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ABSTRACT 

This paper is concerned with the statistical variations 
of the load carried by a group of servers over a finite 
time- interval. Estimates of carried loads by the method 
of switch-count are also investigated. Much work has 
already been done in these areas but the existing results 
do not cover the important case where the offered calls 
are overflows from a subtending group: all the formulas 
derived here are applicable either directly or in con
junction with the E~uivalent Random Method to groups 
handling rerouted traffic . 

More specifically we shall deal with the following model: 
Consider a full-access group and let N(t) be the number 
of busy trunks at time t . The load carried over (O,T) 
is , by definition, 

T 

(l/T) LN(t)dt. 

Various estimates of this quantity have been considered 
in the literature, the principal one being 

n-l 
(l/n) L N(kT/n), 

k=O 

which is obtained by observing the process at regular 
intervals of length Tin. Heretofore, the most general 
condition under which the accuracy of these (and related) 
measurements have been investigated is that the under
lying process is Markovian [1,2,3] with the important 
particular case of systems with Poisson input and 
exponential service- times receiving greater attention 
[4,5,6 ,7] . 

In the present paper we develop first a method for the 
determination of the asymptotic moments of the carried 
load under the following assumptions: (i) calls arrive 
according to an arbitrary renewal process, (ii) the 
service times have an exponential distribution and 
(iii) calls are not allowed to wait (loss-system). (The 
extension of these results to the case of delay-and- loss 
systems is immediate but is not dealt with here for lack 
of space). 

Whenever (i) and (ii) are satisfied, the approach of this 
paper can be used to derive formulas for the asymptotic 
moments of the more common traffic measurements , in par
ticular , as is shown in Section 3, those of the switch
count load. Approximate expressions for the moments of 
the latter are derived under the additional assumption 
that the interarrival distribution is a mixture of 
negative exponentials. But for greater algebraic 
complexity, the case of arbitrary recurrent input can be 
treated in the same manner . 
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1 . INTRODUCTION 

This paper is concerned with the moments of carried-load 
measurements over relatively long time intervals when 
(i) calls arrive according to an arbitrary renewal process 
and (ii) the service-times are exponentially distributed. 
We shall assume throughout that the servers are fully 
accessible . 

Let N(t) be the number of busy trunks at time t . The 
usage, L(T), over (O,T), is defined here by the relation: 

L(T) J:N(t)dt. 

(L(T)/T is the carried l oad in Erlangs .) 

We shall first determine the moments of L(T) for large T. 
To this end we shall proceed as follows: Let Lk+l(T) be 

the usage over (O,T) given that a call arrived at time 0 
and that N(O-) = k . Let ~(T) = E{exp - nLk+l(T)}. As we 

shall see, the ~ satisfy a nonhomo~eneous system of 

integral equations of convolution type . Hence, after 
taking transforms, differentiating (as often as needed) 
with respect to n and then setting n = 0, we obtain a 
system of linear equations for the transforms of the 
moments of ~+l(T). These moments , however , are agymp-

totically independent of the initial conditions and the 
asymptotic moments of L(T) can therefore be obtained 
through straightforward application of Cramer's rule and of 
known Tauberian theorems. For pure loss- systems, these 
analytical steps are carried out in some detail in Section 
2 . .The modifications needed in the case of delay-and~loss 

systems are immediate but are not carried out here. 

Whenever (i) and (ii) are satisfied, the approach described 
here can be used to derive formulas for the asymptotic 
moments of the more common traffic measurements. In par
ticular, it is shown in Section 3, that approximate ex
pressions f or the moments of switch count load can be ob
tained by this method . These formulas are obtained here 
under the additional assumption that the interarrival 
distribution is a mixture of negative exponentials. But 
for greater algebraic complexity, the case of arbitrary 
recurrent input can be treated in the same manner. 

The nth asymptot ic moments of L(T) can be extracted, as 
mentioned earlier, from a system of linear equations. 
These equations are of the form 

k+l n I L fl
k

· _d_ M~ (sl n) = Y
k

, 
i=O 1 dnn 1 n=O 

k=O,l, ... ,c, 

and one of their most useful features is that the flki are 

independent of n : the dependence of the solution on n is 
brought in exclusively by the Yk . Furthermore, the fJki are 

such that the diagonalizations of the determinants intro
duced by the application of Cramer ' s rule are easily 
carried out . Other measurements lead to analogous systems 
of e~uations. Their flki are not the same but they are 

nevertheless always such that diagonalizations can, in 
every case, be achieved by identical sequences of row and 
column transformations. This important property is of 
course reflected in the structural similarity of all the 
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asymptotic moment-formulas: these are all cast in the 
same mold. 

