline 'deserves prefer.ence. On the other 
hand the LRU procedure is less desirable for those , 
pages which are rather uniformly distribu~ed over the . 
trace, for this type o·f pages the Random Out is tp,e 
most favorable. · . ' 
One might wonder whether the cluster effect of pages 
in a trace has been taken into account in the formulas 
for the probability of hit. In fact it has to some 
extent. In the formulas for the probability of hit 
only the distribution F(c) of the ~oncentration occurs, 
consequently, if a certain page has entered the L.S. 
stayed there for some time, and then left the L. 'S., 
it may be replaced by any page with the same concentra
tion, without affecting the probability of hit. 
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In other words the formulas derived are based on the 
assumption that the concentration c is more or less 
uniformly distributed over the trace. Once the distri
bution of the pages over the trace is known or better 
the cluster effect is known a more definite choice between 
LRU, FIFa and Random Out can be made, apart from com
paring the probabilities of hit. 

3.6. Questions to 'be investigated: 
In the preceding sections the basic m~dels and features 
for storage hierarchy have been exposed and investigated. 
Numerical results obtained in a previous investigation: 
"EOkele beschouwingen over de berekening van "storage 
hierarchy" voor L.R.U. and FIFa, J.W. Cohen, April 1971" 
do conjecture that the proposed approach of the problem 
is promising. Below we shall mention a number of ques- ' 
tions to be studied to develop the theory exposed above. 
i. It is extremely desirable to study the probability 

of hit for various distributions F(c) of the 
concentration. For instance for 
a) F ( c) ' 1-e - ( 1T /4) c 

2 
c > 0; 

-lC;c a " 
b) F ( c ) 1-e c > 0" 

with K determined by 1 0 
cdF(c) 1 , 

i.e. K =~; 
c) F(c) 

1- __ 1 __ 
with cS(y-1) 1, Y > 1. • ( 1+cSc)Y 

ii. The determination of the valu~ of v in an actual 
. situation. P.resumably, v should be taken equal to 
the , number of diff~rent pages in ' the trace to be 
processed. 

iii. Numerical results . for the models' studied above 
should be compared with numerical results for the 
more .'.refined model as proposed by van Marion, • 
"A basic; study of replacement procedures in storage 
hierarchy". 

iv. Theoretical results ' should be compared with experi
mental, results', . It is highly desirable that a 
number of 'traces is investigated, and that ' experi
mentally ,the probability of hit is determined to 
check the .theory. ' 

. . ," " 

v. Mixing and demi~ing :sho~d be 
two traces with distributions 

studied. For instance if 
F1(c) and F2 (c) are 

g:iven with (1' ) 
, -do c1 

a 1 = E{£'1 e,' - . } 
-d (n c 

'~=1-E{e 0 , -1} for F
1
(c), 

e
-do.( 2 ).£2, }. 

a2 = E{~ ' ~ 
-d (2)c 

= 1-E{e 0 .!:.2} 

and if these. tra.,cesare mi;e'd, with mixing weights P1 
and P2 , so that Pj +P 2 = 1 .. ,.1 > P1 :;> 0, what can be 
said about the relatl.on between a on the one hand 
and a 1 , . a2 .on the ,other hand if 

, -d~ ' ,', . -doC 
a = E{~ e }, d = 1-E{e -} for F(c), 

with 

F(c') = P'1. F 1 (c) +, P2 F2 (c). 

This questio~ can 'be' investigated by means of the 
formulas developed 'in ' the pre ceding sections. 

vi. How does the 'prObability ~f hit change if a . 
number of pages is always present in the L.S., and 
the remaining part of the L.S. used according to 
one of the procedures described. This questiop 
can be answered by means of the -formulas der'i ved 
~t least n~erically. 

vii. If instead of a two level hierarchy a three level 
hierarchy is applied, the method developed above 
may be refined to analyse this situation. Some 
numerical studies for a three level hierarchy 
are desirable. 

• 
• 
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A BASIC STUDY OF REPLACEMENT PROCEDURES IN STORAGE 
HIERARCHY. 

E.W.B. van Marion. 

,. INTRODUCTION. 

In ."Analysis of storage hierarchY", J. W. Cohen 
developed a model which made determination of the 
distribution of pages in a buffer storage possible. 
This model is based on the principle of the random 
walk. Every page of a program can make such a walk, 
its type being determined by the nature of the 
scheduling procedure for pages, viz. R.O. (random out), 
FIFO (first in first out) or LRU (least recently used). 
However there exist two approximations in the model: 

,. The interactions of different pages are. neglected. 
2. Free places are introduced in the buffer storage. 

