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ABSTRACT 

A simple mathematical model is tried for describing 
the dependence between the tariff system components 
and the characteristics of size in a telephone plant, 
namely the number of subscribers, tne local traffic 
and the long cl istance traff ic. Since these three 
quantities are ever increasing the effect of the 
tariff has to be studied as increase or decrease 
of growth. A "natural" annual growth factor is 
introduced as well as a factor to adjust the tariff 
components to a constant price level. For the 
estimation of the parameters of the model access to 
reliable historical data is of paramount importance. 
Since the economic significance of estimating more 
accurately future revenues is apparent, further 
research in this fie Id is warmly recommended. 

511/1 

1. INTR ODU CT! ON 

A tariff system generally comprises four main components: 
(I) Installation fee 
(R) Rental 
(L) Local call charge (depending on number of calls) 
(D) Long distance charging system (depending on time 

and distance ) . 
The revenues from the telephone network depends on the 
number of subscribers N, the number of new subscribersLl N, 
the number of local calls Y

L 
and the long distance traffic 

volume VD' the latter cons~sting of several classes 
dependent on distance. 

The expenditures for operation and depreciation are 
partly depend~nt on N, AN, YL and VD as well as on the 
peak traffic in the network and the grade of service 
provided at these occasions. 

2. PRICE AND DE~1AND 

It is a generally known fact in economic life that a 
change in price will affect the demand. The only 
exceptions are luxureous and status articles where 
only a high price creates a demand. Telecommunication 
is generally not of this kind- and therefore a change in 
price for these services should af f ect the demand. A 
change in any of the tariff components (I, R, L, D) should 
therefore have influence on the revenues as reflected by 
(N, jN, YL, VD)' These effects could be described as 
shown here. 

Change in 
I 
R 
L 
D 

Primary effect on 
£1N 
4N 

Secondary effect on 

YL , ~ 
YL , D 
VD' LlN 

The secondary effects can be explained e. g . as follows: 
A rise in I will cause ,fewer ne\~ subscribers and there
fore fewer local calls and long distance calls. It 
follows that a mathematical description of the depen
dence between tariff components and subscrihers and their 
traffic must recognize both primary and secondary effects, 

The effect of a tariff change on the peak traffics, the 
busy hour tra ffics, should also be included here. 

It is however very likely that this effect is less than 
for the traffic volumes. Reduced tariffs during off
hours seem namely never to have reduced the busy hour 
traffic anywhere. The reason may be that the peak traffic 
is mainly originated by business subscribers, who are the 
less price sensitive of all subscribers. 

It will follow below that the effect of tariff change 
must be measured as a change in the. growth of the traffic. 
This means that the measure~nt of the busy hour traffics 
must have such a precision, that deviations in the annual 
increase can be estimated. Since the busy hour traffic 
generally is a less strictly defined quantity, ordinary 
measuring values may not be adequate here. Consequently, 
the der .. endence between tar iff and busy hour tr a ffic will 
not be cons idered further in th is paper. 
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3. TREND 
\ 

The 'telephone networks are increasing everywhere , and so 
is the telephone traffic. Increased tariffs have never 
caused a decrease of the number of subs'cribers or of the 
traffic. Changes in a tariff system therefore only 
affects the growths of subscribers and of the traffic. 
The effect of a tariff change must therefore be 
measured in change of growth. This makes it less 
measurable since it assumes that one has a firm idea of 
what the normal increase is, when the tariff is left 
unchanged. 

Another difficulty is that the same monetary price will 
be considered as cheaper with time. It is 80 because 
the gene,' al economic standard is increasing with time 
and because of the natural inflation. 