2. THE MOMENTS OF THE CARRIED LOAD IN LOSS SYSTEMS 

In this section we derive a basic set of linear equations 
for the asymptotic moments of the load carried over a 
finite time interval (O,T), T large, by a group of c 
servers when calls are not allowed to wait. 

Let N(t) be the number of busy servers at time t and write 
~+l(T) for the usage over (O,T) given that a call arrives 

at time 0 and that N(O-) = k(O 2. k 2. c). Let 

~(T) = ~(T,n) = E{exp-n~+l(T)}. 

Then, by focusing attention on two consecutive arrival 
instants, we have: 

k+l 
~(T) r 

i=O 

T 

foPk+1,i(U)Elexp-n'k+1,i(U))Mi(T-U)dF(U) 

+ [1 - F(T)]E{exp-ntk+l(T)}, 

k < c, 
(2) 

and 

c 

L 
i=O I

Tp . (u)E{exp-n t .(u)}M.(T-u)dF(u) 
Cl. Cl. l. 

o + [1 _ F(T) ]E{exp-nt (T)}, 
c 

where (i) F(') is the interarrival distribution; (ii) 
tk+l,i(u) is the usage over (O,u) given that N(O-) = k, 

N(u-) = i and that no call arrived during (O,u), (iii) 
t k+l (T) is the usage over (O,T) given that N(O-) = k and 

that no call arrived during (O,T); and (iv) Pk+l,i(u) is 

the probability of a transition from state k + 1 to state 
i in time u given that no call arrived during (O,u): 

( ) = (k+l) -iu( _ -u)k+l-i 
Pk+l,i u i e 1 e , i = 0,1, ... ,k+l. 

The last equation in (2), which corresponds to the case 
where k = c, will not be used in the sequel. We shall 
replace it by: 

(2') 

Hence, in much of what follows, k will be restricted to 
the range {O,c-l}. 

Clearly tk+l,i(u) and iu + tk+l_i,O are equidistributed 

and, taking (3) into account, we can then rewrite (2) as 
follows: 

k+l IT 
"k(T) iIo [k:1] oe-iU(l+n) (1_e-u)k+1-i 

'E{exp-ntk+l_i,O(U)}Mi(T-U)dF(U) 

+ [1 - F(T) ]E{exp-ntk+l (T)}. (4) 

Explicit expressions for the expectations in (4) are 
readily obtained. Indeed, since the service times are 
exponential and independent of each other, we have: 

l-e ~ 
-(l+n)u jj 

and 

~ 
-(1+ )T

J
k +1 

l+ne n 
(H:n) . 
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. Substituting these expressions in (4), we find that 

k+l IT G (1 ) ~k+l-i 
"k(T) i~O [k:1] oe-i(1+n)U~-e-1+:n"l Mi(T-u)dF(u) 

~ 
_(l+n)Tjk+l 

+ [1 _ F(T)] l:....+.;.&.ne=-__ 
l+n 

Let ~(T) = 1 - ~(T). Then, since 

we have, by (5) multiplied by (l+n)k+l: 

(l+n)k+l~(T) 

kIl [k:l) IT(l+n)ie-i(l+n)U[l_e-(l+n)U]k+l-iM.(T_U)dF(U) 
i=O l. l. 

o 
+ ~k+l(T), k O,l, ... ,e-l, (6) 

where 

~k(T) - ~k(T,n) 

(i+n)k+1 _ I:(1+ne-(1+n)U)k+1dF (u) 

- [1 - F(T)][l+ne-(l+n)T]k+l. (7) 

We now take the Laplaee-Stieltjes transform of (6). The 
following notation is used: 

.ki(8) - .k,i(s,n) = I:e-SUe-iU(1+n)[l_e-(1+n)Ulk+1-idF(U), 

_:(s) - -:(8,n) = I:e-SUd_k(U), 

The transforms of equations (6) are then 

k 0,1, ..• ,e-l. 

(8) 

This system of linear equations, together with the relation 

* * Mc(S) = Mc_l(s), (8' ) 

* uniquely determines the transforms ~, k = 0,1, ..• ,e. 

