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ABSTRACT 

A procedure is proposed for estimating the main-station 
capacity of a Subscriber Loop Multiplexer™ (SLM) system 
by observing the traffic load when the system is par
tially filled. The procedure is intended to be usable 
in unattended offices, and requires only one measurement 
per week and very few calculations. In contrast to the 
usual practice of measuring load in a time-consistent 
busy-hour, we work with weekly peak loads, and so our 
method is based upon the statistical theory of extreme 
values. The validity and precision of the procedure 
have been investigated by applying it to data from a 
study of rural traffic and by a Monte Carlo study of its 
behavior. Use of this administrative procedure should 
give the average SLM system a capacity of about 120 
rural residential customers, in contrast to the limit of 
~O that would be necessary in the absence of traffic 
measurements. 

Although the techniques in this paper were developed for 
the SLM, we hope that, with some modification, they will 
be applicable to the administration of other traffic
carrying systems. 

* Presently with the M.I.T. Draper Laboratory 
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1. INTRODUCTION 

The Subscriber Loop Multiplexer™ (SLM) is a digital 
carrier and switching system that was developed to provide 
economically for main-station growth and upgraded service 
on long rural cable-routes. It is .capable of serving 80 
lines, all sharing 24 channels. Each of the 80 lines can 
be used for single- or multi-party service. (For a 
detailed description of the SLM see Reference 1.) For 
this report, which is concerned with traffic, the SLM may 
be viewed as a remote line-concentrator serving 80 lines 
on 24 channels. 

Service to SLM subscribers should not be noticeably 
different from service to customers served by physical 
pairs to the central office. This goal stems from a 
desire to keep the quality of service well above levels 
that might lead to complaints, or to the need for hasty 
rearrangements that would interfere with the orderly 
growth of subscriber plant. This service objective will 
be met if blocking exceeds one-half percent in no more 
than a few hours per year. 

The Rural Line Study [2, 3], a study of subscriber line 
usage in rural areas, has confirmed that although rural 
residential subscribers like those studied in the 
territory of South Central Bell can almost always be 
served on one SLM without appreciable blocking in groups 
of 80 main stations or more, the load per main station 
does vary greatly from place to place and from customer 
to customer. Thus, even 80 main stations, a conservative 
fill for rural use of a system with 24 full-access 
channels, will in a few cases generate enough load to 
cause undesirably frequent blocking in excess of one-half 
percent. Some means of monitoring the traffic performance 
of SLM systems is therefore necessary. 

One such means is a register which records the total 
amount of a system's all-channels-busy time since the 
register was last read and reset to zero. But such a 
register, which can indicate by its readings when a 
system is overloaded, cannot be used to foresee an 
overload condition until too many lines have already been 
assigned to the system. When the register's readings 
exceed a specified threshold, the administrator's response 
must be to remove lines from the system and to serve them 
on other facilities.* Because of the very long lead-times 
involved in cable planning and installation, a major goal 
of the work reported here was to avoid this situation. 

Since some additional traffic-monitoring capability was 
necessary, it seemed best to provide a measurement which 
could be used to predict the ultimate main-station 
capacity of a system and thus to guide the loading of the 
system and the planning of relief facilities. The natural 
quantity to measure is carried load; and the system's 
second traffic register, which was also chosen so as to 
minimize the volume of data to be taken and processed, 
records peak hourly carried load - that is, the highest 
hourly carried load that has occurred since this register 
was last read and reset to zero. As shown below, it is 
sufficient to take readings once a week. This frequency 
is compatible with a normal schedule of visits to 
unattended offices. Note that the time that this peak 
traffic occurred is neither recorded nor of importance to 
the procedure to be described, so that the usual time
consistent busy-hour is not identified. 

* Administrative use of this register will be described 
elsewhere. 
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This paper describes a simple system- loading procedure, 
requiring few measurements and calculations, which should 
assure that the fraction of calls blocked exceeds 0.5 
percent in no more than a few hours during a year. Load 
measurements are taken on a partially filled system, and 
frnm. these an estimate is made of the total number of nain 
stations, in the same locale, that the SLM can safely 
serve. 