Hence the accuracy of the resUlts obtained with this 
method must be verified. 
The possibility for this verification has been obtained 
by means of this study. With the aid of simple equations 
of state multidimensional probability distribution
functions for the distribution of pages over the buffer 
storage have been derived. Various calculations have 
been carried out for different buffer sizes and numbers . 
of pages. 

2. THE MODEL AND NOTATION. 

The design of the model is equal to the one of Cohen,but 
it will be shortly repeated here. Consider a . program 
which is running in a computer and define for this 
program: 
v d~f the number of pages of the program, 

the number of pages the~ buffer storage can obtai~ 

the probability that page i is needed in the 
buffer storage. 

Suppose that the pages are demanded ~n the ~uffer in
dependentl~ ~f.each other and th~t Li=,Pi = ,. 
The probab~l~t~es p. can be obta~ned from the trace of a 
program. The pages {places) of the buffer storage are 
call~d E1,E2""'~' The page~ of.a progr~ which are 
not ~n the ouffer storage res~de ~n the ma~n storage. 
This collection of v-b pages is indicated by the symbol 
~ ,. An arbitrary sample of the collection of v pages 
wMtch can be found in the buffer storage at an arbitrary 
mom~nt consists for example of the pages i"i2 , ... ,ib . 
De~~n7 now . def 
u(~"~2''' ' ''~b) = the probability that the pages i 

07cuPY the buffer_places ~ in t~e 
g~ven order Yor k-,,2, ... ,~. 

For · sake. of simplici(ty of notation we write for the 
mentioned pages the probabilities Pk instead of Pi

k
' 

The probability u(i"i2 , ... ,i
b

) represents in fact one 

of (v:~)! different probabilities. In the ~quations of 

state in the following sections this indication will be 
deleted because all pages are independent of each other. 

3. THE RO PROCEDURE. 

The motion of pages in the storage can be clarified by 
means of the following scheme. 

In this s'cheme p. represents any of t~e Pk f~r . 
~=b+' ,b+2, ~ .•. ,v. If one ~f the pages ~,~ ... '~b ~s needed 
lon the buf.fer no change ~s needed, but ~f one of the 
pages i

b
, ,i 2, ... ,i , is demanded (with probability 

) 
+1 b+ v. ., 

p. one of the pages ~"~2"" '~b d~sappears from the 
buffer with probability f. 
The equations of state can easily be composed and read: 

b 
u(i 1,i2 ,· .. ,ib ) = j~1 p}u(i 1,i2 ,· .. ,ib ) + 
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, v 
+ b k;b+' u(i" ... ,ij_"ij+, .. ib,ik )]· · 

The solution of this equation is 
b 

(,) u(i"i2 ,···,ib ) = C. k~,Pk' which can easily be 

verified by sUbstitution into the equation. Herein C is 
a norming constant, which ' can be obtained by summation 
over all possible states. 

4. THE FIFO PROCEDURE. 

The motion of pages in the storage is illustrated in the 
following picture. 

If one of the pages which are already in the buffer is 
demanded there is no transfer of pages, but if one of 
~he pa~es ib+" ••• ,iv ' indicated.by a point is n~eded, 
~t arr~ves at El a~d ~very page ~n the buffer sh~fts 
from Ei to Ei +" for. ~=l, ... ,b. 
The equations of state are 

v v 
[.L p.] u(i"i2 ,···,ib ) = P1 .L u(i2 ,i3 , ... ,ib ,i

J
.). 

J=b+' J J=b+' 
The solution is the same as that one in the case of RO, 
which can easily be verified. 

5. THE LRU PROCEDURE. 

The LRU procedure is characterized by the following state 
diagram with transition probabilities. 

~+, 

If page i, is demanded no motion of pages occurs. 
If a page number i. is demanded it goes to E, and all 
~ther pages in.theJbuffer shift ~rom.E. to Ei +" for 
~=',2, ..• , unt~l the free place ~s f~lled aga~n. 
The system of equations of state reads 

(1-p,) u(i"i2, ... ,ib)=P,[u(i2,i"i3, ..• ,ib) + 

+ u(i
2
,i

3
·,i,,; .. ,i

b
) + ... u(i2 ,i

3
,· .. ,ib ,i,) + 

v 
+.L u(i

2
,i

3
, ... ,i

b
,i.)]. 

J=b+.' J 
The solution of this equation is 

2L ~ 
1-p, 1-P1~P2 

(2) 

A proof is given in section 6. 
6. SOLUTION OF THE STATE EQUATION OF THE LRU PROCEDURE. 