We note that the nth moment of Lk+l(T) can be obtained by 

* taking the nth derivative of ~(s,n) with respect to n and 

then setting n = O. Indeed let Lk+1(T;') be the cumu

lative distribution of Lk+l(T). Since 

"k(T) = f e-nYd~+l(T;Y) 
y 

• 
• 

• 
• 
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we have, with d
u 

and d
y 

standing for differentials with 

respect to u ann y, respectively: 

{-l)n+1 [e-SUdu~/nd/k+l (u;yj 

{-l)n+1, [e-'u~/ndlk+1 (u;y}u 

= (_1)n+1, l:e-'"E{~+l(U)}dU' (9) 

Hence the asymptotic moments of the usage L(T) can be 
obtained from the derivatives of ~ at n = 0 for small 
1 s I· 
Taking the nth derivative of (8) with respect to nand 
rearranging terms we find, after setting n = 0: 

k O,l, ... ,c-l, 

k = O,l, ... ,c-l. (11) 

With w~O)(s) = ~:(s,O), (11) is valid for all n ~ O. 

Equations (10) make it possible to determine the nth 
derivatives of the transforms ~ at n = 0 in terms of the 

lower derivatives (at n = 0) of these same transforms. 
The fact that the coefficients of the nth derivatives in 
(10) are independent of n entails important simplifi
cations. 

By Cramer's rule, we find, after a series of manipulations, 
that 

where 

(i) 

(ii) 

(iii) 

and 

c-2 ( ) L (_l)kC T n 
k=O c-2 k c-l-k 

q,(q,-l)C 2 2[.(C-l)q, + 1] n- ,n- c 
(12) 

41 is the Laplace-Stieltjes transform of the inte~ 
arrival distribution, 

q,k = q,k(s) = q,(s+k), 

C = l-q,n+l • l-4>n • 

nk q,n q,n-l 

k = O,l, ... ,n-l, 

For n = 1, we have 

T(n) = I (_l)k (P+l) tjJ (1) I (_l)k(P~l) a * 
p 

k=O k p-k k=O 
an~k(s,O). 

Hence, by (12), we see that 

a * an MO(S'O) 
AOll 

= 41-1 + ROl (s,O), (13) 

where AOll is a constant and R01(s,0) is a regular function 

for Rs > - £ whenever £(> 0) is sufficiently small. 

We note next that the T(n),s, n > 1, involve the first, 
second, ... and (n-l)st derivatives of the M~'s at n = 0 

* l 
as well as the n-th derivatives of the ~k's, the latter 

being regular for Rs ~ - 0, whenever 0 (> 0) is ~ufficientJJr 
small. Hence by (12) and (13) it follows by induction that 

n A A A. 1 
a *( ) = ~ + On,n-l + In + R ( 0) -- MO s,O 1 + ..• (,1,-1) in s, 

ann (q,_l)n (q,_l)n- ~ (14) 

where the A's are constants and Rin is regular over 

Rs > - 0 provided 0(> 0) is sufficiently small. 

Substitution of (14) into (10) yields 

I ~+ R (s,o) 
j=l (q,-l)j kn 

k+l (k 1) [n ~ ~ L -: 4>k' ( s ,0) L In j + R. (s, 0 ) + 
i=O l l =1 (41-1) III 

Multiplying each of the preceding equations by (4)_l)n and 
letting s tend to 0, we obtain the following system of 
equations for the Ainn: 

k+l ( J ~ - L k~l q,ki(O,O)Ainn , k O,l, ... ,c-l. 
nn i=O 

(16) 

From (8') we also have 

(16') 

It is not difficult to verify that 

k+l-i ( .} ~ k+l-l (_l)mq,. (s) 
L m l+m 

m=O 

and this relation, in turn, implies that 

k+l ( ) L k:l q,ki(O,O) = 1. 
i=O 

Taking this fact into account, it is readily seen that ~ll 
the solutions of (16)-(16') are of the form: 

Ainn = Ann' i = O,l, •.. ,c. 

An immediate consequence of (17) is that (15) reduces to 

k = 0,1, ... ,c-l. 

Multiplying each of these equations by (q,_l)n-l and let
ting s tend to 0, we may again conclude, by the same 
argument, that 

Ai,n,n_l An,n_l' i = O,l, ... ,c. 

The step carried out twice above can be repeated n - 2 
more times to show that the A. j are independent of i so 
that In 
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on * n A. 
-M.(s,O) = L -EL-j + R. (s,O). (18) 
onn 1 j=l (~-l) 1n 

Substitution of (18) into (11) yields, after a change of 
summation order: 

on 
+ - ~k(s,O), 

onn 

where Rk j = Rk j(O,O) . (The symbol ~ is used to ,n- ,n-
indicate equality up to terms which do not affect the 
asymptotic behavior of the quantities under consideration). 
The justification of (19) makes essential use of the re
quirement that the Rin must be regular at s = O. 