2 . THE BASIC PROCEDURE 

Weekly peak load measurements can be used whenever 40 or 
more main stations are assigned to an SLM. We begin with 
N weekly peaks , Xl" " ,xN ' (N is normally equal to 4 . ) 
We s imply calculate the mean, 

_ 1 N 
x = - L x 

N i=l i ' 
(1) 

and the vari ance , 

v = -1- ~ (x x)2 
N-l i=l i - , 

(2) 

of these peaks. On a chart (see Fig. 1) corresponding to 
the number of currently working main-stations, we find 
the point defined by the coordinates x and v. This 
point will fall in one of the regions labeled 40 , 45, . . . , 
160. The label of that region is the estimated main
station capacity of the SLM. 
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FIGURE 1 

Estimated Main- Station Capacity as Determined 
by Mean and Variance of Heekly Peak Loads 
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For example, let us say we have 80 working main-stations . 
We observe four weekly peaks and calculate a mean of 260 
CCS and a variance of 1400 (CCS)2 . Figure 1 is the chart 
corresponding to 80 working main-stations. The point 
(260, 1400) falls in the region labeled 120. This is the 
estimated main- station capacity for the system in 
question. Repeating this estimation procedure four times 
(using data from 16 weeks of operation) and calculating 
the weighted mean of the estimates, using the respective 
numbers of working main- stations as weights , we obtain 
the predicted capacity of the system in main stations. 
Some precautions which must be observed in drawing 
conclusions from this process are summarized below . 

3. THE DISTRIBurION OF WEEKLY PEAK TRAFFIC- LOADS 

Maynard [3] showed that weekly peak traffic-loads of 
potential SLM subscribers seemed to behave as if they 
came from an extreme- value distribution of the form 

G(x} = exp(_e-a(x- u)) , 

whi ch is sometime s referred to as "Gumbel's first 
tisYmPtoti.<; distribution". It has been shown [4J that , 
for tile so- called "exponential" class of distributions , 
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the largest value of a random sample of size n will be 
asymptotically distributed (as n + 00) according to (3) . 
The exponential class includes most well- known distribu
tions with an infinite tail to the right, such as the 
normal, lognormal , and gamma . 

The mean of the distribution (3) is 

E(x) = u + y/a, (4 ) 

where y (= .5772 ... ) is Euler ' s constant; and the variance 
is 

'IT 
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6r:l 
V(x) 

Gumbel [4] suggests that u and a be estimated by replacing 
E(x) and V(x) by their sample values, (1) and (2) 
respectively, and solving (5) and then (4) for a and u: 

'IT (6) 

x - y/o. . 

4. THE MATHEMATICAL MODEL 

With J main stations served by an SLM system , the weekly 
peaks will have an extreme- value distribution with para
meters uJ and aJ' If we increase the number of main 
stations from J to K, the weekly peaks will have a new 
extreme-value distribution with parameters uK and aK ' In 
this section we describe a method for estimating uK and aK 
when J and K are known and uJ and aJ have been estimated 
from measurements . That is , we want to know what the 
distribution of weekly peaks will look like for K main 
stations when we have observed this distribution with only 
J main stations being served . 

Suppose that, during any week, there are n hours in which 
the weekly peak traffic- load may occur . We know from 
experience [3] that the weekly peak can occur during 
almost any waking hour . However , for any given week, n 
will be much smaller than the number of waking hours . (In 
Appendix A we show that n = 10 seems to be an appropriate 
choice for our purposes.) We call these n hours (whose 
actual times of occurrence are not specified) the 
candidate busy-hours . 

We now assume that each main station generates a load with 
mean ~ and standard deviation a during each of the 
candidate busy-hours . If customers behave independently, 
the load distribution in candidate busy- hours must have 
mean J~ and standard deviation alJ: Let this distribution 
be F , with density f = F' . The weekly peak will then be 
the maximum value in a random sample of size n from the 
distribution F . If F is in the exponential class of 
distributions, the distribution of this maximum can be 
approximated by the extreme- value distribution (3). 
Gumbel [4] shows that the parameters u and a are given 
approximately by 

F(u) 

and 

a = n f(u). 

(8) 

Since the candidate-busy- hour loads are the sums of the 
loads from J main stations it seems reasonable to assume 
that F is normal ,* as suggested by the central-limit 
theorem. (As mentioned above, we take J and K to be at 
least 40.) 

