
• 

.' 
• 

THE BUSY PERIOD AND THE PROBABILITY THAT A PARTICULAR QUEUE 
IS IN SERVICE IN A SINGLE SERVER QUEUEING SYSTEM 

WITH N QUEUES, ARBITRARY · PRIORITIES, 
AND A GENERAL PROBABILISTIC INTER-QUEUE TRANSITION MATRIX 

E. G. Enns a~ T. K. Wignall 
.University of Calgary 

Calgary, Canada 

ABSTRACT 

A single server, servi~ing N queues where each queue has 
an external Poisson source is considered. At the 
completion of a service, a customer either leaves the 
system or joins some other queue with an assigned 
probability. The distribution of the service time in 
each queue is arbitrary and can be different for each 
queue. The busy period distribution and the probability 
that a particular queue is being served are derived. 

Two examples illustrate the results. 
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1. INTRODUCTION 

In modern telephone exchanges, a computer or central 
processing system performs numerous functions within the 
exchange. If the computer is only capable of performing 
one function at a time, then the calls waiting for 
various types of service can be represented by a single 
server queueing system. 

This paper deals with a single server queueing system 
with N queues, external Poisson inputs to each queue 
and an arbitrary transition matrix specifying the 
probabilities', of .transitions between queues. The 
distribution of the service time in each queue is 
arbitrary and can be different for each queue. Before 
the description of the system is complete, the service 
discipline and priorities for each queue must be 
specified. In this paper these need not be specified, 
as only the busy period and the probability that a 
particular queue is being served will be considered. 
Both of ' these quantities do not depend on the p~iorities 
(provided priorities are non-preemptive or preemptive
resume) or on the service discipline. 

The probability that a particular queue is being served 
is important in that it reflects the fraction of the 
computer's time that this particular queue demands. This 
is then a simple indicator of where the maximum increase 
in performance, in the sense of reduced computer time, 
can be attained by introducing decreased service times. 

2. GENERAL FORMULATION 

Let queue i (i-l.2, .•.• N), written Qi' contain all the 
calls that are either waiting for or receiving service 
in Qi' Inputs to Qi can either be from Qj (j-l,2, ••• ,N) 
or from an external Poisson source with rate Ai' The 
distribution of the service time for a service in Qi is 
Hi (t) with mean ai' When a customer is served, say in 
Qi, he then leaves the system with probability Pio or 
makes a transition to Qj (j~l, .•. ,N) with probability Pij' 
The transition matrix F- {Pij}, i,j-l,2, ••• ,N summarizes 
the system routing. Also' let Ti(k 1 ,k2 ••••• kN) denote 
the everit that a customer entering Qi requires kr ' 
services in Qr (r-l,2, ••• ,N) before leaving the system • 

In following the notation of Brumelle (1971) let fn(t) 
be a non-negative random function associated with the 
arrival of the nth customer in the system. fn(t) must 
he defined so that: 

(2.1) and Z(t) ... I fn(t) 
n--OD 

are finite with probability one for all nand t. 
Also let: 

(2.2) 
N 

G - Um 1. L gn 
N+oo N ne 1 

Then by Little (1961), 

and L - ~im ~ fth(X)dx 
t-+«> t 0 

(2.3) G = LT where [ N ]-1 
T '" .L Ai is 

'2-=1 

the mean interarrival time of customers in the system. 
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3. THE STATIONARY PROBABILITY THAT 9.j IS BEING SERVED 

For this purpose, let: 

N N 
(3.1) if t&(tn+wn+ L 8k , tn+wn+ L 8k ) 

k-l k-l 
k;i 

- 0 otherwise, 

. where tn and wn are the arrival time and the total · 
system waiting time (not including services) of the nth 
customer respectively. 8k is the cumulative service 
time in Qk of the nth customer before he leaves the 
system. fn(t) therefore equals unity whenever the nth 
customer is being served in Qi, otherwise it is zero. 
Hence: 

(3.2) L(t) - P (Qi is being served at time t) 

and O£ - L - P (Qi is being served) 
(stationary prob~bility) 

(3.3) Now gn - 8i 

where 8i(ki) is the sum of ki service periods performed 
in Qi. Therefore: 

w~ere nji i~th .mean number of visits to Qi before 
leaving the system.... of' -a customer who enters the system 
via Qj. 

Applying (2.3), one obtains : 

N 
(3.5) 0i - P{Qi is being served} - ai L A·n·· 

j-l J J1-

N 
the P{server is busy} - .L 0i which must be less than 

1--1 
one fQr stationarity. 

Define the following vectors and matrices: 

° -

(6ij is the Kronecker 
delta) 

From the theory of Markov chains 

-1 
{nij} - (I - P) , i,j-l, ••• ,N. 