The R. can be determined as follows. First we note that 
1n 

the Rin(s,O) satisfy the following system of linear 

equations: 

k+l 
Rkn(s,o) = L 

i=O 
( ) ~( ) n A. j k~ 1 ~k. R . (s, 0) + 1jJk n (s) - L nJ. 1 . 

1 1 1n i=l (~_l)J-

(20) 

Hence Ron(O,O) can be obtained by letting s tend to 0 in 

(12) with 1jJ~n)(s) replaced by the expansion within square 

brackets in (20). The remaining Rin , i = l •..• ,c-l, can 

then be computed recurrently from the relations 

Rkn = kt (k;l)~k.R. + Um 1. ~~(S) _ ~ AnJj _). 
i=O 1 1 1n s=O s L i=l (~-l) ] 

(Detailed calculations will appear in an expanded version 
of this paper.) 

It is easy to show that 

k+l [k+l) ~ L . ~ n • 
i=O 1 r 

By means of this relation, we can rewrite (19) as follows: 

1jJ(n) (s) 
k 

nt (n) L fit (k;l) ~. ni] nI
j 

An_J ,R. 
j=l j on j ~=O 1 1 R.=l (~_1)R. 

+ :f:,[;] a:~ ~I~ [k;l]ti n
i
]n=oRi ,n_j 

nt (nj) (Hl)j rIj 
An_J '~ + Rk _jl + ~ ~k (s,O). 

j=l l!=l (~-l) ,n ~ on 

so that 

n-l 
L 

j=l 
[;](k+l)j~:n::j tj]- j 
(~) 

n-l 
+ L 

j=l 
oj ~+l (k+l) i] - L . ~.n R. 

on j i=O 1 1 1,n-j 
n=O 

and 

T(n)(s) 
p 

p 
(_l)k (P+l) 1jJ(n) - L 

k=O k p-k 

r (-ll p+l· L n (p-k+l). _0 __ ~ L ~ [ ]"-' [ ] ~ p-k-j J n-j A 
k j=l j J onP- k- j j R.=l (~_1)R. k=O 

P n-l 
+ (-1 )k(P;l) [l{ j ~+1 [ 1 '] L L n _0_ L k:-l ~.n1 R. 

k=O j=l j on j i=O 1 1 n=O 1,n-j 

r k(P+l) on 

+ (k+l)jRk,n_j} 

+ (-1) k n ~r_k(s,O). (21) 
k=O an 

Taking this expression into account we obtain by equating 

the coefficients of (~_l)r(r = l, ... ,n) on the left- and 
right-hand sides of (12): 

~an 
• -~ (0,0) 

n c-2-m 
an 

and 

n-l 
+ L 

j=l 

( 
2 k) 0 c-k-2-j J • c-m- (c-k-m-l)j -=----=-- 4>j • 

anc - k- 2- j An _ j ,R.-l, 

R.>l,(s=O). 

These relations make it possible to calculate all the Anj's 

recurrently and thus, by (9), all the asymptotic moments 
of the usage L(T), T large. 

3. MOMENTS OF SWITCH-COUNT LOAD MEASUREMENTS IN LOSS
SYSTEMS 

In this section we consider a full-access loss system and 
assume that (i*) the interarrival distribution, F, is a 
mixture of negative-exponentials. As before, the service 

. times are exponentially di stri buted with mean 1. 
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the number of busy servers is recorded only at discrete 
instants 8,8 + T, 8 + 2T, ..• , and consider the asymptotic 
moments of the following quantity: 

n-l 
S(T) = N(8) + L N(8+jT), 

j=l 

where N(t) is the number of busy serve! s at time t and n 
is such that 8 + (n-l)T < 8 + nT. (The length T of the 
observation period is also assumed to be large as compared 
to T and 8). 