Let ~ be the standard unit-normal distribution function 
and ~ = ~' the corresponding density . Define v by the 
relation 

~(V) 1 _ 1-
n 

(10) 

The gamma distribution was also consi dered. A study 
which l ed to the choice of t he f orm of the candi dat e
busy-hour load distribution , and to the number n of 
candidat e busy- hours ina week, i s described in 
Ap:pendix A. 
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Then v is the 1 - (l/n) quantile of the unit-normal 
distribution, for which tables and computer subroutines 
are available. Then from (8) and (9) it is readily seen 
that 

u
J 

J~ + valJ (ll) 

and 

Cl = ~ J alJ 
(12) 

If the K - J subscribers to be added come from the same 
population as the J subscribers already being served, the 
candidate-busy-hour load distribution for K main stations 
will be normal with mean K~ and standard deviation alK. 
The weekly-peak-load distribution will have parameters 
defined by (11) and (12) with J replaced by K. From the 
four equations (11), (12), and the corresponding equations 
for K main stations, the variables ~ and a can be 
algebraically eliminated to yield these expressions for 
uK and ~ in terms of uJ and ClJ: 

K ~ - IRJ 
C 
.....!l (13) uK J uJ - J .; J ClJ 

Cl = K 
)J K ClJ ' (14) 

Here C = nv~(v), a function of n only. Hence, for a 
given B, we can estimate the parameters of the weekly
peak-load distribution for K main stations by observing 
the weekly peaks generated by J « K) main stations. 

We can choose K so that the weekly-peak-load distribution 
defined by uK and ClK is such that the system satisfies 
the service criterion (which is described below). This 
entire calculation can be incorporated in a series of 
charts, each corresponding to a different value of J. An 
example is that given in Figure 1 for J = 80. 

5. THE SERVICE CRITERION 

To introduce the service criterion, we define a heavy
load hour as an hour in which the offered load is such 
that the probability of blocking is .005 or greater. We 
first attempted to limit the frequency of such hours to 
no more than four times a year, but found, as shown below, 
that the statistical characteristics of our administra
tive procedure lead to a different formulation of the 
service criterion. 

Jones [5] proposed a model for relating the probability 
of blocking in a concentrator to the number of channels, 
the number of customer lines, the percentage of intra
system traffic, and the total source load. Johnson [6] 
has written a computer program which calculates load
service relations based on Jones' s model. Although 
Jones's model assumes blocked c~lls cleared, whereas 
waiting and retrials occur in a real system, we believe 
that these effects are compensated by the lopsided dis
tribution of load per line [1], so that this model is 
appropriate. Laue [2] showed from the Rural Line Study 
that, for 80 main stations, the expected intra-system 
traffic (1ST) should be about 18 percent, but because of 
temporal and customer variation 30 percent would be a 
safer value to use. (Since the SLM uses two channels for 
an intra-system call, intra-system traffic increases the 
variability of the traffic and hence the blo'cking also, 
for a given offered load.) It is known [2] that the 
percentage of 1ST must increase with the number of main 
stations; but the value 30 percent is used throughout 
because the smoothing effect of party-line interference, 
which we neglect, grows with the number of main stations. 
Omission of party-line interference from the model is 
equivalent to treating a main station as a "traffic 
source". For 24 channels and an 1ST of 30 percent, the 
finite-source effect makes that load which results in a 
.005 probability of blocking a decreasing function of the 
number of main stations. This load varies from 526 CCS 
for 40 main stations to 471 CCS for 160 main stations; 
we call it L(K), the load that causes a heavy-load hour. · 

From our model we have an estimate of uK and ClK. The 
probability of a heavy-load hour in any week for an SLM 
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with K main stations assigned is then estimated as 

Our goal is to let heavy-load hours occur about once every 
quarter of a year (13 weeks). We may specialize Gumbel's 
definition of return period as the mean time (in weeks) 
between heavy-load hours, which is 

1 
R(K) = P(K) (16) 

If we choose K so that the estimated return period is 
exactly 13 weeks, the temporal variation in the observed 
weekly peak loads will cause a distribution of return 
periods, among systems, centered around 13 weeks. 

(Note that the expected number of heavy-load hours per 
year - in other words, the frequency of heavy-load hours -
is 52/[R(K)] or 52 o P(K), so that a 13-week return-period 
is equivalent to 4 heavy-load hours per year.) 

If this distribution - the distribution of return periods 
that would be realized if K were chosen as just described, 
based on measured values of uJ and ClJ' for each of many 
systems - were very narrow, so that most systems would 
turn out to have return periods not far from 13 weeks, then 
it would be' appropriate to choose K in such a way as to 
satisfy the equation 

-<\[L(K) - ~] 
1 - exp(-13e ) = 0.5. 

This would produce an even chance of having a heavy-load 
hour in any 13-week period. But as shown in the next 
section, this situation, with return periods concentrated 
near 13 weeks, occurs only when uJ and ClJ are estimated 
from more weeks' peak-load data than are conveniently 
obtainable in practice. 

