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ABSTRACT 

Part I: THE STATISTICAL THEORY OF TRAFFIC 
MEASUREMENTS BY THE SCANNING METHOD 

By the scanning method a traffic process in con
tinuous time is depicted into a process in 
dl.screte time. 

The statistical theory of teletraffic measurements 
is developed for the scanning method applied to 

a. measurements of time intervals (flat and 
steep time distrl.butions, 

b. counting number of events, 
c. measureme~traffl.c volumes (intensities). 

No restrictions (e.g. Poisson process) 'are placed 
on the arrival process or on the holding time 
distribution. 
The formulae also account for non-stationary 
traffic processes. 

The results are of widespread applicability within 
traffic measurements, charging of calls and 
sl.mulation. , 

Example: When simulating according to the time
slice principle all methods appliea-tor 
generating a Poisson arrival process are 
only approximately correct. 
Theoretical exact results are only obtained 
by using the Westerberg distribution. 

Part 11: ANALYSIS OF VARIATIONS IN TRAFFIC 
PROCESSES 

In this part we concentrate on the important 
subject of variations in traffic ~rocesses. The 
analysis is based on the appll.catl.on of the 
formulae of part I to data from the Holb~k 
Measurements. ------

Variations are differentiated in variations in the ' 
holding time distribution and variations in the 
call l.ntensIty. 
The variations in the call intensity are further
more divided in random (Palm's model) and time-
dependent variatrons:- ------ ----- ----

By means of mean s9~ared differences we are able 
to show that the varl.atl.ons are of the time
dependent type. 
Palm's random variations are ~ observed. 

Palm's model fits well for inter-arrival times 
because variations do exist; his model does not, 
however, pay any regard to the chronological order 
of the variations. -----
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This paper deals with: 
I 1. the statistical analysis of data retrieval 

from telephone systems and 
2. application of the collected data for 

testing theoretical models and dimensioning 
telephone systems. 

These two problems are closely related as 
measurements must be planned with consideration 
to the theoretical models, which on the other 
hand must be worked out according to the 
measuring method and obtainable data. 

1. TRAFFIC MEASUREMENTS 

By traffic measurements a're implied all methods 
used for collecting any data of interest for the, 
traffic handled in a telephone ,system. 

1.1 INTRODUCTION 

Measurements in telephony are made according to 
one of the following principles: 

a. continuous measurement, 
b. scanning method. 

a. The continuous methods require an active 
measurement point. An exact recording of all 
time intervals is in principle possible. 

b. The scanning method is to increasing extent 
replacing the continuous method, as it is very 
suitable for the collection and processing of 
data by digital computers. 
In this case the measurement points are 
passive. The measuring equipment usually tests 
the measuring points at reg41ar scanning 
cycles. An advanced example is described in 
Ill. 

1.2 THE SCANNING METHOD 

By the scanning method the state of a device 
(on - off) is recorded at regular intervals of 
duration h (fig. 1). 
The time of the first scanning must be 
independent of the traffic process. If we measure 
in a limited time period T = n·h , the first 
Scan is placed at random in the first time 
interval (0 ;h) . 

The ' scanning method may be applied in two ways, 
both very suitable for digital computers: 

a. fixing of the traffic process, 
b. direct summing. 

a. When fixing the traffic pro~ess we store all 
information about the traffic process. 
Then we are later able to reconstruct the 
traffic process in every detail according to 
the scanning method. This i~ especially 
expedient as regards research measurements 
where data may be tested successively for 
different theoretical models '. 

h. In the second case the required measures are 
calculated immediately. We are not able to , 
reconstruct the traffic process, but we obtain 
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"10 . 1 . THE SCANNINO METHOD . A CON

TINUOUS TIME PROCESS IS TRANS,.ORMED 

INTO A DISCRETE TIME PllOCESS . 

the required information directly and are able 
to reduce the amount of data to any extent; 
this is an advantage in administrative 
measurements. 

All traffic measurements are based upon the 
registration of the following quantities: 

a. lengths of time, 
b. number of events. 

Below a new approach to the statistical analysis 
of the scanning method is demonstrated. For a 
more comprehensive account reference is made to 
15/. 

1.3 MEASUREMENT OF TIME INTERVALS 

Time intervals of interest are e.g. holding times 
and call inter-arrival times. 

The first thorough investigations of measurements 
by the scanning method were carried out in 1941 
by Palm 1121 and Wilkinson 119/. They obtained 
estimates of the average holding time and the 
reliability of such an average. 

Unlike most existing equipment a computer
controlled scanning equipment III is able to keep 
the recordings in order for each measurement 
point. For that reason we are able to obtain not 
only the average, but also the distribution of 
the holding times. 

In the sequel we study the transformation by 
which a time following a continuous distribution 
by the scanning method is transformed into a 
discrete distribution. 