Firit some additional definitions must be introduced, i.e. 

( .. . ) def ( ) 
u 1;~"~2""'~b . - u i 1,i2 ,···,ib ; 

u(k;i 1 ,i2 ,· .. ,ib_k+1) d~f j=b~k+2 u(k-1 ;i1,i2""'\'_k+1,ij ), 

for k=2,3, ... ,b-'; 

def 
U(b;i,) 

v 
L U(b-1;i"i

J
. ). 

j=2 

Now the equation of state can be rewritten as follows 

(1-P1)U(1;i 1,i2 ,· .. ,ib ) = P1[u(1;i2 ,i 1,i
3
,· .. ,ib )+ ... + 

u( 1 ;i2 ,i
3
,· .. ,ib ,i 1 )+u(2 ;i2 ,i

3
,·· . ,ibH 

For ib ·we can write any other page i k so that 
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(r-p,) u(,;i"i2 , ... ,ib_"ik ) = 

= p,[u(, ;i2 ,i, ,i3,· .• ,ib_, ,ik )+ u(, ; i 2,i3,i"i4 •.. ~_"i~+ 

+ (,;i2 ,i3,···,ib_"ik ,i,)+ u(2;i2 ,i
3
,···,ik_"ik )], 

for k=b,b+', •.• ,v. 

Summation of these equations and application of the 
above given definitions (combination of the last two 
forms in the equations) leads to 

('-p,)u(2;i"i2,···,ib_,) = p,[u(2;i2 ,i"i3,···,ib_,) + 

••• + u( 2;i2 ,i
3
,·· . ,ib_, ,i,) + u(3 ;i2 ,i

3
,· •• ,i

b
_·,)]. 

The same procedure can be executed for the last obtained 
form and so on, so that at last is obtained: 

('-p,)u(b-,;i"ik ) = P,[u(b-,;i"ik )+ U(b;i,)], for k" 

and summation for k from 2 until v gives 
v 

('-p,)u(b;i,) = P, k;2 U(b;ik ) = p,(,-p,), so that 

~(b;i,) = P,' 

Because of the fact that i, is an arbitrary page the 
result is valid for any other page i k so that 

U(b;ik ) = p~. 

This result can be used for substitution in the fore
going equations so that it follows that 

( ..) P, 
u boo' ;l., , ·l.k = '_p Pk' 
In this way workin~ back through the equations it 
follows in general 

for k=' ,2, ... ,b. 

For k=' we have the solution ' whlch is given in section 5. 

.7. THE PROBABILITY OF A MISHIT (p.o.m.). 

A mishit occurs'when a page is commanded which is not 
contained in the buffer storage. Suppose that i, is such 
a page then the probability that this page is commanded 
is P, a~d the probability that this page is not in the 
buffer l.S presented by , 

M~ = .;. .; .•••. 1:...l' u(i2 ,i3 , .•• ,ib ,). 
l.2rl., l.3rl., l.'Q+,rl., + 

The probabi~ity of a ml.~hit of page i, is by cons~quenc~ 
p,M,. Identl.cal expressl.ons can be formed for the other 
pages so that in general the probability of a mishit, 
taken over all pages is presented by 

v 
p.o.m. = i~, . PiMi' 

8. SOME EXAMPLES. 

In some simple cases it is possible to express the 
probability of a mishit in a simple analytic form. 
Because ~he RO and FIFO procedures have the same solu
tion the probabilities of mishit are also equal in both 
cases ·and they will be considered together. 
We distinguish various cases. 

1. All v pages have equal command probability p, 
so that vp=,1. 
a. RO-FIFO procedures. 

Consider a page numbered i then it follows from 
(1) that 

.0!::llL b 
Mi = C (v-boo')! P =, - bp, because 

c v! b 1 th t (v-b)! ' p = , so a 
v 

p.o.m. = i~' p Mi pv('-bp) '-bp. 

b. LRU procedure. 
From (2) it follows for page i 
M. = (v-1)! , pb bii1 1 = 1-bp. 

l. (v-boo'). k=1 1-kp 
Hence also in this case 

p.o.m. = 1-bp. 

2. One page has command probability 2p and the other v-1 
pages have command probability p, so that (v+1)p=1. 

ITC 7 432/8 

The first page gets number 1 and the other ones number 
i for i=2,3, ... ,v. 
a. RO-FIFO procedures. 

The norming constant follows from 

C· { (v-1)! b ' 2b iY::.ill b} = C kllL (v+b)p, 
. (v-b-1)! P + (v-b)! P TV=bT! 