Furthermore, the scaling procedure described above makes K 
dependent on the value of J at which UJ and ClJ were 
measured; that is, the charts corresponding to J main 
stations, of which Figur.e 1 is the example for J = 80, 
differ considerably from each other. And this method of 
determining K is appreciably affected by using the chart 
for J working main stations (MS) when the actual number 
of MS served has varied widely during the measurement 
period, even with the correct mean of J. Thus the number 
of working main stations must be held nearly constant 
(actually within 10%) during the N weeks of peak-load 
measurements that yield x and v from eqs. (1) and (2). 
Yet we do not think it practical to impose limits on the 
growth of an SLM's fill over periods exceeding four weeks 
in length, merely so as to obtain usable data, so long as 
the actual MS fill is not too high. 

We resolve this difficulty by setting N = 4. This results 
in a very broad distribution of actual return-periods. We 
then locate this distribution so that its right-hand tail 
(in terms of MS capacities) is not too large: In 
particular, we limit the probability of a return period 
less than four weeks to a few percent. This is equivalent 
to setting the mean return-period for all systems equal to 
31 weeks, and to having at least one heavy-load hour occur 
in any 13-week period with probability 0.3. Thus we choose 
K (to the nearest multiple of 5) so as to satisfy the 
equation 

-&K[L(K) - ~]) 
1 - exp (-13e = 0.3. (11) 

This is the basis for the charts such as that shown in 
Fig. 1. 

The following section shows that this way of estimating K 
must be repeated four times, and the results averaged, in 
order to make the resulting distribution of return periods 
acceptably narrow. When this is done (to obtain what we 
call the predicted capacities), practically no systems 
should end up with return periods less than 4 weeks - that 
is, with more than 1 heavy-load hour per month. This, 
then, is the service criterion: No system should have 
more than 1 heavy-load hour in the average month. This 
criterion is extremely conservative: First, it means that 
the average system has less than 2 heavy-load hours per 
year (return period, 31 weeks). Second, it implies about 
1 originating call with dial-tone delay and 1 blocked 
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incoming call per month for the worst systems. Systems 
with more frequent heavy-load hours (return periods less 
than 4 weeks) would be called overloaded and would have 
to have main stations removed. Detection of overloaded 
systems by means of all-channels-busy readings will be 
covered in a subsequent paper. (Two heavy-load hours can , 
of course, occur in one month without implying an over
loaded condition.) Proper use of the administrative 
procedure should make the occurrence of overloads 
extremely rare. 

6. THE MONTE CARLO STUDY 

In order to evaluate the statistical variability of the 
main-station capacities that would be predicted by the 
recommended procedure, we simulated its performance in a 
Monte Carlo study. For each of five samples of weekly 
peak loads actually observed in the Rural Line Study, we 
estimated the parameters of their distribution from (6) 
and (7) and converted these, by means of (13) and (14), to 
estimates of the values uJ and aJ that would have existed 
with J = 40 and J = 80 main stations working. Using these 
as the parameters of the extreme-value distribution (3), 
we repeatedly generated random samples of size four from 
that distribution. We calculated the mean and variance 
of each such sample and estimated the main-station 
capacity. This process was repeated 100 times for each 
of the five samples and for both 40 and 80 working main 
stations, yielding a sample distribution of the estimated 
main-station capacity. The spread of this distribution is 
attributable to the variability of the weekly peaks drawn 
from the distribution (3). 

150 

140 

130 

120 

110 

100 

90 

80 
» 
0 s:: 70 011 

& 
011 

t 60 

50 

40 

30 

20 

10 

0 

Figure 2 

Monte Carlo Results r--

40 Working Main-Stations 

1000 Runs of 4 Weeks Each 

r--r--
r--

~ 

,..-

r--

'-

-

r-- -
-,..-

~ - .-- 1 
Estimated Ma1n-Stat1on Capacity 

I
l!"I 0 (\j I'- l!"I.::t I'- 0'1 10 <X) 

Greater than 2 Years -_ •••..••.•• 
g~g;-~~O'IIO.::t,,",{\J 

Heavy-Load-Hour Return Period in Weeks 

Figure 2 shows an example representing 1000 runs based on 
the lFR* data from McComb , Mississippi described in 
Ref . 3. Alongside the estimated-main-station-capacity 
scale is a scale which gives the mean return-period of 

* Single-party, flat-rate, residential service. 
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heavy-load hours for the indicated number of main stations. 
Note that if the procedure were followed with only four 
weeks' data , some systems would be overloaded (with return 
periods of heavy-load hours as short as 3 weeks) and others , 
with much spare capacity, would be greatly underloaded. 
Table lA summarizes the Monte Carlo results for the five 
samples . The statistics listed are: 

1. The percentage of cases that would have a return 
period of less than the desired 13 weeks. 

2. The percentage of cases that would have a return 
period of less than 4 weeks. These systems would 
be considered overloaded . 

