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ABSTRACT 

In a multi-stage link network two methods of selection 
of free paths through the network and of free lines 
on an outgoing route are compareds random selection 
and selection with a fixed starting position. 
The two methods of selection are compared in two 
respects. 

a. Traffic performance 
The difference in traffic handling capacity, 
permissible on last choice routes for a given 
loss probability, is determined. Furthermore 
the difference in overflow probability from 
first choice routes is calculated • 

b. Processor load. 
Searching for a free line in an outgoing route 
as well as looking for a free path through the 
network from an inlet to a free line on the 
route, contributes to the processor load. 
Therefore, for both selection methods two 
quantities are determined. 
1. The average number of lines to be tested per 

call. 
2. The average number of free lines to be 

tested per call (i.e. the average number of 
times that a free path through the network 
has to be looked for). 

Approximate numbers indicate that for random 
selection the average number of tested lines is 
much lower, while traffic performance and 
average number of tested free lines are slightly 
infavourable. 

235/1 

1. INTRODUCTION 

A multi-stage link network is considered in which 
a certain inlet has to be connected to an arbitrary 
free line on a specific outgoing route. 
Different methods of selection may be adopted for. 

a. The selection of a free line amongst the lines 
of the outgoing route. 

b. The ·selection of a free path amon~st all paths 
from the inlet to a fixed outlet (i.e. a fixed 
free line of the route). 

In this paper, two methods of selection are com
pared in some respects. random selection and 
selection with a fixed starting position. 
First, the difference in traffic handling capacity 
of the outgoing route, at a presoribed loss proba
bility is determined. 
Secondly, in the case where the outgoing route is 
a first choice route, the difference in overflow 
probability is determined. 
Finally, the processor load, caused by the search 
for a connection, is an important quantity. It is 
determined per call by the average number of lines 
to be tested, and the average number of times that 
a path through the network has to be looked for. 
These two averages are calculated for the two 
selection methods. 

2. Aspects of the comparison of selection methods 

In this paper a link network is considered in 
which the inlets are subscribers or incoming lines, 
and the outlets are lines of outgoing routes. 
In such a network an outgoing connection has often 
to be set up for a certain inlet. This is a path 
through the network from that inlet to an arbitrmy 
line of the outgoing route concerned. In order to 
establish such a oonnection, first a free line has 
to be searched for. 
When such a line has been found - i.e. a certain 
outlet - hunting for a free path between the inlet 
and the outlet is done. If there is no free path, 
another free line is searched for, and the proce
dure is repeated, etc. Two seleotions are involved 
heres the selection of a free line and the selec
tion of a free path between a given inlet and a 
given outlet. Different selection methods may be 
used and the choice of a method depends upon seve~ 
factors. This paper is concerned with the compari
son of two specified selection methods. 
A further restriction is that only factors related 
to the traffic are considered in the comparison. 

The two methods considered are ranlom selection 
and selection with a fixed starting position. 
In practice the first method is often somewhat 
modified into a quasi-random method (e.~. by cyclic 
hunting with a random starting position). To illus
trate the differences in the comparison with the 
second selection method, however, it seems better 
to consider pure random selection. The fact is 
that the second method also employs cyclic hunting. 

The factors taken into consideration in the compa
rison, are traffic handling capacity and the pro
cessor load. Traffic handling capacity has two 
variants, depending upon the kind of route conside
red: last choice or fi~rathert non-last) 
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choice route. For a last choice route the traffic 
handling capacity for a prescribed loss probabili
ty, is an important quantity_ For a first choice 
route the quantity discussed is the overflow 
probability for a given traffic volume offered. 

The processor load is affected by the testing of 
lines and the searching for free paths through 
the network. Therefore in order to compare the 
two selection methods in terms of the processor 
load two quantities are calculated. The first is 
the average number of lines per call which has 
to be tested. The second is the average number 
of free lines tested per call. 

~. Traffic capacity of the route 

In a multi-stage link network the lines of the 
route as a rule form only a small part of the 
outlets of the network. This means that, by way 
of approximation, we may assume that the number 
of occupied links is independent of the (traffic) 
state of the network. A second fact is that in a 
multi-stage network many sources (- inlets) offer 
traffic to the route. 
This justifies t he assumption of an Erlang distri
bution of the number of occupied links. 
Combining these two assumptions, we find the 
following formula. 

B- ~ PL(n-i).Pi (1) 

where 

B - blocking probability, i.e. the probability 
that either there is no free line, or there 
are 1 or more free lines and that no free 
path can be established between the inlet 
and any of these free lines. 

PL(i) - probability that i of the n lines of the 
route are occupied i 

a / i : 

..J- (aj/j:) 
J-O 

a - traffic offered to the route. 

Pk- probabil i ty that no free path can be set up 
between the inlet and any of the k free lines. 