We want by the scanning method to measure a 
continuous time interval starting at TI and 
ending at T2' 

A discrete stochastic variable U is introduced 
by the following definition: 

{U=k} is the occurrence of k scannings in 
(T 1 ,T 2 )· 

Letting IT1/hl being equal to the integer part 
of TI/h we obtain 

{U=O} 

0.3.1) 
{U=k} {hITl/hl+kh<T2~hITl/hl+(k+l)h} 

k = 1, 2, •. 

We assume that the time T2 - Tl has a distribution 
function F(t) and that the time until the first 
scanning following TI has a density function g(x). 
Furthermore we assume TI is stochastic independent 
of the scanning times; hence we can without 
restrictions make Tl = O. 

From these assumptions we find the probabilities 
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h 

P{U=O} = ~g(X)'F(X)dX 
Oh 

P{U=k} =~g(X)'{F(X+kh)-F{X+(k-l)h}}dX 
° k = 1, 2, .. 

\(1.3 0 2) 

For applications in practice we have regular 
scanning intervals h. Then the first scanning 
after TI = 0 is uniformly distributed (O,h): 

g(x) = Ilh, 0 < x < h . 

We now obtain the important distribution 

P{U=O} PO kjF(X)dX 

oh (1.3.3) 

P{U=k} = Pk ~~{F(X+kh)-F{X+(k-l)h}}dX 
o k = 1, 2, .• 

On integration by parts the expectation of this 
distribution becomes 

E{U} = :Ek'Pk = ~ rXdF(X) (1.3;4) 
k-o 0 

(Note: time unit = scanning interval h). 

So the original continuous distribution and the 
transformed discrete distribution always have the 
same expectation for any time distribution, a 
well-known result 111/. 
A general calculation of the variance is not 
simple. 

Errors in estimating the population mean is 
introduced by the scanning method as well as by 
the sampling method. These errors are usually 
correlated. We are interested in the total error. 

In the following we investigate the most 
important time distributions. In this connection 
Palm's form factor £ is of special interest: 

£ - 1 + variance 
- (mean/ 

(1.3.5) 

£ is independent of the time unit. The form factor 
of the exponential distribution is 2. 

According to Palm /141 there are two important 
classes of time distribution functions: 

• 
• 

1. flat distribution functions, £ > 2, • 
e.g. exponential, hyper-exponential, pareto, 

2. steep distribution functions, £ < 2, 
e.g. exponential, Erlang, constant. 

The first class produces a range of distributions 
more dispersed than the exponential, the second 
class a range with lesser dispersion than the 
exponential. Any distribution can be approximated 
by a combination of the two classes. 

1.3.1 FLAT DISTRIBUTION FUNCTIONS 

These distributions are very important concerning 
the description of call holding times. An example 
is given in figure 6. They are characterized by a 
form factor £ > 2. 

The general distribution function is a weighted 
sum of exponential distributions 

cc 
F(t) = /(1-e-xt )dG(X) , t ~ 0) , (1.3.6) 

o 
where G(x) is a distribution function defined 
for x ~ 0, and G(O) = O. 

We investigate G(x) being either 
a. discrete or 
b. continuous. 
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a. G(x) DISCRETE - HYPER-EXPONENTIAL DISTRIBUTION S 

G(x) i s a discrete distr i bution. Suppose there is 
a finite set of values xl, xz, .... , xn at which 
G(x) has positive increments aI, az, ... , an 

with ~ai = 1, and other wi se G(x) is constant. 
Then (1.3.6) becomes 

F (t) = 1- a"e l ~
n -x.t 

h l 
t > 0 0.3. ,7) 

• 
The expectation and form factor are respectively 

n a. 
E =""-2: h 'L-Ix. , ::l.l~ai/ ItJa i /2 

0.3.8) 

h lHx~ ~/ t::l ~xi~ 
Using the basic formula (1.3.3) we find the 
density function observed when measuring by 
scanning method: 

1 ~ ai ' -x'h 

the 

Po 1- h~~(l-e l) 
n 1:1 l 

0.3.9) 

_ 1)"' aiel -Xih)2 -(k-l)xih 
Pk - hi7t~ -e 'e 

:1 l k = 1, 2, .••• 

The distribution function is 
n 

{ N} - ~ - 1 l~l (1 -x.h) -Nx.h (1 3 10) P U~ - jlPi - -h~x' -e l e l •• 
1:: 1 J. 

N = 0 , 1, 2, .... 

If now we intro~uce the g~nerating function F(s) 

F (s) = 

and differentiate y times, then we obtain by 
letting s = 1 

!~ai." [ e-xi
h 

] y-l 
h .LJx. ). -x.h 

1::1 l l-e l 

F'(Y)(s)\ 
hs s=l 

(1.3.11) 

y = 1, 2, .... 