3 . The percentage of cases that would be underloaded by 
more than 20 main stations. A system is considered 
underloaded if it has a return period greater that 
the central value of 37 weeks. 

TABLE 1 

Percentage of Systems that Would Have 

Particularly High or Low Loads 

Summary of Monte-Carlo Results 

Return 
Period 

< 13 weeks 

Return 
Period 

< 4 weeks 

Working Ma1n Stat1ons: 40 80 40 80 

A: ESTIMATED 

100 Runs of 4 Weeks Each 

Study Area 

Hancev111e 28. 39. 3. 5. 

Benton - 1 PR 21 37 

Cleveland 28 38 14 

Copper H111 29 43 10 

McComb - 1 FR 19 27 

B: PREDICTED 

1000 Runs of 4 Groups of 4 Weeks . 

Hancev111e 11.2. 11.4. 0.0. 0.0. 

Benton - 1 PR 8.8 19.7 0.0 0.0 

Cleveland 10.3 22.6 0.0 0.3 

Copper Hill 11. 3 24.1 0 . 0 0 . 0 

McComb - 1 FR 4.1 13 . 3 0.0 0.2 

Under loaded 
by more than 

20 MS 

40 80 

7. 12. 

10 

0.3. 0.6. 

0.1 0.5 

0.1 0.1 

0.0 0.0 

0.1 0 .1 

We see from Table lA that the percentage of systems that 
would be overloaded ranges from 2 to 14 and the percentage 
of systems that would be seriously under loaded ranges from 
3 to 12. On the basis of these results it was decided 
that four weeks' data (one measurement month) are not 
enough for a final determination of main-station capacity. 
We therefore recommend the use of the mean of the main
station-capacity estimates of four samples of four weeks 
each. (This should be a weighted mean, the weights being 
the average numbers of working MS in the four measurement
months. This weighting accounts for the greater predictive 
value of an estimate that is based on the traffic of a 
larger fraction of the stations that will ultimately be 
served.) A Monte Carlo study was carried out for this 
procedure and the results are shown in Table lB. Note that 
an overloaded or badly under loaded system would result 
very infrequently. Figure 3 shows a histogram of the 
sample distribution based on the McComb data. We distin
guish the result of the modified procedure, using the mean 
of four estimated capacities, by calling it the predicted 
main-station capacity; and Fig. 3 is so labeled. 

The last two pairs of columns in Table 1 relate to cases 
in which the administrative system may be said to have 
performed inadequately. The criterion for this is more 
stringent on the overload side, as necessitated by the 
inherent variability of the predicted capacities. This 
difficulty could be cured by taking many more measurements 
- a solution whose cost, in our judgment, would not be 
justified. 
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An alternative to the averaging procedure would be to 
calculate the mean and variance of 16 weekly peaks and to 
use the main-station-capacity charts only once . The 
precision of this approach was shown by a second Monte 
Carlo study to be comparable to that resulting from 
averaging the four estimates from groups of 4 weekly peaks . 
But, as mentioned above, if a system is being filled 
during the measurement period, there is a much better 
chance of the number of working main stations remaining 
nearly constant for 4 weeks than for 16 weeks. 

The spread of the capacity estimates, as indicated by 
Table 1, was slightly larger with 80 main stations working 
than it was with 40 . We have found no convincing explana
tion for this unexpected result. 

7. DISCUSSION OF ASSUMPTIONS 

Several assumptions used in the foregoing argument are 
known to be invalid . Nevertheless, the procedure we 
recommend worked well when applied to the Rural Line 
Study data. (Some confirmation of its efficacy comes 
from weekly peak loads observed in an SLM trial inBrandon, 
Mississippi, which closely fit the Gumbel distribution 
(3).) But in order to distinguish the realistic from the 
idealized features of our mathematical model, we summarize 
the latter in this section . 