P1 , P2 ' •••• are quantities which are determined 
by three factors simultaneously: the network, the 
load on the inlets and the selection method 
applied. For a particular network with a particular 
inlet load, we can therefore distinguish between 
P1R and P1F , P2R and P2~' etc. Here R stands for _ 
random and F for fixed tstarting position). 
It follows from the definition of Pk that PO. 1. 

Further PL(n) - En(a). 

Using this, (1) may be rewritten as. 

B-E (a){1+.!! P
1
+ m(n21) P

2 
+ •••• + n~ p} (2) 

n a a a n 

If there were complete independence between the 
k groups of paths from the inlet to k different 
free lines, we should have 

k 
Pk - P1 (k-2,3, ••• ) 

Because there is dependence, however, (e.g. 2 
common links in the first link stage), P 2> P 1 
and P~) P1~' etc. In a multi-stage link network 
the d~pendence is small, at least for small 
values of k. Therefore we approximate (2) by 

B - En(a) 1+ ~ P1 + n(~-1) P12} (3) 

n n-1 n-2 ~ provided that a P1 is very small com-

pared with the form within brackets, i.e. compared 
withB/E (a). 
Formula ~3) enables us to determine the permissi-
ble traff ic a on a route of n lines for a given 

.blocking probability B, as a function of P1. 
This has been done for n- 5,10,20 ,40 and 
B-O,001, 0.01, and the results are given in Fig. 1 . 
Here a is expressed in the permissible traffic 
aE on a full availability route of n lines as a 
unit. In other words ~ i s the solution of the 
equation: B- En(~)' 
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and E stands for Erlang. ~ is the traffic which 
the route would be able to handle without the 
network. 
The graphs in Fig.1 are confined to the area where 

m(n-1) (n-2) P ~'O 05 B/E ( ) 
3 1-· n a • 

a 
Formula (~) and Fig.1 will now be used for the 
comparison of the two selection methods for last 
and first choice routes. 
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Fif:. 1 • 
Permissible traffic (a) on a route of n lines for a 
prescribed blocking probability B, as a function of 
the point-to-point loss probability P l . (The traffic 
i s expressed in aE as a unit where Ent~)-B). 

a. Last choice routes 

Fig.1 shows that for low values of n, even a 
value of about 0.05 for P1 gives a considerable 
loss in the permissible traffic (a) on a route 
compared with full availability. If, for example 
n-5 and P}-0.05, the loss is 8.6% for B-0.001 
and ,.4% or B-0.01. At the same time P j -0.05 
leads only to about 1% loss for n ~ 20 wlHch 
means that this value of Pt may be unnecessarily 
low for many routes. Therefore we may assume 
that the multi-stage network is designed in a 
such a way that for the required load on the 
inlets and with the applied selection method, 
P1 is of the order of 0.1. If that value of 
P1 leads to unacceptable traffic handling 
capacities for small routes, special measures 
such as e.g. double connections for the lines 
may be adopted, and only values of n in the 
order of 10 higher, with single connections, 
need to be considered for last choice routes. 
It is well known that B > BF (see e. r. [1] ). 
Therefore the permissib¥e traffic on a route 
with given nand B, is higher with fixed star
ting position than with random selection. 
Thus ~ >~. 
Regarding the ratio P1R/P1F the following may 
be observed: In a given network, both P1R and 
P increase, of course, with the load ~n the 
iJfets. For lower inlet load there are more 
free paths between an inlet and an outlet than 
for a higher load. Therefore, it may be expected 
that the influence of a selection method on P1 is, at least relatively, more marked for lower 
traffic than for higher traffic. This means that 
it may be expected that P1R/P1F is decreasing 
(to 1) with increasing values of P1R. 
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This is confirmed by simulat'ions [2J. From these 
results it appears to be very unlikely that 
P1R/P1F • 2 when P1R - 0.10, i.e. P1F - 0.05. 
Taking these values and n-10 in Fig.1 means that 
~/aE F:I 0,95 and a!~ ~ 0.975. Thus ~ is about 

2.5% smaller than aF • For higher values of n the 
relative difference between ~ and ~ is smaller. 
For n-20 e.g. it is 1%. Hence the conclusion iSI 

If the multi-stage link network is such that P1R 
is about 0.10 for the required load on the in1e~s, 
the traffic handling capacity of outgoing routes 
with selection with fixed starting position of 
paths through the network is at most about 2.5% 
higher than in the case of random selection. 

b. First choice routes. 

r 

Denoting the overflow probabilities for the two 
selection methods by ~and BF respectively, we 
have from (3): 

( ,In ( ) n(n-1)( 2 2 );t BR-BF- En a 1la P1R-P1F + a 2 P1R - P1F1 

On the assumption that P1R~ 0.10, we get an 
upper limit for B-BF by again taking P1R-0.10 
and P1F-0.05. This upper limit is, together with 
B, given as a function of n and a in Fig.2. 
a/n is restricted to usual values for first choice 
routes (i.e. between 0.8 and 1.2) and n~ 20. 
The conclusion from Fig.2 is that the difference 
BR-BF is always less than 5~~ of BF and always 
smaller than 0.02. 