4. SHORT AND LONG TERM EFFECTS 

The reaction by the subscribers to a change in tariff 
can be considered to be of two kinds, one short-term 
reaction and one long-term reaction. The short-term 
reactions have been studied by H.Y. Krapelien (ref.B) 
who has shown that the change in local traffic mainly 
del>ends on the ratio L:R i.e. the ratio between the 
local call charge and the rental. This reaction is 
however the normal human reaction when one finds that 
the price for a commodity has gone up - meaning that 
one tries to reduce one's consumption in order to adjust 
oneself to new prices. If the commodity is useful or 
attractive, its consumption generally goes up again 
after a certain time. This means that after the price 
chock the demand adjusts to the new price. For a 
telephone tariff change of this type the immediate 
reaction shouI'd not be visible after one year. 

The long term effect of tariff changes should firstly 
have an impact on the speed of growth of the telephone 
s e rvices and should be seen as an adjustment of the 
"natural" increase. Th is paper is confined to long
term effects of tariff changes. 

5. MEASURABLE QUA~~lTIES 

Number of subscribers. The effect of changes in I and R 
should be measured in the annual increase of new sub
scribers ~. It is however so in many countries trlat 
the waiting list exceeds several tUnes the annual pro
duction of new subscriber lines. It means that all new 
lines made available during a year generally can be sold 
even if I and R are very high. Therefore a study of the 
effect on IN of a change in I or R can only give sensible 
results if AN is larger than the waiting list. This 
limits such a study to very few countries with highly 
developed telecommunications 

Traffic volumes. Two types of traffic volumes should be 
affected by the tariff, namely the local traffic volume 
and the long distance traffic volume. Since local calls 
are not generally time charged, the former can be ex
pressed in the annual number of local calls, YL. A 
change in the local call charge, L, should have influence 
on this number and be fully measurable where this number 
is recorded. However, in a country with a low telephone 
density and a high demand for telephone~the effect of a 
raise in L on YL may be very moderate. 

The long distance traffic is charged after time and 
distance. This means that this traffic volume must be 
specified in charging classes. The traffic volume V. 
for distance class i (with the charge O. per unit L 

t~me) must be specified for all classesli, so that the 
effect of a change in D i can be stud ied. 

For countries without subscriber trunk dialling (STD) 
and for countries with toll ticketing, these traffic 
volumes V. are easily available. For countries with STD 
and bulk 1 billing, the values of Vi are not ready for 
access, but has to be collected by measurements on the 
transit exchanges. 
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6. PRINCIPAL MATHEMATICAL MODEL 

6.1 Basic assumptions 
Let us consider the relationship between a tariff 
component 0 and a traffic volume V 

(a) A very low D or 0 = 0 will give a definite value 
for V, since demand can be assumed to be limited. 

(b) A very high 0 will reduce V so that V = 0 for 0 = 00 
(c) The monetary value of 0 decreases with time because 

of increased standard of living and inflation. To 
describe D at constant prices at different times t, 
is used D ' e..-.x.t 

(d) There is a natural increase of V with time. Under 
unchanged conditions and at constant prices this 
growth is described by the factor 

e(3t-

(e) The present value of a future revenue is calculated 
as V f) . e-~t: 

where 
-rt e covers the normal rate of return for 

t years . 

6.2 Principal formula for V :: f(O) 
The following formula can tentatively be used 

1,t 
13, e ' (1) 

V 

where B, C and q are constants to be determined from 
historical data when 0 has been changed. The constant~ 
must be determined from periods when 0 has not been !
changed. Finally, the constant 0( must be estimated 
from relevant economic statistics. 

The principal shape of (1) is shown in fig. 1. It is a 
never increasing function for 0 = O. The derivative ~ 
is:: 0 for 0:: 0 and for 0 =00, otherwise<: 0 for D>O 

further, eft \' 
et D'2-

at which point the strongest reaction to a tariff change 
can be expected. 