The concept of a candidate busy-hour is fictitious . How
ever, we know of no better means of projecting the 
distribution of weekly peaks from the current number of 
working main stations to a larger number of main 
stations; and it seems intuitively reasonable that not all 
waking hours of th.e week should be equally likely to 
contain the week's highest load . Furthermore, as shown in 
Appendix A, the procedure does seem to be quite insensi
tive to the form of the assumed ~stribution of candidate
busy-hour loads and to the number n of candidate busy-hours. 
We do not believe that this aspect of our model will cause 
problems in practice. 
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It is also assumed that the loads generated during a 
candidate busy-hour by each of the (existing or future) 
working main stations are statistically independent and 
identically distributed. In fact subscribers in an area 
do not behave independently, since they are sub j ect to 
similar influences from events in their shared environment. 
More important is the critical assumption that the load 
parameters are identical for all customers . Departures 
from this assumption among customers already served may 
actually offset other errors in the model, as noted in 
Section 5; but the possibility of adding to an SLM system 
a group of subscribers whose traffic characteristics differ 
considerably from those of the ones already being served, 
constitutes the greatest danger in using the predictive 
method of administration here proposed . One way of 
guarding against this danger is to limit the number of 
main stations that may be added to a system before addi
tional measurements are taken; and a precaution of this 
kind is included among the rules of administration given 
in Appendix B. New subscribers should be added to a syst em 
even more cautiously if they are thought to differ socio
logically from those whose loads have been measured, 
especially if those to be added have higher incomes. 
Business telephones, in particular, may generate several 
times the loads typical of residential service . 

The problem of seasonal variation has not been mentioned. 
No seasonal effects were observed in the Rural Line Study , 
but some SLM systems, especially in resort areas, will 
have highly seasonal loads. Our administrative procedure 
contains no internal safeguards against this source of 
error . Local knowledge will have to ensure that only 
weekly peak loads recorded in the busy season are used as 
inputs to the computations, and in some cases this may 
force planning to be based on fewer than four 4- week 
estimates of MS capacity . 

In the discussion above, it has been assumed that the 
number of working main stations remains constant during a 
measurement month. The case in which inward or outward 
movement occurs during or between measurement months i 
covered by some of the rules in Appendix B. 

It is not known whether any error is introduced by applying 
to peak loads the load- service relations deduced from 
Jones ' s model . 

8. SUMMARY AND CONCLUSIONS 

In this paper we describe a procedure for forecasting 
the main-station capacity of an SLM when it is partially 
filled. The procedure is simple to use, requiring little 
data and few calculations. Its validity and precision 
have been shown to be adequate by applying it to the Rural 
Line Study data (as described in Appendix A) and through a ' 
Monte Carlo study of its statistical variability. An SLM 
system filled in the recommended way should be essentiall~ 
nonblocking . 

In fact, most rural systems will be able to serve many 
more than the nominal 80 MS . Application of our procedure 
to the data from the Rural Line Study led to a sample of 
predicted capacities whose mean slightly exceeds 120 MS, 
but this figure must be viewed with caution for three 
reasons: First, this is the mean of the limits imposed by 
traffic considerations alone; geographical constraints 
associated with transmission criteria would keep it from 
being attained in practice. (Lack of demand for multi
party service could also act to limit main-station fills . ) 
Second, the Rural Line Study was' conducted in eight rural 
areas in the territory of South Central Bell; loads would 
certainly be larger in some suburban applications, and as 
yet we have no assurance that our data are representative 
even of rural areas in other parts of the country . And 
third, the predicted capacities have a very wide spread; a 
small but significant fraction of systems are predicted to 
have a capacity of only 80 MS, which conforms to the 
system's design- limitation to 80 lines. Studies of sub
urban traffic are now in progress, and should lead to an 
evaluation of SLM main- station capacities in the suburban 
environment which will be reported later . 

We have also introduced a novel way of viewing the capacity 
of a telephone system . Instead of measuring the load in a 
time-consistent busy-hour, we record only the load carried 
during the busiest hour of the week. This reduces the 
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measurements required to only one observation per week by 
focusing on the hour that is most important to the quality 
of service, regardless of when that hour occurs. It has 
the corresponding disadvantage of working with a traffic 
statistic that is volatile (as compared to the more 
stable mean , for example) and therefore difficult to 
predict with accuracy. 

Although our procedure was developed for the Subscriber 
Loop Multiplexer, we hope that modified versions of it 
will prove applicable to other traffic- handling systems . 
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APPENDIX A 

Number of Ca~didate Busy- Hours 

and Their Load Distribution 

In the body of this paper we assume that the 
candidate- busy- hour loads are normally distributed. 
Although the central- limit theorem supports this assump
tion, the gamma distribution has in some situations been 
found to be more descriptive of offered loads; and unlike 
the normal, it does not imply the existence of negative 
loads . This Appendix summarizes a study comparing the 
normal and gamma distributions as bases .for scaling peak 
loads, and also leading to the choice of n = 10 as the 
number of candidate busy- hours. 

