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Question by E BEHLENDORF 
Can you-tell something about the range of call con
gestion values for which your proposed interpolation 
formula can be used? In your paper you show diagrams 
for a prescribed call congestion of one percent or one 
promi lle. 

Answer 
In tabTe 1 there are only 3 cases with high blocking 
probability, namely with W=().12, W=O.53 and W=O.10 
respectively. The agreement between calculation and 
simulation results is good for these cases, but of cour
se the number of cases is too small to draw reliable 
conclusions from it. But I expect that the formula will 
hold for high blocking probabilities, for the following 
reasons. 

The formulas for the extreme cases, i. e. the ordina
ry Erlang formula and Erlang"s interconnection for
mula, do hold for all values of offered traffic. So 
your question may be redu ced to the question: "Does 
the function for the weight factor hold for high blocking 
probabil ities?" 

The fact is that the relative difference between block
ing probabilities for the extreme cases gets smaller 
with increasing offered traffic, so that the choice of 
the weight factor function becomes less critical. There
fore I expect that the formula will hold for high block
ing probabilities. 

Till so far, I have spoken of pure gradings, without 
link system. 

Let us now look at a link system and a specific out
going route, which is connected to the system in a 
grading. Now, the availability is defined as the num
ber of trunks that are principally accessible for a 
given inlet of the link system. A split may be defined 
as a subset of inlets, which have access to one and 
the same subset of trunks. With this definition, the 
number of splits is fixed for a particular case • 

For calculating the blocking probability, we can use 
the interpolation formula in the following manner. The 
weight-factor can be calculated in the usual way, but 
the distributions fD and fI for the extreme cases have 
to be replaced by modified distributions fa and f~ 
following Wallstrom"s method for full avallability 
routes connected to 1 ink systems. 

From the structure and the load of the link system, the 
conditional blocking function can be calculated, i. e. 
the probability that a call is blocked if x of the K trunks 
that are principally accessible for the calling inlet are 
occupied. 

In Wallstrom"s method, this blocking function appears 
as a factor in the recurrence formula for the full avail
ability trunk group. The same can be done with recurr
ence formula for the total number of engaged outlets 
in Erlang"s ideal grading. So the only question is 
again whether the function for the weight factor holds 
for the combined system of link network and grading. 
In this case too, the choice of the weight factor func
tion is less critical, because the contribution to the 
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blocking probability by the link system is equal for the 
extreme cases. But as I said, I cannot say anything with 
sureness at this moment, because there are not yet 
made simulations about this. 
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Question by E BEHLENDORFF 
In-your approximate calculation method you made a so
called symmetric assumption. Did you find any case 
in which this assumption is eXactly valid? 

Answer 
By the assumption made for the derivation of the inter
connection Delay Formula each system state is consi
dered in equi librium with the set of all lower neighbour 
states ("half-symmetri"). This assumption yields quite 
good results for symmetrically structured and symme
t rically operated systems. This has essentially been 
verified by application of this principle to multidimen
sional state spaces as, e.g., for the combined delay 
and loss systems with gradings (6,7). 

For completion, another assumption should be referred 
to which considers each system state in equi 1 ibrium 
with any individual neighbour state ("full-symmetry"), 
which is a somewhat stronger assumption seen by the 
fact that full-symmetry implies half-symmetry, but 
not vice versa. 

Both assumptions are trivial for one-dimensional state 
spaces. They have gained importance for multi-dimen
sional state spaces for reasons' of recursive calculation 
of the state probabilities. Two questions arise using 
such methods: 
1 . In which cases are the assumptions strongly exact, 

and 
2. What accuracy is obtained in any other case. 

Investigations on these topics have been carried out 
(7). I would like to give three examples, where the 
cases of full- or half-symmetry are exactly: 
1. Fully accessible u-server system with ~1 queues 
(limited or unlimited), generally with different input 
rates~'1--"~9 and a propabilistic interqueue discipline, 
which serves queues with probabilities proportional to 
their momentary queue lengths. 
2. Fully accessible u-server system with randomly 
hunted servers and generally different meen holding 
times h1 ---hn for the various servers. 
3. Limited accessible u-server system with ideal 
gradings and 1 storage place per grading group, in 
which the waiting calls are served randomly. 

For all other cases, the assumptions yielded quite good 
results if the system structure (e.g., gra,dings, fully 
accessible serves) and operating strategies (interqueue 
discipline) are sum metrically, i.e. no grading group 
has an outstanding handling either in structure or in 
operating. 

Question by E BEHLENDORF 
Do you 'thi.nk, that your method can be extended to the 
case of constant holding times? 