Thus the expectation and form factor are 

l~ai .. . 
Ehs h~~ (tlme unlt = h) 

E hs = h[f2t:i{ e-:~\}+~il /LI:~t21 (1.3.12) t 1:1 l l-e l 1:1 lV All ~ J 
~ Exponential distribution. 

Letting n=l, al=l and XI=X we 
Westerberg distribution /7/ 

Po 
1 - ~(l_e-Xh) 

All 
1 (1 -Xh)2 -(k-llAh 

Pk Ah -e·e , 

1 I Ah Xh 
h e +1 2 

X '~~ 
e -1 

obtain 

k=1, 2, 

the important 

.. 1 
(1.3.13) 

(1.3.14) 

~ For this case it is practice to put xi=2Aai . 
Figure 6 shows an illustration of this 
distribution. 

b. G(x) CONTINUOUS 

The most important case is for G(x) 
distribution (/8/, /13/). 

the Erlang 

In keeping with Palm's notation /13/ we choose 
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~ -1 
(~)no x 

dG(x) 1 no no · dx , > 0 , 0.3.15) ·e x,no 
no r(~) 

no 
From equation 0.3.6) F(t) becomes 

-0+2..) 
F (t) 1 - O+not) no (1.3.16) 

p 

which is the Pareto distribution, a special beta
distribution. 
The expectation and form factor are 

E 
P 

1 
I 

E 
2X 

X-no ' only for X>no (1.3.17) 
P 

By letting no -> 0 Fp(t) tends to the 
exponential distributlon . 
By the scanning method (1.3.3) the distribution 
(1.3.16) is transformed into 

- y. 

Po 1- ..l... {l-(l+n h) no} Xh 0 

-Y- _-y-

." 

Pk TIi- [U+no(k+l)h}- no 2 U +nokh} no (1.3.18) 

y 

n;-} k = 1, 
. , 

+ {l+no(k-l)h} 2, .. 

The form factor of this distribution is 

co _..L 
E Xh+2Xh""(1+ihn o) no 
ps L.J 0.3.19) 

1:1 

Fp(t) may be interpreted as being the distri
bution function of the inter-arrival times in a 
Poisson process having an intensity with random 
variations. The distribution function of the 
intensity is given by (1.3.16). 
This corresponds to Palm's Normal form I . Also 
the more complex Normal form 11 /13/ is easily 
transformed by (1.3.3) (ref. /5/). 

Palm's difference curve is the difference 
between the exponential distribution function 
and the Pareto distribution. By the scanning 
procedure this difference curve is transformed 
into the difference of the individual terms 
Pk (k = 0, 1, ... ) in Westerberg's ,distribution 
(1.3.14) and (1.3.18). 
An example is shown in figure 7. 

1.3.2 STEEP DISTRIBUTION FUNCTIONS 

These are characterized by a form factor E < 2 . 
The general distribution function is obtained by 
the convolution of f exponential distributions 
/8/. 
When all distributions are the same we obtain 
the Erlang distribution (cf. 1.3.15) 

(fXt)f-l -fAt 
--=-=-----"-'---- • e . fAd t , 

r(f) 

F(t) = 1 _~(f~~)j .e-
fXt 

j:o J. 

t, A > 0, (1.3.20) 
f = 1, 2, 

Expectation and form factor are 

1 
Ee = I 

£ = 1 + ! 
e f 

This distribution may be transformed by (1.3.3); 
The general discrete distribution is ' rather 



complex. 
For f:l we have the Westerberg distribution. 
For f:2 we obtain 

Po 
1- __ 1 __ (1_ -2>..h)(2_ ~) 

2>..h e e 2 >..h_ l 

: __ 1 __ (1_e- 2>..h)2. e -(k-l)2>..h{2+2k>..h_ 
2>..h 

2>"h(1+e- 2>"h)}, k : 1, 2, .. 

(1.3.22) 

Letting f -> ~ we obtain a constant time interval 
for F(t): 

o for t < 1/>.. 
F (t) 

c 
(1.3.23) 

1 for t > 1/ >.. 

Putting 1/>.. : hll/>"I+c (O~c<h) equation (1.3.3) 
takes the form 

PH': If I } : hhc 

P{u:ltl+l } :% 
(1.3.24) 

Mean (time unit: h) and form factor become 

Ecs : >..lh 

2 
£ : l+A c(h-c) (1.3.25) 

i.e. variance is zero for 1/>.. : an integral 
multiplum of the scanning interval h /19/. 