The revenue to be obtained from a rate 0 at the time t 
has the present value 

(2) 

The expression (2) has its maximum for 

C 

if q >0.5 

6.3 Numerical example 
In a report from the Swedish Telecommunication Adminis
tration (ref. 11) is stated that a reduction of the long 
distance tariff with 10% would give an increase of the 
traffic volume of ~o . Letting the present (t=O) tariff 
be 0 = 1 and the present traffic volume be V :: 1 and 
assuming q 2 we obtain the constants 

B = 45.106 and C :: 5.716 

for ,V, ,':' and J we assume 

'- .<. c: = 0.97 
,- ,V 

e = 0.9 e.' 1.15 

meaning a yearly inflation of 1'::. , a "natural" traffic 
increase of 15~ and a rate of return of l~ in the 
present value calculations. 
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We then have 

4S.106.(1.lS)t 

and 

v 
(la) 

-\It 
VI>e," 

4S.106.(1.15)t.(0.9)t. D,(2a) 

fS.716+D2(0.97)2:72 J 

--------,,------,---------

These two functions are shown in fig. 1 
for t = 0 and t = 5. It follows that at 
unchanged D the value of V will increase 
differently for high and low U. The 
increase in the annual revenues as g iven 
in (2a ) is also diff e rent for high and 
low D. The value of D for which the 
revenue is maximum is also different 
for t = 0 and t = 5. In fact the 
maximum revenue for t = 0 is' for D = 1.38 
and for t = 5 for D 1.61. This maXimum 
revenue at t = 0 is 1.072 and 1.375 at 
t = 5. 

7. GENERAL MODEL 

2 

o 

It follows from section 2 that a change in one of the 
tariff components may have both a primary and a 
secondary effect on the three main character istics 
N, Y

L 
and V. The general relations must then follow 

the idea of formula (1). It must also take into 
account that a price becomes lower with time. 

Number of subscribers 

I 

The number of subscribers in one year, N, increases to 
N+ LlN in the next year. The increase . ~ N ,consists of 
new subscribers minus subscribers, who have cancelled 
their subscription during the year. Since very few 
people cancel a subscription because of increased 
tariff and since most cancelled subscriptions are taken 
over by a new subscribe~ the effect of a tariff change 
must mainly be seen in the number of new subscriptions. 
Therefore the value of ..aN, or AN should depend on 
appropriate tariff components ~ 
(I,R,L). 

We can write the general formula as 

c. 2 j \ t _z",)1'3 -/>1:-
f __ K ' Z -2,'J(t) -tIC Q.2 e- 0{ l e"t' L - e ,C" 

, ( CI T J e .J ' (2 t- . . L '3 ' ( 3) 
My 

or alternatively f'J , f'" J t 
~t) n t -2-Lt \ f<. :1 -- 20(-() > ~,. 

~ ::- F-( S 1" ~l e . ( Ez 't- e ' e. .J'( E, 't- L ' e / . (? 
Ill') ( 4) 

J 

where the constant must be determined empirically. The 
factors e-.:(.etake~ into ac~ount that a certain price At:' 
will be considered as cheaper with time. The factor e 
takes into account the normal growth at unchan ged tar if f 
and price conditions. The exponents q and p resp. take 
account of how strong the de pendence is. Since there 
are in all 7 const ants in each of the expressions (3) 
and (4), i t follows tha t these constants can only be 
determined from rather extensive historical da t a. 
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Local traffic 
The number of l ocal calls depends primarily on the l ccal 
call charge, but also a secondary dependence on the 
installation fee I and the rental R can be expected. 
The reason for this secondary dependence is tha t a 
high I or R may g ive less new subscribers and consequent
ly fewer local calls. We can therefore write the general 
formula for Y

L 
as follows 

- ('>l.-{)'\ ? 2 t: ) f7l "~ i I(~ -1t 
r G ' ( 4 Lf L'2 e ( ~ -f-- (f . (2 -- .J(/ (;i1 +R ,<>-2<>1) -e 

YL 

Th~ constants G, H H H d ,) t l ' 2 ' 3' r l' r 2' r 3 an /J 2 mus 
all be dete rmined from historical data, which con
sequently must be rather extensive. The factor a~t 
expresses the " natura l" growth under constant conditiollS. 

Long dist ance traffic 
Formula (1 ) g ives a tentative relation between charged 
traffic volume V and unit call rate D. We assume here 
that this traffic does not depend on any other tariff 
component. The long distance traffic genera lly consists 
of a number of distance classes, i, with different 
charges D . . Formula (1) should therefore be applicable 
for any ~ distance class , i.e. 
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V. 
1. 