Let Sk+l(T,8) be the switch-count load over (O,T), given 

that a call arrived at time 0 and that the first count in 
(O,T) is made at time 8 (0 < 8 < T). Let 

~(T,8) = ~(T,8,n) - E{exp-nSk+l (T,8)} 

and write 8(u) for the length of the time interval between 
u and the next following switch count (8 = 8(0)). Then by 
focusing attention on two consecutive arrival instants, we 
have 

~(T,8) 
k+l jT 

= L p l·(u)E{exp-ns
k+l .(u, 8)}Q.[T-u,8(u)] 

i=O k+,1. ,1. 1. 
o 

'dF(u) + [1 - F(T)]E{exp-nsk+l(T,8)}, 0 < k < c 

(20) 

and 

(20' ) 

where (i) sk+l,i(n) is the switch-count load over (O,u) 

given that N(O-) = k, N(u-) = i and that no call arrived 
during (O,u), (ii) sk+l(T) is the switch-count load over 

(O,T) given that no call arrived during (O,T) and (iii) 
p .(u) is the probability of a transition from state k+l,1. 
k + 1 to state i in time u given that no call arrived 
during (O,u). 

So long as one is only concerned with asymptot ic moments, 
it can be shown by reasoning similar to that of Section 2, 
that (20) may be replaced by 

k+l jT 
Q (T) = L Pk+l .(n)E{exp-nsk+l .(n)}Q.(T-u)dF(n) 
""k i=O'1. ,1. 1. 

o 

k+l jT 
+ L Pk+l .(u)E{exp-nsk+l .(n)} 
i=O,l ,1. 

o 
·{Qi[T-u,8(U)] - Qi(T-u)}dF(n) 

+ [1 - F(T)]E{exp-nsk+i(T)}, 0 ~ k < c. (21) 

(Equation (20') is retained.) 

The application of the present approach hinges on the 
evaluation of 

k+l jT 
iIo oPk+l,i(u)E{eXP-ysk+l,i(U)}{Qi[T-U,e(U)] 

.- Qi (T-u)}dF(u) 

(22) 

which is a correction for the (global) shifts of the 
sequence of scanning instants. This expression can be 
approximated as follows: Given that there are i + 1 calls 
in the system at the time 0+, let vi+l(u, e ) be the contri-

bution (over (O,u)) of these calls to the switchcount 
measurement and let wi+l(u,e) be defined by the relation: 

si+l(u, e ) = vi+l(u, e ) + wi+l(u, e ). 

Assuming now that the v's and w's are independent of each 
other (which is clearly true in the absence of blocking) 
we have: 

Qi[T-u,e(u)] - Qi(T-u) 

E{exp-nvi+l[T-u,e (u)] - exp-nvi+l(T-u,T)} (cont. ) 
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'E{exp-nwi+l(T-u,T)} 

+ E{exp-nvi+l[T-u,e(u)] 

'E{exp-nwi+l(T-u,T) - exp-nwi+l[T-u, e (u)] 

~ E{exp-nvi+l[T-u,e(u)] - exp-nvi+l(T-u,T)} 

'E{exp-nwi+l(T-u,T)}. 

~ E{exp-nvl. +1[T-u, 0 (u)] - exp-nv . (T-u T)}'e -n(l-B)o:(T-u) l+; , 

where B is the blocking probability and 1/0: the mean inter
arri val time. 

Substitution of this last expression into (22) yields 
integrals that are readily evaluated whenever the inter
arrival distribution is a mixture of exponentials. 

The accuracy of the moment formulas obtained by the method 
just described will have to be studied numerically in order 
to determine whether or not a more precise evaluation of 
(22) is needed. 

Equations (21) are of the same form as equations (2), and 
can be solved in the same manner. Let then 

* ~(s) _ 

~ki (s) -

and 

where 

* ~(s,n) = -

E;ki(s, n ) 

[e-SUd~(U) , 

[Pk+1,i(U)EleXP-DSk+1(U)}dF(U) 

• {Qi [T-u, 8 ( u)] - Q
i 

(T-u) }dF ( u) . 

With this notation we have 

* ~(s) k+l (k+l) * L i E;k·(s)Q.(s) + ~*(s), 
i=O l 1. 

k O,l, .•. ,c-l, 

(23) 
and 

* Q (s) 
c 

* Qc-l (s). (23') 

Hence, taking the nth derivative of (23) with respect to n 
and rearranging terms we find, after setting n = 0: 

k+l (k+l) an * ( ) L . E;k'(s,O) - Q.(s,O) + 1T
k

n 
(s), 

i=O 1. l ann 1. 

where 

Straightforward calculat i ons yield: 

( ) { ( )} 
(
k+il)e-iV(l_e-V)k+l-i, Pk+l,i v E exp-nsk+l,i v = 

o .::. v < T 

(24) 
and 
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Pk+l;i (nT+v)E{exp-nsk+l.i (n-r+v)) 

[k;']e-[nT[l+n) + Vli{[l_e-T)l;~: e-jT(l+n~ + e-nT (l+n) 

• (l-e -v) r+l-i 

n = 1.2 •...• 0 < v < T . 