1.4 MEASURING OF EXPONENTIAL TIME INTERVALS IN A 
LIMITED TIME PERIOD 

n events of a Poisson process occurring in a time 
period (O,T) will be uniformly di~tributed. (O,T). 
Adding events at 0 and T ~ n+l ~nter-arr~val 
times have the distribution function(ref. /4/, 
vol 2, p 21) 

(1.4.1) 

We now consider a Poisson process (intensity>..) 
in infinite time and add events at 0 and T. The 
expexted number of inter-arrival times in (O,T) 
is AT+1. 
Thus the distribution function of an inter
arrival time chosen at random - each inter
arrival time having equal probability independent 
of length - is 

co 

FT(t) : >..i+lL(n+l)'PT(x~tln) 
n:o 

: 1 -At At -At 
e + >..T+le , O<t<T 

Expectation and form factor are 

T 
ET · : AT+l 

(1.4.2) 

(1.4.3) 

<1.4.4) 

When this distribution is transformed by the 
scanning procedure T must be an inte~ral multi~ 
plum of h, T : nh. Furthermore the f~rst scann~ng 
time is placed at random in (O,h) {fig.l}. 

From formula (1.3.3) we obtain 
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PO 

e - (n-1) >..h 

nAh+l 

k : 1, 2, .... , n-l 

p : 
n 

Expectation (time unit: h) and form factor are 

n 
nAh+l 

(1.4.6) 

We return to these formulae in section 1.6. 

1.5 COUNTING NUMBER OF EVENTS IN A POISSON PROCESS 
BY THE SCANNING METHOD 

Until now we have investigated measurements of 
time intervals, e.g. inter-arrival times and 
holding times. Theoretically we are able to 
measure time periods of length zero scanning 
intervals (class p in equation 1.3.3). 
A practical exampl~ is the superposition of events 
from various measuring points. 

If several events can take place at one measuring 
point between two scanning times, we miss some 
observations of time intervals. 
When counting number of events the corresponding 
problem is that we are able only to record either 
zero or just one event in one scanning interval. 
If two or more events occur we lose information, 
i.e. the problem is a counter problem. 

In the following an estimate is made of the 
correction (figure 2), and the confidence interval 
for the corrected value is indicated. 

Looking away from the zero class the distribution 
(1.3.3) becomes a conditional distribution: 

P{U:k} 
p{u:klk>O} : P{k>O} , k = 1, 2, (1.5,1) 

For the exponential distribution we obtain from 
(1.3.14) 

p{u=klk>O} 1, 2,.(1.5.2) 

A result to be expected. 
The expectation (time unit: h) and form factor 
are 

: 1 
l_e->..h 

l+e->"h < 2 

(1.5.3) 

(cf. (1.3.14» (1.5.4) 

Letting * -> ~ the difference (m - ~h) between 
1\ eo h 

the observed and the theoretical mean tends to 2' 

Analogously when looking at the number of events 
in a scanning interval h we observe a stochastic 
variable V following a binomial distribution 

P{V=O} 

P{V=l} 

->..h e 
<1.5.5) 

• 
• 

•• 
• 
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The average number of events recorded per scanning 
interval is 

-Ah n = 1 - e eo 
= __ 1_ (time unit h) 

meo 
(l.5.6) 

A sufficient estimate of the theoretical intensity 
is obtained from the measured values (neo or meo) 
by 

Ah = - In(l-neo ) = -In(l- __ 1_) 
meo 

(1.5.7) 

The confidence interval for A is easily calculated 
from that of theAbinomial distribution with 
parameter exp(- Ah) (E.g. Biometrika Tables for 
Statisticians, 1962, vol I, table 41). 

The above corresponds to that the measured traffic 
volume is correct. However, all calls of length 
zero scanning intervals are not observed, and so 
the measured average holding time (1.5.3) is too 
big. 
The correction is shown graphically in figure 2. 
An example is given in part two. 

In practice other counting problems exist in 
connection with the scanning method, ~.g. the 
scanning of an alternating Poisson process. For 
further details reference is made to 15/. 

1.6 MEASUREMENT OF TRAFFIC VOLUMES AND TRAFFIC 
INTENSITIES - COMPOUND DISTRIBUTIONS 

A traffic volume is composed of a number of 
individual calls. For a measurement period T the 
number of call·s N (including calls existing at 
the start plus calls arriving during T) is 
supposed . to have a distribution function G 
(generating function g(s), expectation mN, 
variance VN. 

Each call contributes to the traffic volume by 
the part of the holding tifue X. placed within T. 
X. is a stochastic variable ha~ing a distribution 
f~nction F (generating function f(S)i expectation 
mx ' variance Vx )' 

N and Xi are supposed to be stochatic independent. 
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Then the traffic volume 

<1.6.1) 

will also be a stochastic variable. 
The generating function of A is given by (/4/, 
vol.I.p.269) 

h(s) = g(f(s» (1.6~2) 

From this the expectation mA and variance VA is 
obtained by differentiating: 

<1.6.3) 

<1.6.4) . 

2 
Especially for constant holding time VA = VN·mx . 

The traffic inten~ity is obtained by dividing mA and VA by T and T respectively. 
These formulae are general the only restriction 
being that Nand X. must be independent. 
So they make us abie to estimate the reliability 
of a traffic volume, when the arrival process is 
non-Poisson and the holding time distribution is 
arbitrary. 