I' , ·'le 

l, 2,3, ..... 

t 

(6) 

The total volume of charged long distance traffic is then 

The present value of the total revenue from the long 
distance traffic can then be written 

- Si 
V C e -= 

t 

(7) 

(8) 

where e - I is t he interest rate applied in the present 
value calculations. 

For formula (6) the constants B i , Ci ' qi and f33~ 

must be detennined from historical data . They must 
reflect the traffic dispersion pattern which is typical 
for the country. 

Total revenues 
,The total revenues can no\.,' be summed up as follows 

~ .= tJ.f' /. ~ T ~'I -+ 6£2 ) ,Q -t- \ , L +- .L Iv :, L , (Cl) 
<.. • 

for the rental revenues is assumed that the new suo
scriptions o~cur continuously during the year, thus 

C,-Vt('Q. Q I 
g1.v1.ng l.n N+"2 A N rentals to be paid. 

If the expressions (3), (5) and (6), or alternatively 
(4) instead of (3), ' are inserted in (9) we obtain a 
general relation between the total revenue, 'r, and the 
four tariff components R, I, Land D. Since every 
tariff component appears several times in the formula, 
a simplification may be written as follows 

Expressions (9 ) and (10) apply at t = O. For t:> 0 
every tariff component must be multiplied by e~to 
appear at comparable prices and N, YL and Vi be 

multiplied by a growth factor representing the "natural" 
growt h under unchanged conditions as regards tariff and 
prices. We then have: 

"',t. ~xt 'I!.) -.~ ( T -=-N ·e.. i( . (: T l1l'/ l~':J-f-2. (:' 1-
I:. 

(90) 

and analogeous adjustments of (10), where 1, R, Land D. 
- X t- -<!<. (: -.xl- - vd 1. 

are substituted by l.e , Re , L.e and D.e 
~ r: L j ;F t 

res l' . Further N is substituted by N.e ' ·' , Y
L 

by Yte 
'" t and Vi by Vie .. ,( The constants ,\ ) , )z. and ;" h 

represen t the "natural" growth under unchanged conditions. 
To expres~ Tt in present value, the whole expression must 

only be multiplied by a factor e- 'i C' representing the 
inte r est rate used . 
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8. CONCLl1S IONS 

It follows that a study of the dependence between a 
tariff system and the future number of subscrihers as 
well as the future traffic requires access to historical 
data. These data may however not be impossible to obtain, 
since they all have to do with the telephone bills, which 
data gener a lly are available. 

It also follows that such. statistical material~should be 
handled with great care if the demand considerably ex
ceeds the supply. In such a case, normal price relations 
may not apply. I 

·The mathematical model presented here is purely 
heuristic. It satisfies the conditions that a very low 
tariff still gives a definite demand and that an 
exceptionally high t 'ariff reduces the demand to near 
zero. If the curve form agrees with reality, or not, 
can only serious studies of real cases reveal. 

The model has the disadvantage that it is not derived 
from a logic and mathematical deduction, from which 
theoretical explanations of different phenomenon could 
have been obtained. It is however the author'S hope 
that this paper may challenge some reader to make an 
improved model. 
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ADDENDUM TO PAPER NO. 511 

On the dependence between traffic and tariff. 

Formulae: 

(1 ) 

( 2) 

(1a) 

V 0 e-yt = 45.106· (1.15)t. (O.9)t. 0 (2 a) 
( 5.716 + 02. (0.97)2t )2 

(4) 
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V. B· eA ",t - I • tJ3. i-
(C. + O~ . e-2Clt )qj 

I I 

V 0 e~t= e-yt L V~ o. 
. I I 
I 

(6) 

(7) 

(8) 

to = fl N ·1 + ( N + Jili.). R + Y . L + L v. o. (9) 
2 I i I I 

(10) 
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12. Yatrakis, Pan George: 
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