(3.5) can now be summarized as: ' 

(3.6) Q' - ~'(I - p)-lA where' denotes transpose. 

This generalizes a result by Wignall and Enns (1972) 
where it was assumed that the service time distribution 
in each queue was the same. This previous result was 
al!tI\f€d 1i11ng the 'ftm~ ... ~ 1!1nrt'ft a~roach, ' namely 
considering the stationary distribution at points of 
serv~ce comp1et~on. Th~s turns out to be equ~va1ent to 
a special case of the stationary distribution obtained 
above. 
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4. THE BUSY PERIOD 

A busy period can be initiated by a customer arriving in 
anyone of the N queues. Let Gi(t) be the distribution 
of a busy period generated by a customer entering Qi. 
In deriving the busy period distribution, the order in 
which customers are served is irrelevant. A customer 
initiating a busy period can then be served continuously 
until leaving the system. At this time a number of. 
ccstomers are waiting in each queue, each of which can 
be considered as initiating a busy period in their 
respective queues. Hence let ti(t) be the ' distribution 
of the total service time required before leaving the 
system of a customer entering Qi. 

Denote the Laplace-Siieltjes transform of Gi(t) and 
ti(t) as g~(8) and ties) 'respectively. .' 

One can then write: 

(4.1) 

(4.2) 

If the Laplace-Stieltjes transform of the service time 
distribution Hi(t) .is h~(8), then: 

(4.3) 

, * 
~i(s) -

~i(a) - ~i(Bl,B2, ••• ,aN) is the multivariate generating 
function of the number of services required in each 
queue before leaving the system by a customer entering 
in Qi. 

~ can be obtained from the following recursive 
relationship. 

(4.4) P{Ti(kr-O, r;i, ki-l )} - Pio 

N 

• 
• 

Phi(kl,k2, ••• ,kN)} - .L Pij Phj(klt k2, ••• ,ki-l , ••• ,kN)} • 
J-1 

N 

if L~>l 
r-l 

The generating function relationship of (4.4) is: 

N 

(4.5) ~i(a) - PioBi + ai.I Pij~i(a), lail ~ 1, i-l, ... ,N 
.7-1 

Define the additional vectors and matrices: 

.! (a) - , z -

Then (4.5) can be written as: 

(4.6) Ha) Z....£o + Z P ! (a), :pr 

Ha) 

- 0 , ifZ-O 

• 
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• 

1£..1l..*(S) - then from (4.2), (4.3) and (4.7): 

-1 -1 (4.8) . ..1l..*(s) - (Z - P) ....2-0, if Z ; 0 

- 0 , if Z - 0 

where the diagonal matrix Z - {zijl, and 

N 

Zij - 0ij h1(s + L Ak(l - g~(S»)) 
, ' k-1 

5. THE MEAN BUSY PERIOD 

Moments of the busy period can now be obtained from 
(4.8). In order to determine the mean, let Bi be the 
mean bu~y period generated by an entry into Qi' Define 
the vector ~' - (Bl,B2, ••• ,BN) and let 

where ~ is the N x 1 unit vector • 

a is then the mean busy period for the system. 

Now which yields: 

(5 .. 1) 
-1 -1 

~ - (I - P) C(I - P~ ....2-0 

where C is the diagonal matrix with elements 

(5.2) 

Hence C - (1 + A' ~ A. Also from (4.7) ;r , 

(I - P)-~o - ~ which then yields: 

(5.3) ~- ' (1 +l:.~ ID (I - p)-l,g, 

(5.4) or ~ - (I - (I-P)-l,g,l:.,)-l(I - p)-l,g, 

where Q - A e,. the vector of mean service times • 
The mean system busy period BP is: 

BP - ~' ~/~' '!. 
which becomes: 

(5.5) BP -

6. EXAMPLES 

a. The simplest example occ~rs when there are no' 
no transitions between the queues, namely whe~ 
P - O. In this case: 

(6.1) !r - ~' A or G.i - AiQi ' 

N 

g1(s) - h1(8 + -L Ak(l - g~(8»)) 
k-1 ' 

, -1 
~, . (I - ~l') ~ 

BP - , ~' ~ 
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b. Deterministic feedback. In this case incoming 
calls progress to ever higher number queues until 
finally leaving the system from QN' Hence: 

and 

(6.2) 

Pi,i+l - 1 

PN,O - 1 

i-l, ••• ,N-l 

i 
0i - Qi L Ak 

k-l 

N N 
g~(8) - TT hk(8 + L Ak(l - g~(S»)) 

k-i k-l 

BP -

The above two examples are gener~izations of Enns and 
Wignall (1972)., More involved examples are readily 
constructed using the relations (3.6), (4.8), (5~4) 
and (5.5). ' 
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