In the following we apply the , formulae (1.6.3) 
and (1.6.4) to · pure chance traffic, to renewal 
processes and to processes including intensity 
variations. 

1.6.1 PURE CHANCE TRAFFIC 

The arrival intensity is denoted by A and the 
intensity of the exponential holding ~ime is 
denoted by Ad' A 

So the (offered) traffic intensity becomes A = ~ 
(no congestion). Ad 
Usually the average holding time is chosen as 
time unit, i.e. A = Aa' 

The total number of calls in a measurement 
period T is Poisson distributed with expectation 
A (T+l), namely A existing at the start of the 
m~asurement plus a A ·T starting during the 
measurement period. a 

Thus we have 

mN = VN = Aa(T+l) , 

and from (1.6.4) we obtain 

V = V 'm 2.£ 
A N x x 

a result first found by Palm 115/. 

A. Continuous measurement 

<1.6.5) 

<1.6.6) 

From formulae (1.4.3) and (1.4.4) we obtain 
(note: change of time unit from h to l/Ad=l). 

m x 
T 

1'+1 

£ = T+l. 2 (T_l+e-T ) 
x T2 

Thus 

A 'T = AT a 

2'Aa (T-l+e-T) = 2A(T-l+e-T), 

or looking at the traffic intensity: 

A 

2A(T_l+e-T) 
T2 

i.e. the well-known results of Riordan. 

<1.6.7) 
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B. The scanning method 

From formulae (1.4.6) we obtain 
(T=nh, time unit = l/A = l/Ad = 1) 

T+l.[Th eh+l _ 2h 2 .e-
h

(1_e-
T

)] 
EX T2 eh_l (eh_l)2 

T 
mx T+l 

A 

2h2e -h(1_e -T) 

(eh _1)2 

(1.6.8) 

corresponding to the exact results of Olsson /11/. 

Letting t -> ~ the formulae (1.6.7) and (1.6.8) 
become the well-known formulae usually applied in 
practice. 

1.6.2 RENEWAL ARRIVAL PROCESS 

If the arrival process is a renewal process, then 
mN is the renewal function and VN can always be 
o~tained approximately. If X. ana N are 
independent, we can obtain tEe reliability of a 
traffic volume for any arrival process and for 
any holding time distribution. 
To obtain the scanning distribution (1.3.3) it 
may be necessary to approximate the distributions 
by a combination of flat and steep distributions 
(section 1. 3 ) . 

1.6.3 INTENSITY VARIATIONS 

Variations in the intensity can theoretically be 
produced in two ways, which are in principle 
different and which affect the reliability of 
measured traffic volumes in different ways /13/, 
/15/, /16/. 

A. Time-dependent Poisson process 

If the considered process is a Poisson process 
with time-dependent intensity A (t) the same 
formulae as above can be applie~ by replacing Aa 
by T 

~[Aa (tldt. 

There is a minor problem concerning the number of 
calls , existing at the start and the end of the 
period of measurement. 

B. Random variations in the intensity, Palm's 
model 

In his thesis /13/ Palm introduced a different 
type of variations. 
In a period of measurement T the intensity is a 
stochastic variable having a distribution 
function GT(x) (expectation EA' var i ance VA)· 

Then the jistribution of the number of calls has 
the following expectation and variance «1.6.2) 
or /17/, p.167) 

E ·T } 
(EA+VA)·T 

(1.6. 9 ) 

Thus we obtain from (1.6.3) and (1.6.4) 

(l.6.l0) 

Looking at the normalized intensity we obtain for 
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m =1: x 

mI 1 

1C £.(1.6.6lll 
VA 

(1.6.11) 
VI 

E + 
TEA TE2 

A 
This corresponds to Palm's expression (lIS/) : 

VA 
and = EA (1.6.12) nT T E2 

Y 
A 

In comparison with the pure chance traffic we get 
an extra contribution to the variance. I 

If for a time period we accept this model of Palm 
we 6ften find that the new term dominate the old 
term. 
For that reason it is very important to be able 
to distinguish between the two types of intensity 
variations. 
This differentiation is carried out with succes 
in part two of the paper. 

1.6.4 INTENSITY VARIATIONS IN THE HOLDING TIME 

From the general formula (1.6.6) we find that 
these are easily included in the form factor for 
a certain period of measurement. 

1.6.5 UNSOLVED PROBLEMS 

So far we have been looking at groups without 
congestion. Traffic measurements in limited 
trunk groups may be estimated by considering the 
renewal process made up from accepted calls. 
However, N' and Xi are in general correlated. 
For a more detailed discussion referen'ce is made 
to /5/. 