Answer 
For-graded delay systems with constant holdi.ng time 
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M Thierer has reported a solution (5) based again on 
the state blocking probability' c(x) for ideal gradings. 

Up to now, I have not tried to apply any method of a 
reduced accessibility ~~ k to real gradings with con
stant holding time, but this is only a question of time. 
Using this adaption principle, I am quite sure to ob
tain simi lar good results as in the exponential case, 
probably with a slightly lower reduction of k than in 
the exponential case. 

Question by T R~GEBERG 
What type of simulation method was used in your simu
lations? Did you use a special simulation language? 

Answer 
Because of the aim to investigate non-Markovian ser
vice times as well as time-dependent characteristic 
values as the d. f. of waiting time, we used the origi
nal event-by-event simulation method. The simulation 
programme was written in ALGOL for reason of run
time efficiency when simulating a large number of 
systems and parameter combinations. This is addi
tionally important for more precise simulations for 
testing the higher moments of the d. f. of waiting 
time with sufficient accuracy (up to 600 000 calls per 
simulation run). 

We have also used simulation language as GPSS, 
SIMSCRIPT, and SIMULA for other problems for 
reason of a better simulation programme transparen
cy when no extensive simulation runs were involved. 

Question by CH GRANDJEAN 
In-your grading 2.5 (page 2 of your paper), inlets 1 
and 4 have access to one individual outlet whereas 
the other two have not: this grading is not symmetri
cal and therefore the loss B is not the same for the 
four inlets if the traffic offered is the same. Did you 
take the average loss B for figure 7 in which this gra
ding is taken as a reference? Do you not believe it 
would have been more significant to take a symmetri
cal grading as a reference? 

Answer 
Ail gradings in Fig.2 were constructed such having 
the same mean interconnection number M=2 and the 
same parameters n=8, k=4 and g=4. Grading type 
No.25 was constructed systematically by progressive 
commoning and skipping, but without slipping under the 
additional constraint to have a dominating homogeneous 
part. Because of the restricted degress of freedom 
only an insymmetrical grading could be constructed for 
this parameter combination. 

YOI.Jr objection is correct: it will always be preferable 
to Use symmetrical load conditions. The optimum gra
ding for delay systems, as shown by the more realistic 
example in Fig. 24. 3, is of course a symmetrical one. 

The loss probability of Fig. 2.5, which has been taken 
as reference value in Fig. 7, is the average loss pro
bability with respect to all 4 inlets. Although the gra
ding type No. 2.5 is not symmetrical, it yields never
theless the best results with respect to the whole range 
of offered traffic. For the comparison of various gra
ding structures with respect to the average loss or 
total mean queue length it is not significant whether the 
reference grading is a symmetrical one or not. 

Question by M A SNEPS-SNEPPE 
Onthebasis of calculation and simulation data for 
delay systems with gradings Dr. Kuhn gives some 
recommendations on the efficiency of various types 
of gradings . 

With regard to them I shall dare to express some 
doubts. 

Ire 7 24/2 

First I shall draw the attention to the theorems of op
timal loss systems with gradings proved by means of 
asymptotic expansions of loss probabilities at.A .... 0 
and,A-. oCI (j\ intensity of Poiss61'"1 call flow). Namely, 
some times ago we proved in [IJ , that between gra
dings with given parameters: 'V"- number of trunks, 
k-accessibility,& - number of subscriber groups 
I ) at,A.Othe optimal one is grading having maximum 
number of indivudal trunks and 
2) at).. .. ()Q the optimal one is the straight homogenous 
grading with skipping. 

Similar theorems for delay systems with gradings are 
not yet known, however the calculations for small 
gradings have shown that the same principles might 
be true. 

On this I shall make two comments. 

I. Dr. Kuhn compared the loss probabil ities for va
rious 8-trunk gradings having one waiting place in 
any group (some of these gradings are shown on Fig. A) 
and concluded that for small occupancies (.1\,/11'<.:. 0.+) 
the straight inhomogeneous grading with pro{jressive 
commoning and skipping (Fig. A.3) is best, whereas 
for higher occupancies (~0.4) the best would be a 
straight homogeneous grading with skipping (Fig. A.I). 
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First part of this statement is not true. Really the 
asymptotic expansions for gradings 2 and 3 on Fig. A 
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2. The comments to Fig. 15 in Dr. Kuhn"s paper I 
suppose contain the same mistake. 