The gamma distribution function, also a member of the 
exponential clas~, takes the form 

G(x) I
x n- l .. ~ 

s e ds 

o 
(A- I) 

for x > 0; G(x) = 0 ctherwise. The scale of G is deter·· 
mined by the parameter g and the shape by n; the mean 
a~d variance are Sn and S2n respectively. The distribu
tion G is asymptotically (as n + 00) normal. It is 
considerably more difficult to manipulate algebraically 
than is the normal: For example, such expressions as 
(13) and (14), which are simple for the normal, are not 
available for the gamma. 

With a change of variable in (A- I), equations (B) and (9) 
become 

and 

1 n- l - s !
U/S 

r( n) s e ds 
o 

ue: = n 
(u/S)ne- u/S 

f(l1) 

1 _ 1-
n (A-2) 

(A- 3) 

The procedure requires that gi ven n , u, and e: we solve 
(A- 2) and (A- 3) for nand S. This was done by using a 
modified regula-falsi method of iteration. Solving for u 
and e: when nand S are given is somewhat easier: Given n, 
the value of u/S can be found from a subroutine for the 
inverse incomplete gamma function, and from u/S the prod
uct ue: is easily calculated from \A- 3) . 
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It is well- known that the sum of independent, identically 
distributed gamma variables is also gamma . Hence , if the 
candidate- busy- hour load distribution for J main stations 
is gamma with parameters Band n l the individual main
station mean load U = Bn/J with variance 0 2 = B2 n/J . Thus 
the candidate- busy- hour-load' distribution for K main 
stations is also gamma with scale parameter B and shape 
parameter Kn/J . 

He now have all that is necessary to arrive at uK and e:K ' 
for both the gamma and normal distributions, if we are 
given uJ and Cl.J and any value of n. 

In choosing the f orm of the candidate-busy- hour distribu
tion F and the number n of candidate- busy- hours, we used 
the Rural Line Study 1ata to evaluate the precision and 
bias of t he estimation procedure . We chose 13 groups of 
lines , varying in size from 54 to 254 main stations , on 
which we had peak- load data in series whose lengths 
varied from 14 to 51 weeks . we divided each group in t wo 
in such a way that the two subgroups were approximately 
equal in the numbers of main stations for each class of 
service. vie found the weekly peaks for each subgroup and , 
combining the two subgroups , for each whole group as well. 
From the subgroups ' weekly peaks we predicted the distri 
bution of the weekly peaks for each whole group and then 
compared these predictions with the observed whole-group 
weekly peaks . This was done with both normal and gamma 
candidate- busy- l1our load distributions, for numbers of 
candidate busy-hours ranging from 6 ~o 18. 

To determine the best model two measures were used: The 
root - mean- square deviati on s of the 3ubgroup predicted 
values from the total- group estimated values of the mean 
peak load and of the 37- week- return- period load . 

TAB .. E 2 

Variability of Predi ct ed Peak Loads 

Square-Root of t he Me an-Squar ed De viation 

(in CCS) 

Number of Mean Weekl~ Peak 3I - We ek- Return- Period Load 
Candidate 
Busy - hours ~ ~ Gamma ~ 

22 21 24 24 

17 16 23 23 

14 14 24 23 

10 13 13 25 25 

12 13 14 27 26 

14 13 15 29 28 

16 14 17 31 29 

18 15 18 32 31 

Table 2 shows the results of these calculations. Since 
the gamma and normal assumptions perform about equally 
well, and since calculation of the charts (such as that 
shown in Fig. 1) is many times easier, faster, and 
cheaper with the normal, we chose it as a model for the 
distribution of candidate- busy- hour loads. The results 
of our procedure are not very sensitive to the value of n; 
and we took n = 10 because this value gave optimal per
formance in predicting the mean weekly peak load (the 
moce stable statistic) and nearly optimal for the 37-week
re~urn-period load. 

Table 2 also gives us an evaluation of the procedure; and 
in particular , it tests the assumption of homogeneity 
within the groups of customers represented . The r.m . s . 
error for the predicted mean weekly peak is 13 CCS, or 
about 4 to 6 main stations. This means that most such 
predictions should be accurate to within 10 main stations. 
(Since these -results come from 14 to 51 weeks ' data , the 
statistical variability that would result from using only 
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TABLE 3 

Comparison of Predicted and Observed Peaks 

from the 13 Rural-LIne-Study Groups 

Number of Main Stations No. of 
for each Clas s of Service Week s 

Group Location 1 FR 2 FR 4 & 8 FR 

Cullman, Ala. 49 4 33 

Hanceville, Ala. 54 22 12 

Jones Chapel, rI.la. 254 

Jones Chapel,. Ala. 6 114 

Benton, Tenn. 54 

Benton, Tenn. 68 

Cleveland, Tenn. 72 24 

Copper Hill, Tenn. n 22 

McComb, Miss. 79 

McComb, Miss. 205 

Tylertown, Miss. 33 40 33 

Tylertown, Miss. 147 

Tylertown, Miss. 151 

4 weekly peaks is not represented here; it was investi
gated in the Monte Carlo study discussed in the body of 
this paper. 