2. A STUDY OF VARIATIONS IN TRAFFIC PROCESSES 
BASED ON MEASUREMENTS BY THE SCANNING METHOD 

2.1 INTRODUCTION 

Dimensioning problems in a modern telephone 
system may be divided into two categories. 

A. Dimensioning of common control systems (CCS) 
/2/. The holding time of a CCS is determined 
technically and is practically independent of 
the subscriber behaviour. Each call-attempt, 
successful or not, results in a constant load on 
the CCS. So the dimensioning of the CCS only 
depends on the point process made up from the 
arrival times of the requests for service. 
The order of magnitUde of these times are from 
milliseconds to seconds, and time intervals of 
interest in dimensioning are of the length 
seconds - minutes. 

B. The trunks are dimensioned according to the 
traffic volume they carry. Calls of short 
duration (e.g. unsuccessful calls) are of minor 
significance to the dimensioning as the load of 
a call on the trunks is proportional to the 
duration. The average holding time is about 3 
minutes, and time intervals of interest in 
dimensioning is of a magnitude of order up to 
one hour. 

In this section we concentrate on variations in 
the traffic process, a subject of basic 
importance in teletraffic theory. 
We apply the structures of the formulae given 
above to analyze data from the Holb~k Measure-
ments 11/, 16/, 17/. 
In Holb~k 701 incoming trunks distributed on 52 
routes to the transit station (a L M Ericsson -
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type ARM 20} were scanned 5 times a second during 
2 weeks. A total of 570 635 trunk occupations 
were recorded with the following information: 

identification of device, 
time of start of occupation and 
duration of occupation. 

2.2 OBSERVED VARIATIONS IN HOLDING TIMES AND CALL 
INTENSITY 

In this section we review the observed variations 
in the traffic intensity. 
These variations may either be classed with 
variations in the holding time distribution or 
variations in the call intensity. This 
differentiation is necessary to be able to obtain 
a deeper understanding of the variations, but has 
for practical reasons been almost neglected until 
now. 

HOLDING TIMES 
Figure 4 and 5 display variations in the mean 
value and form factor of the observed holding 
times during the day. 
Because of the large number of observations 
(fig. 3) the parameters are very reliable during 
the day. 

. In this case the observed form factor should be 

-3 
10 .. Call rate per hour 

80 

40 

20 

0 

0 4 S 12 18 20 

approximately 2 (1.3.14). However, during the 
business hours we observe a form factor equal to 
3. When estimating the reliability of measurements 
of traffic volumes this value should be used. 
So the holding time distribution is flat, and 
figure 6 shows the fitting of a hyper-exponential 
distribution composed of 2 exponential terms 
(section 1.3.1.a). This may be interpreted as 
corresponding to two types of subscribers /9/. 

(A theoretical estimate of the number of non
observed holding times because of the scanning 
method is from formula (1.5.6) found to be 330 
(570 635 observed).) 

We are able to conclude that the parameters of 
the holding times behave regularly during the 
peak hours. 
Most problems relating to dimensioning of trunk 
groups and common control devices are thus caused 
by variations in the call intensity. 

CALL INTENSITY 
Figure 3 shows the moving average of the number 
of calls per hour during the day. The well-known 
variation during the day is noticed; the maximum 
occurs about 9 a.m. 
Theoretically we are unable to measure the call 

Time 

24 

intensity at a point of time. By making 
some basic assumptions we can, however, 
obtain an estimated value. These problems 
are thoroughly discussed by Palm /13/. 

The total variation in the traffic 
intensity is obtained by mUltiplying the 
curves in figure 3 and 4. 

2.3 THEORETICAL INVESTIGATIONS OF CALL 
INTENSITY VARIATIONS 

FIG . 3 . MOVING AVERAGE OF ONE HOUR . QUARTER STARTING . 10 WORKING DAYS 

THE HOLBJJ!JK MEASUREMENTS . 3 . 8 - 18 .8, 1989 . MONDAY - FRIDAY · 

In section 1.6 we described two types of 
intensity variations. 
Furthermore we noticed from formula 
(1.6.11) that the reliability of a 
traffic measurement to a great extent is 
dependent on the type of variations. ATe race trunk 

holding time. 

[.econd.] 
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FIG.4 . MOVING AVERAGE OF ONE HOUR . QUARTER STARTING . 10 WORKING DAY8· 
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So we need a tool which can differentiate 
the two types of variations. This is 
introduced below. 

The generalized mea,n difference: 

A useful measure of dispersion is the 
generalized mean difference /18/ 

d r =~~Ii-jlrp(i).p(j) 
i j# 

For r 2 we obtain 

d2 2.variance 

(2.3.1) 

(2.3.2) 

Thus for a Poisson distribution we find 

(2.3.3) 

i.e. a linear function of the intensity. 