(24') 

Assuming now that F is a mixture of exponentials: 

m 
F(t) L Yr[l_e-

urt
). 

r=l 

where Yl+"'+Y
m 

= 1. Y
r 

> O. ur > O. we obtain by means of 

(24)-(24') the following expression for ~ki: 

By Cramer's rule we have 

lI(n) 
0 ;01 

(n) 
111 -1+;11 ;12 

lI(n) 
2 ;21 -1+;22 ;03 

lI(n) 
;c-l,l ;c-l,2 -1+E; E;c-l,c c-l c-l ,c-l 

-1 

-1+;00 E;01 

E;10 -1+E;11 E;22 

E;20 E;21 -1+E;22 E;23 ' 

;c-l,O E;c-l,l E;c-l,2 -lH';c_l,c_l E;c-l ,c 

-1 

We now perform the following transformations on the 
numerator and denominator of this expression: In the 
denominator. we first add columns 1.2 •... and c to column 
O. Next we add columns 2 .3 •...• c to column 1. then 
column1 3.4 •...• c to column 2 •... and finally column c to 
column c - 1. Starting with column 1 of the determinant 
thus obtained we repeat the whole process once more. This 
yields a new determinant that we subject to the same 
operation beginning this time with column 2. We repeat 
this process (c-3) times starting successively with 
columns 3.4 •...• c-l. The same operations are also per
formed on the numerator with only one modific·ation: 
column 0 is left unchanged and the process of successive 
additions begins with column 1. 

The transformations just described yield the following 
expression: 
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an • --:--n Qo(S,O) 
an 

I (n) 
no E;l 

(n) 
111 -1+ 2;1 E;2 

(n) - 2+3E;1 -1+3;2 ;3 
n2 

(n) 
n3 - 3+ 4E;1 -3+6E; 2 -1+4; 3 

lI(n) 
c-l _(cll) + (~)E;l _(C;1 ]+(~) E;2 (C-l)+( c )E; c-l c-l c- l E;c 

-(c-l) -1 

-1+E;0 ;1 E;2 

-1+f,;0 -1+2f,;1 -1+3E;2 f,;3 

-1+f,;0 -2+3;1 

-1+;0 _(cll) + (n;l _ (C;l ) (~) ;2 (C-l) c-l (C:l);C-l ;c 

-(c-l) -1 

Although not proved here. ~ M~(S . O) admits of a similar 
ann 

expression with ~l replaced by~. (~ = ~O) and n(n) re-
( ) l o · 

placed by ~.n. Because of this structural identity 
l 

an * an * 
between --- M (s.O) and --- QO(s.O) it follows that this 

ann ann 
last derivative is given by (12) with ~i replaced by ~i and 

~~n) by nin ). The same substitutions can be performed in 

all the remaining formulas of Section 2 and. therefore. no 
additional work is needed. It should be noted. however . 
that ~O is not the transform of the distribution of a nro-

negative random variable whereas ~O = ~ is the transform of 

F. the interarrival distribution. This means that the 
algebraic similarity of the moment-formulas has no immedi
ate probabilistic interpretation. 

4. SUMMARY 

The model considered in this paper is that of a full-access 
trunk group with recurrent input and exponential service 
times. For a given time interval of length T we derive 
(formula 12) the Laplace-Stieltjes transform of the usage. 
which is a time-dependent random variable. and t .hen show 
how the corresponding moments can be computed from these 
expressions (formulas 18-20). It is also shown that the 
same formulas. with suitable modifications. can be used to 
find the moments of the switch-count load. All the results 
presented here are asymptotic and thus approximate: they 
are only valid for T sufficiently large. In the case of 
usage measurements. a further simplifying assumption is 
made: the correction required for (global) shifts of the 
scanning instants is not determined exactly and the 
accuracy of the formulas thus obtained should be tested 
against experimental results . 

But for some additional algebraic complexity. the method 
described in this paper also yields the asymptotic moments 
of the usage and switch-count load for delay-and-loss 
systems. 

Electronic computers have allowed greater sophistication in 
network engineering. In particular. they have made it 
possible to take into account more readily the non
randomness of overflow traffic and its effect on actual 
traffic data. The method described here should be useful 
in this context. 

• 
• 

• 
• 



• 
• 

• 
• 
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