44 

28 

III 

14 

43 

43 

51 

40 

26 

26 

26 

26 

26 

Table 3 shg.ws the predicted means and the ",hole-group 
sample means for the weekly peaks of the 13 groups, using 
the normal model with n = 10. There appears to be no 
bias in the prediction procedure. The last column in 
Table 3 shows the predicted main-station capacities for 
SLM's if installed in the 13 study-areas. These 
capacities range from 100 to well over 160 main stations. 
Excluding the 5 groups that are predominantly 4- and 
8-party subscribers, the mean main-station capacity is 
124. 

APPENDIX B 

Rules fo r Traffi c Administration 

In order to ensure that the conditions for validity of 
our mathematical model are satisfied, or nearly so, and 
to guard against erroneous predicted capacities when they 
are not, we give the following rules and guidelines for 
the use of the administrative procedure. 

DATA AND DEFINITIONS 

Readings ~,hould be taken (and the IvPL register reset to 
zero) at the same time every week. When this is not 
possible, each measurement week must contain no more than 
6 weekdays and no less than 4 weekdays. ~,fuen this con
dition is violated, the data should be discarded. 

Measurement weeks need not be contiguous. Studies have 
shown that there is no serial correlation among weekly 
peaks. A missing week should therefore not affect the 
results, so long as there are four weekly peaks in each 
measurement month. 

The number J of main stations assoc iat ed with a ~easure
ment month should be the mean of t he numbers of main 
stat ions being served at the times the four weekly peak 
l oads were recorded. This mean should be rounded to t he 
near est multiple of ten when one of the charts such as 
Fig . 1 i s to be chosen. 

Inward or outward movement of main stati ons served by an 
SU~ will tend to increase the variance of the weekly peak 
loads and so to decrease the accuracy of capacity esti
mates. A study has shown that if the number of main 

Whole-Group Predicted 
Predicted Mean Weekly Sample Mean Main-Station 
Peak for Total Group Weekly Peak Capacity 

Sub e; roup I Subgroup II 

230 265 246 130 

265 27 u 278 110 

413 4:' 1 426 > 160 

324 308 308 > 160 

192 180 187 115 

174 188 181 150 

348 320 326 110 , 

345 323 338 100 

253 261 253 120 

461 460 477 135 

234 2J~9 237 > 160 

261 282 270 > 160 

353 335 339 > 160 

stations varies more than 10 percent during a measurement 
month, the peak-load data should not be used to estimate 
a main-station capac i ty. 

The MS capacity predicted from several measurement months 
is the weighted mean of t he monthly estimates. The 
weights are the numbers of working main stations for each 
measurement month. 

No measurements should be used when fewer than 40 main 
stations are being served. For this reason, the first of 
the charts for estimating main-station capacities is for 
J = 40 working main stations. 

RESTRICTIONS ON ALLOWED FILL 

No rural system may be loaded beyond 80 main stations ur,t i J. 
the available data (used in accordance with the rules in 
this Appendix, and consisting of at least an estimate bas ed ' 
upon one measurement-month) indicate that it is safe to do 
so, since the Rural Line Study shows that some systems 
(probably fewer than 1 percent of those serving rural 
residential customers) will suffer blocking with 80 main 
stations. 

No system may serve more than 160 main stations, wi t:1 t his 
exception: Unusual configurations in which no concentrat or 
bl ocking is possible, such as 24 lines with 8 MS on each, 
are perfectly acceptable with respect to the considera
tions treated here. 

Except for the initial fill, no more than 40 main stations 
may be added to an SLM on the basis of a single predicted 
capacity. If a predicted capacity exceeds the present fill 
by more than 40 MS, the system should be allowed t o growby 
40 MS and a new series of measurements taken. This rule 
embodies a compromise between th~ value of predicting main
station capacities and the danger of adding custo~ers un
like those already served. 

If the current main-station capacity estimate was calcu
lated from fewer than 4 measurement months, the number of 
main stations may be increased to the lesser of 

i. the current main-station-capacity estimate minus 
20, and 

ii. the mean of the current main-station-capacity 
estimate and the current number of working main 
stations. 

These restrictions are necessary because of the stat is
tical variability of such estimates. 
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