For a binomial distribution (n,p) we have 

(2.3.4) 

Letting p(x) equal to the number of calls 
in a time interval t we extend (2.3.2) to 
the two cases of intensity variations in 
section 1. 6.3. 

Time-dependent Poisson process: 
t 

~~ = 26, EA = t ~A(t)dt (2.3.5) 
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TIME MONDAY TUESDA WEDNES THURSD FRIDAY MONDAY TUESDA WEDNES THURSD FRIDAY TOTAL 
OF DAY 4/8 5/8 6/8 7/8 8/8 9/8 10/8 11/8 12/8 13/8 

8- 9 2.2835 2.1411 2.0193 2.i341 2.0230 1.6807 2.1443 2.0728 2.1446 1. 6344 2.0260 
9-10 2.0978 1.9998 2.0123 1.7894 1.9283 2.1556 1.9570 1. 7846 2.0306 2.4133 2.0209 

10-11 1. 6782 1. 6391 1.5820 2.2481 1. 8092 2.1024 2.0705 1.8555 1. 9475 1.8005 1. 8704 
11-12 2.0264 2.0925 1.7225 1.8348 1.9302 1.9392 1. 9351 1.8481 1.8139 2.3189 1.9467 
12-13 2.1105 2.1009 1. 9930 1.8150 2.0009 2.0893 1. 7829 2.2848 2.2868 1. 8780 2.0330 
13-14 1.7206 2.2025 1.8183 2.1008 1.9409 2.1J797 2.0285 2.3714 2.0359 1.6229 2.0331 
14-15 1.8652 2.0212 1. 9778 1.9745 1. 8251 1.8601 2.0022 1.7109 1.9974 2.1652 1.9387 
15-16 1. 9468 1.9382 2.1316 1.8913 1.7935 2.0181 1.9093 2.0948 1. 7977 2.0956 1. 9617 
16-17 2.2974 1. 7388 2.0328 1. 7401J 1. 9358 1. 7478 1.7456 2.1358 2.1064 2.0976 1. 9555 

8-17 1. 9990 1.9821 1.9105 1. 9580 1. 9117 2.0119 1.9656 1.9899 2.0097 2.0114 1. 97 58 

Table 2.1. Normalized mean second-order differences 62/EA for the number of calls during 
consecutive 10-second intervals. The Ho1b~k Measurements, 1969. 

Now we take the chronological order of the 
observations into account by putting j = i+1 in 
formula (2.3.1). Thus we calculate 62 for 
disjoint consecutive intervals of length t. 
Suppose t is so small (e.g. 10 seconds) that no 
time-dependent variations occur during intervals 
of length 2·t, while variations may occur in the 
total measurement period T (e.g. 24 hours). 
Then because 62 is a linear function of A, we 
obtain e = 1, i.e. 

2 <2.3.6) 

Palm's random variations: 

From formula (1.6.9) we have 
6 V

A
' r. = 2+2·- > 2 

A EA -
<2.3.7) 

The statistic 62 is very simple to obtain by a 
measuring device. 
In data from the Holb~k Measurents we let t = 10 
seconds and obtain the results of table 2.1. 
For all working days Monday - Friday, 8 a.m. -
5 p.m. we observe 

Il 
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NUMBER 0 .. 

.OBSERVATIONS 

NO· 0 .. OBSERVATIONS: 57055 

MEAN VALUE: 171 , 85 SECOND8 

.. ORM FACTOR = 3,30 

CURVE .. ITTING : 

A . EXPONENTIAL .. REQUENCY 

DISTRIBUTION FUNCTION 

1.:171 , 85 S 

B . HYPEaEXPONENTIAL FREQ. 

DI STRIBUTI ON .. UNCTION 

l.a171,85 S, A 1 =O, 1881,N:2 

(SECTION 1. 3 . 1) 

TIME IN 
o 00 MINUTBS 

o 2 4 8 8 10 12 14 18 18 20 22 

"10 . 8 . FREQUENCY DI8TRIBUTION 0" TRUNK HOLDING 

TIMES , 10 WORKINO DATS . MONDAT - "RIDAT . 

9 - 10 A . M . THB HOL •• K MEA8UREMEKT8 . 

!&. = 1.9758 
EA 
The average number of calls per 10-second interval 
is n·p = 11.3540. Thus we find for the binomial 
case (2.3.4) (n = 701 sources) 

h = 1. 9676 ' 
np 

Remembering that some of the incoming trunks may 
generate two calls within 10 seconds (10 , of the 
trunk holding times are less than 10 seconds) this 
is extremely close to the observed value. 

For Palm's random variations we calculate for the 
number of calls per 10-second interval during the 
same measurement period that 

EA = 11. 3540 

EA+V A = 18.6119 => VA = 7.2579 

~ 3.2784 
A 

i.e. a result a factor two different from the 
observed value. 