,------.-----r-----,------; ". 0.10'0 

Fig. 2. 
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Difference BR - BF of over f low probabilities, and BF , 
of a traffic of a Erl. offered to a first choice 
route of n lines. 

4. Average number of (free) lines to be tested per 
call. 

The probability that more then j free lines have 
to be tested for one call is P .• Thus the average 
number of free lines to be tes~ed per call (/~) is I 

n 1 
/"llp • y j(Pj_1-Pj).1+P1+P2+····+Pn~ 1-P 

j:i 1 

(The subscript P in fUn refers to "paths" because 
f"llp is the average number of times per call that a 
Tree path through the network is searched for). 
Hence 1 1 

j"llpR· 1-P
1R 

and j"llpF· 1-P
1F 

It should be noted here that /up is in first 
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approximation independent of the number of l ines. 
Taking P1R-0.10 and P1F!; 0.05, we get 

/uPR-jUPF ~ 0.06 

Regarding the average numbers of 1ine 5 to be t ested 
per call (/uL), we shall discuss the two selection 
methods separately. 
With random selection, finding one free line takes 
on the average n:a tests on occupied lines. 
This is a consequence of the fact that, when a 
Erl. is offered to n lines, the average number of 
occupied and free lines is a and n-a respect~ve1y. 
Finding a free line thus corresponds on the average 
with testing of 1+ n~a - ~ (free or occupied) 
lines. Therefore 

n ~ ___ ~n~~ ___ ~ 
/uLR '" n=;:-. /uPR - (n-a)(1-P

1R
) (4) 

With selection with fixed starting position, a 
lower and an upper limit for /uLF may be calculated 
in the following way: 
A lower limit ~~LF)iS found by assuming that all 
switches to which the lines are connected, are 
always available to the inlet concerned. In other 
words: the route is a full availability route. 
In such a route with fixed starting position the 
probability that j lines have to be tested, is 
equal to the probability that the first j-1 lines 
are occupied and the jth is free. This probability 
is: 

E . 1(a) - E.(a) 
J- J 

Hence n-1 

/~F - t j{E j _1 (a)-E/a)} - L Ej(a)-.nEn(a-). (5) 
j .. 1 j,.o 

~nen the lines are numbered in the order of testing 
as 1,2, ••• ,n, an upper limit (/~F) may be derived 

as followsl Assume that if k switches at a call 
moment are not available to the inlet concerned 
they bear the line no. 1,2, ••• ,k. Then: 

. /u,.F -/~LF + /uSF 

where 
IUs - average number of switches which at a call 

moment are not available to the inlet concer
ned. 

Now P1 is the probability that one particular switch 
is not available. Thus /US-nP1 and in particular 
/uSF-nP1F • 

Hence /~F"'/~LF+nP1F. (6) 

Taking P1R-0.10 and P1F-0.05, and B-0.001 or 0.01, 

we get /ULR'/~LF and /iiLF as functions of n by 
using formulas (3) to (6). Fig.3 · shows the results. 
It appears that, with n increasing from 10 to 50, 
/~R increases from 2 to 4, while /uLF increases 

from 4 to a value of about 20. The ratio /uLP//uLR increases from 2 to about 5. 

5.Conc1usions 

Some figures may be given regarding the comparison 
in a multi-stage link network of two methods of 
selection of paths through the network and of lines 
in an outgoing route: random selection (RS) and 
selection with fixed starting position (FSS). 
These figures are approximate and they apply under 
the economically justified condition that with RS 
the point-to-point blocking probability for a 
required inlet load is about 0.10. 

The conclusions then are: 

a. the traffic capacity of last choice routes is 
slightly higher with FSS, than with RS. The 
difference in capacity decreases with increasing 
route size. For 10 lines it is at most about 
2.5%; for 20 lines it is not more than 1%. 

b. The probability of overflow from a first choice 
route is lower with FSS than with RS, but the 
relative difference in always less then 5%. 
The absolute difference in overflow probabilities 
is smaller then 0.02. 
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Fig. 3. 
Average l'lum))er of (free) lines tested. per call as a 
function of the number of lines n, blocking probab
ility B, and selection method (R or F). 

c. The average number of free lines of a route that 
has to be tested per call with FSS is not more 
than 0.06 lower than with RS. This number is 
practically independent of the route size. 

d. The average number of (free or occupied) lines 
of a route that has to be tested per call with 
RS increases less with the route size than 
with FSS. For sizes of 10 and 50 this average 
is 2 and 4 respectively with RS. With FSS 
these averages are 4 and 20, respectively. 
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