On the basis of simulation of various gradings 
(~.,3D I k· 10. cer': G,) having infinite number of 
watttng places (t he mean waiting time is measured) 
the author stated that "grading with certain progression 
and a large homogeneous part (grading 14:3) yields the 
best efficiency over the whole range of occupancies". 
I suppose it is not true. As shown in Fig. 15 for small 
occupancies grading 4.2 having individual trunks is 
better than recommended grading 14.3, but the fact 
that homogeneous grading 14.2 seems worse than gra-
ding 14.3 for high occupancies (.A'j/V > O. 'I ) 

• 
• 

• 
is in my opinion due to simulation errors. 

According to the above mentioned theorems we may 
suppose that • 
I. homogeneous grading 14.2 is optimal at~~/V'~J 

2. however grading 4.2 with individual trunks is not 
optimal.' 

The mathematical prove of such kind of statements for 
delay systems with gradings is a matter for future 
study. 

~ 

I. Basharin G. P., Kharkevikh A. D., Sneps M.A •. 
Mass service in telephony. Nauka: Moscow, 1968. 

Answer 
5r.Sneps-s'neppe feels that the conclusions drawn in 
my paper in Sections 3.3.1 and 4. 1 .3 (Examp le 4) 
contain two mistakes. This is not true. It will be shown 
in the following that my conclusions are correct and that 
the arguments used by Dr. ~neps-~neppe for the 1 imi
ting cases A ~O and A ~ n (A ~ 00 ) are either wrong 
or incomplete when they are generalized to the practi
cally interesting range of occupancies. 
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1. General remarks 
For gradings in loss systems Dr. Sneps-~neppe con
siders only the theoretical results for the two limiting 
cases of the offered traffic A ~ 0 and A ~ 00 • 

a) First, it must be pointed out that gradings in toss 
or in delay systems do not have the same optimum 
features over the whole range of occupancies A/n, 
respectively. The conclusions drawn from loss systems 
to delay systems with gradings are therefore doubtful. 

b) The optimum gradings for the limiting cases 
A -+ 0 and A ~ co are not necessarily the optimum 
ones for actual occupanc \es since they neglect the in
fluences of the interconnection schemes (i.e., rules for 
progressive commoning, traffic balancing by skipping) 
on the efficiency of the grading. 

c) From the practical point of view it is not interesting 
to know the behavior of the gradings in the 1 imiting 
cases but for the actual range of operation. 

2. Comparison of the efficiency of various small 
gradings by means of exact calculations 
a) The efficiency of the grading types 2.1 to 2.6 
(part of them were renamed by Dr. ~neps-~neppe in 
Fig. A) has been studied by comparison of the relative 
loss probabilities referred to grading 2.5 for the prac
tically interesting intervalO.U5' ~ A/n ~ 1 .0, cf.-
Fig. 7, Sect. 3.3.1. The statements and conclusions 
were made with reference to Fig. 7 and hold for the 
considered interval exactly. 

'~ .." 

b) The comment of Dr. Sneps-Sneppe reflects on 
the limiting case A/n ~ 0 which is - if at all -
only of theoretical interest. Since a delay system 
behaves 1 ike a loss system at A/n ~ 0, the same 
effects can be expected as in loss systems. To show 
this, the interval of A/n has been extended down to 
0.05 which is shcwm by the dashed curves in Fig. 7a. 
The trend of the curves shows that the gradings with 
the maximum number of individual servers, 2.4 and 2.6, 
are optimal only for A/n <: 0.06; the absolute loss 
probabilities for this range, however, are of the mag
nitude S. 10-7 which reflects the practical irrelevance. 

c) The second conclusion in Section 3.3.1 states that 
for A/n> 0.4 the straight homogeneous grading with 
skipping (2 .2) is optimal. For loss systems, this 
grading becomes optimal only at rather high occupan
cies A/n > 0.75 IJ 6J. It was the primary intent of my 
paper to show that in de lay systems homogeneous 
gradings are optimal already at rather low occupancies. 
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2.1 Straight homogeneous grading 
2.2 Straight homogeneous grading with skipping 
2.3 Homogeneous grading with skipping a.slipping 
2.4 Straight inhomogeneous grading 
2.5 Straight inhomogeneous grading with skipping 
2.6 Inhomogeneous grading with skipping and slipping 

(n=8, k=4, g=4, s=1) 
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3. Comparison of the efficiency of practical gradings 
by means of simulations 
a) From the results of the study on small gradtngs and 
simulation studies as in Section 4.1.3 (Example4), the' 
author suggests an . "Optimum grading for delay systems" 
which fOr-InS the, best compromise_over .the whole rang~ 
of occupancies. This does not mean that this gra-
ding is absolutely optimal for every speclal occupancy! 
An optimum grading in this sense can only be a compro
mise between optimum gradings at lower, medium and 
higher occupancies, i.e., it must be a grading with cer
tain progression (for lower and medium occupancies) 
and a considerable part of homogeneous servers of 
about 70 '10 (for higher occupancies) together with a good 
traffic balance (distribution of busies). 