Thus we have shown that the observed variations 
in the call intensity are of the time-dependent 
type; they are not of Palm's type. 
In fact we are able to differentiate between calls 
generated from 701 sources and calls generated by 
a Poisson process, even if both models have time
dependent variations. 

Corresponding investigations of 6r for r>2 are not 
possible, as 6r then is a non-linear function of 
the intensity. 

2.4 CALL INTER-ARRIVAL TIME DISTRIBUTION 

In this section we investigate the call inter
arrival time distribution. This was also done by 
Palm /13/, and extensive measurements proved to 
be in good agreement with his models. We also 
find agreement, but the physical explanation is 
a different one from that of Palm 

When deriving Westerberg's distribution (1.3.13) 
we made the assumption that the time-of-start of 
the interval to be measured is uniformly distri
buted in a scanning interval of length h. 
Looking at inter-arrival times a time-at-start is 
identical to the time-of-end of the preceding 
interval. Thus the above assumption is only valid, 
if the scanning interval is small compared to the 
mean inter-arrival time. 
However, in practice it will also be valid if we 
have a large amount of observations, even if the 
mean inter-arrival time is small. 

Table 2.2 shows the observed inter-arrival times 
on the trunks for all weekdays during 8 - 12 a.m. 
In the same table is shown the calculated values 
of Westerberg's distribution (corresponding to 
exponential inter-arrival times) assuming constant 
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Then we investigate the call 
intensity seperately by means of 
the second-order mean difference. 
From this we find that the process 
is a Poisson process having a time
dependent intensity. 

-11 

-10 e 
f) 

e 7,00 -
-Ill .. 7,16 -

e 7,10 -

a . • . 
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CALL8 

Palm's random variations do not 
exist. This is important as regards 
the reliability of traffic 
measurements. 

-.0 e e 7,46 - 8,OOlr' •• ee 

We also analyse inter-arrival times. 
Palm found that observations for 
these were in good agreement with 
his model. The reason for this is 
that his model do take account of 
variations, but not of the 
chronological order in which they 
occur • 

e 
e 

TOTAL 7,00 - 8,00. 1 ..... CALLS 

-.11 e 
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1'10.7. PALII'8 DIrl'&R&NCIl CORVI:. NORIIAL rORII 1 . TRAN8PORIIBD 

ay TB. 8CANNINO PROC&DOaB . 10 WORKINO DAYS 7-8 A . II . 

TBB BOL ... K IIBA80aBIIBNTS . 3 . 8 - 18.8. 198e. 

- - -
class Number Westerberg's distr. Palm's 
(scan) of obs A constant during Normal 

N 1 hour 40 hours Form I 

0 24 431 -788 -414 -875 
1 41 971 47 423 -55 
2 32 197 598 630 580 
3 24 438 ' 585 454 607 
4 18 029 -1 -194 38 
5 13 579 -67 -266 -28 
6 10 306 -44 -213 0 
7 7 747 -110 -245 -76 
8 5 851 -121 -222 -92 
9 4 538 -10 -76 14 

~10 14 716 -89 123 -113 
total 197 803 0 0 0 

Table 2.2. Observed and (observed - calculated) 
inter-arrival times. 10 working days Monday -
Friday, 08 - 12 a.m. The Holb~ Measurements, 
3.8 - '16.8, 1969. Scanning interval h = 200 ms, 
no = 0.02236. 

intensity during 1 hour respectively during 40 
hours. 
Finally Palm's inter-arrival time distribution 
taking account of the scanning method (1.3.l8) 
is calculated. In all cases we notice how 
important it is to consider the measuring 
principle, especially as to class zero. 

Figure 7 shows Palm's difference curve /13/ 
transformed by the scanning method (equal to the 
difference between the individual terms Pk of 
(1.3.l~) and (1.3.18) for a measurement period 
7 - 8 a.m., all 10 working days. 
This is a period in which the call intensity 
increases almost linearly from- a low to a high 
value (fig. 3 and fig. 7). . 
In this case Palm's model fits well, especially 
for the first classes, which correspond to a 
high observed call rate. This is, however, 
because there exist variations on the whole. 
In this case it is obviously time-dependent 
variations. Palm's model only takes account of 
variations, not of the chronological order in 
which they occur. 
A detailed investigation of inter-arrival times 
has been carried out in /7/. 

2.5 CONCLUSION 

On the basis of the formulae developed in part I 
we analyse tne traffic process using data 
from The Holb~k Measurements. 
Taking account of the scanning p~inciple we are 
able to analyse the variations of the traffic 
process . in great details. 
First we differentiate the variations into 
variations in the holding time distribution and 
variations in the call intensity. 

-

, - 224/9 

• rrl ••• " •• 
al ••••• ] 

Besides the above-mentioned 
investigations several others have 
been carried through. 
They all prove to be in accordance 

with the time-dependent Poisson process with slow 
variations. This is also valid for all observed 
extreme values. 
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