(v-1)! b 
M1 C (v-b-1)! p and 

(v-2)! ( ' ) b Mi C2 (v-b-1)! v+b-1 p , for i=2,3, ..• ,v, 

p.o.m. = 2pM, + (v-1)pM. = V-b
b 

(1+bp). , l. v+ 
b. LRU procedure . 

From (2) all possible variations result in 
M = (v-1)! b b-1 1 ~{1-(b+1)p} 

1 (v-boon! p k~1 1-kp = 1-p , 

M. l. 

Now 

(v-2)! b boo' 1 'iv 2)' b+1 
(v-b-2)! p k~1 '-kp + (;-~-1)! bp {2-(b+1)p}= 

{1~(b+1)1} (1,-2p+bp2) . 2 3 
('_p ('-2p) , l.= , , ... ,v. 

{1-(b+1)p}(1-bp2) 
1-p p.o.m. 

It can be shown that the ca£e of equal command 
probabilities gives a greater p.o.m. than the lat
ter case, for which RO-FIFO gives in its turn a 
greater p.o.m. than LRU. • 

3. v1 pages have a command probability p and v-v1 pages~a probability q with v,p+(v-v1)q=1. 
This case has been worked out only for the LRU proce~e .• 
Even by means of a computer this was only p~ssible for 
small values of v • . In fact the followed method is the 
same as the one used in example 2. The results will be 
given in the following section. 

9. COMPARISON OF RESULTS OBTAINED WITH THE EXACT METHOD 
AND COHEN'S APPROXIMATION. 

The described method for exact calculation of the probabil
ity of mishit is rather complicated for general cases, i.e. 
when v is large and the command probabilities are different 
for all v. Besides it appears to be impossible to find llln
·iting values for the p.o.m. except fo~ the case of equal . 
or almost equal command probabilities. . 
These problems can be solved by means of Cohen's approxi~ 
tion. Therefore it is important to see how much this 
approximation differs from the exact solution. 

Three cases which give enough information follow below. 
We repeat that 
v = the total number of pages of a program, 
b = the number of pages the buffer storage can contain, 
v 1= the number of pages with c~~nd probability p, 
v-v, pages have command probabl.ll.ty q, 
p.o.m. = the probability of mishit. 

Case 1 
v=110 v,='O p=0.08 q=0.002 

b . exact p.o.m . . approximated p.o.m. 
2 0.8723 0.8763 
4 0.7493 0.77'5 
6 

• 
0.6327 0.6435 

8 0.5245 0.5154 
'0 0.4278 0.423' • 12 0.3466 0.3306 

Case 2 
v=220 v 1=20 p.0.04 q=0.001 

b exact p.o.m. approximated p.o.m. 
2 0.9359 0.9365 
4 0.8728 0.8779 
6 0.8'09 0.7984 
8 0.7505 0.7505 

10 0.6916 0.6854 
12 0.6345 0.6278 

Case 3 
v='20 p=0.0083 vp=' 

b exact .p.o.m. approximated p.o.m. 
2 0.9833 0.9834 
4 0.9667 0.9670 
6 0.9500 0.9510 
8 0.9333 0.9352 

10 0.9167 0.9197 
12 0.9000 0.8969 



• 
• 

• 

It is clear that the approximation is better for larger 
values of v and for equal command probabilities. 
In case 1 however the approximation is very good too. 

10. CONCLUSION. 

If the pages of a program are supposed to be commanded 
in the buffer storage independently of each other, it 
is possible to determine the probab~lities of mishit for 
RO, FIFO and LRU procedures when the command pro~abili
ties for the pages are known. 
It has been shown that the LRU procedure gives the 
smallest probability of mishit and that RO and FIFO 
give equal probabilities of mishit. 
In practice it will be diffic~t to apply the exact 
method because of combinatorial difficulties and it 
has been shown that the approximation used by Cohen is 
very good. 

Errata: 

page 2. 

page 2. 

page 4. 

Analysis of Storage Hierarchy 
J.W. Cohen 

first column 
first line: replace M by v 

in fol'lll. (2.9): Q(c) = - j y d{1-F(y)} 
c 

in last formula for Q1 (c): 
replace c by /2;, 

second column 
replace in fig. 2 and 3 ql by Q 

replace in fig. 3 in formula for Q1 (c)-
c by /2;, 

first column 
in form. (3.10) 
n . ch b 
E c {1--} 

h=1 h v 

should righthand side read 

Pr{,£=ch } 

in form. (3.11) replace j by y 

page 6. first column 
in first form. for ·pr{~=n} 
replace h by b 

in last but one paragraph, second line 
replace LRU by RO 
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