b) The simulations shown in Fig. 15 were performed 
with 100.000 calls/test run. Due to the simulation varia
tions, the ratios given in Fig. 15 have to be considered 
with their 95 '1o-confidence intervals, which overlap .ach 
other partially (they were neglected for reasons of cl.a,..
ness). In Fig. 15a a new simulation study is shown which 
was performed with 300.000 calls/test run. The result. 
are principally the same as the original ones without tha 
anomaly for the homogeneous grading 14.2 at A/n = O.Q, 

c) The second comment of Dr. S'neps-Sneppe contain. 
a fundamental error: According to his arguments, 
grading 4.2 is at A/n = 0.4 better than grading 14.3 be
cause of the fact that grading 4.2 has more individual 
servers. The actual reason, however, is the fact that 
grading 4.2 has a smoother progression and a better 
traffic balance, which are the real criteria for sequentially 
hunted gradings at lower and medium occupancies. 
This can further be seen from the fact that the primi-
tive O'Dell grading 4.1, which has the same number of 
individual servers as standard gradina 4.2, is ' worse 
than grading 14.3. 

d) Fig. 15a shows an additional curve for that grading 
(15.0) which has only singles and commons and which is 
optimal in the limiting case A ~ O. This grading forms 
really the worst case for all relevant occupancies! 

Finally, Dr. Sneps-Sneppe suggests two optimum gra
dings for delay systems for A/n ~ 0 and A/n -+ 1, 
respective ly. 

The first one having only singles and commons is only 
optimal for the nearly empty system and has therefore 
no practical sense. The second one having homogeneous 
servers was already suggested in my paper to be the 
best one not only for A/n -+ 1 but also for comparatively 
low occupancies. 
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Question by E BEHLENDORFF 
OidyO'ulnvestigate further arrangements with you 
very interesting method and can you refer something 
about YOLir numerical experiences? 

Answer 
MycoTIeagues at the Norwegian Tele Administration 
have arranged for my formulae to be run on a compu
ter. The run has confirmed the correctness of my 
calculations. Referring to my paper, page 243/6, I 
state about" Expansion beyond the minimum case" the 
following: "The minimum case consisting of the three 
outlets 1/2/3, may be extended in two ways using a 
single additional outlet. Either it may get another commor 
outlet (trunk), or alternatively the number of individual 
outlets may be extended to three" • 

Two runs were performed on the computer, the first 
one increasing the common outlets from one to five, 
and the other increasing the individual outlets from two 
to six, maintaining one common trunk. Different traffic 
figures w ere used, but on the a ttached sketch, conditions ' 
show t he result for A=1, O. - It is evident that the traffic 
increase per trunk in the first case is slightly larger 
than the increase by full availability, in contrast to the 
second case where the increase is more moderate. 
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Question by E BEHLENDORFF 
Can-you-apply your described method to gradings, in 

• 
which traffics from two subgroups being conducted .on • 
one hunting step are redivided on a hunting step? One 
can not use the equivalent random theory in these cases. 

Answer 
Yes-: it should be possible to find approximate 
solutions. In the example mentioned in the ql~estion 
the subsystems will not all be .~qual. But each s 'ubsvstema 
may be analyzed by help of e., ... :::ttlOns of state. The 
subsystems analyzing the traffic losses from split 
1,2,5 and 6 will look like 

o 

;:~~le split 4 and 3 are app~OXixate~ Wit} SUbsystems 

and the perturbing traffics are determined iteratively 
using the same principle. 
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Question by E BEHLENDORFF 
DO' you have already any experience with applying your 
method to other and more complex systems? 

Answer 

• 
I have-not yet applied • 
cated structure. But, as mentioned in the paper, for 
the necessity of the channel calculation for the coastal 
radion telephone service system, the more complicated 
hunting rule of delay system was considered. The re-
sults will be published by another author, and again it 
has recognized to be a good approximation. 
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Question by E BEHLENDORFF 
Can-you-describe the method, how in your simulation 
model the traffic is offered to the line terminating 
devices? With full or limited availability to all line ter
minating devices of one group? 

Answer 
Pmsson traffic was offered individually to each horizon
tal row of incoming lines. In order to obtain approxima
tely the input traffic desired, it was necessary to offer 
slightly higher input traffic to each row, since the traffic 
would be limited by the number of incoming lines to each 
horizontal row. 


