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ABSTRACT 

This paper describes a system of computer algorithms which 
are being developed to assist traffic network planning 
engineers in determining the least-cost hierarchical 
trunk network configuration for a multiyear planning 
interval (typically 5 to 20 years). These network synthe
sis algorithms are being incorporated into computer 
programs identified in the paper. The Multistage Tandem 
Program (MST) will be employed to: select and schedule 
tandems over the planning interval, determine the optimal 
load growth policy for each tandem and the apportionment 
of load among multiple tandem routing functions, and 
finally assign the home tandems for all switches in the 
network model. The Multistage Trunk Engineering Program. 
(MTE) determines the trunk requirements for all study 
years. The MST and MTE programs differ from previous 
network synthesis programs in that they explicitly 
include rearrangement costs in determining multiyear 
opt1mality~--In-addition~ constraints placed upon re
homing activity and available capital in each study year 
are considered. 

The role of the MST and MTE programs in the long-range 
traffic network planning process is dealt with in the ini
tial section of the paper. The remainder of the paper 
outlines the principal algorithms employed by the MST Pro
gram. These algorithms represent heuristic solutions 
to exact formulations of the network design problems. 

Although the computer program which implements the algo
rithms is not yet operational, this paper documents a com
putationally tractable approach to deal with a highly 
complex large-scale traffic network design problem. Plans 
for validating this model are discussed. 

1. ELEMENTS OF LONG-RANGE TRAFFIC NETWORK PLANNING 

The task of long-range planning of large-scale hierarchical 
trunk networks has become increasingly more complex and 
important. An essential characteristic of the trunk 
network planning problem is the occurrence of trunk re
arrangements which results whenever the capacity of a 
tandem is exhausted. This may also result when a new 
high usage trunk group proves economical. It is possible 
that a least-cost network design may be infeasible if the . 
resulting number of trunk rearrangements exceeds the 
ability of the telephone plant staff to implement the 
network design within the required time interval. The 

: network models emp.toyed by existing computer progrw h~v~
generally not dealt with trunk rearrangements and their 
influence on multiyear optimality, 

This paper describes a system of computer algorithms that 
is . being developed at Bell Laboratories to assist traffic 
network planning engineers in determining the least-cost 
trunk network configuration for a 5-to-20-year planning 
interval. These computer algorithms play a central role 

:}n 'th~_t_r~ff~-E..l~ing process identified_ !~ _Figure 1. 

TRAFFIC FORECASTS}-END OFFICE (EO) - LOCATION AND SCHEDULE 
EO EXISTING LOCS LOAD OF NEW EO 
EO CAPACITIES GENERATION - EO COSTS 
UNIT COSTS - EO-EO DEMANDS 

CAPITAL AND 
REARRANGEMENT ] 
CONSTRAINTS . 

CANDIDATE TANDEMS 

PLAN FOR ROUTING ' 
LOCAL AND TOLL 
TRAFFIC 

EXISTING NETWORK 
UNIT COSTS 
TANDEM CAPACITIES 
TK. ENG CRITERIA 

MULTI STAGE 
TANDEM 
(MST) 

PROGRAM 

- LOCATION AND SCHEDULE 
OF NEW TANDEMS 

- TANDEM LOAD GROWTH 
ESTIMATION 

- SWITCH HOMING 
- APPROX NETWORK COSTS . 

AND OVERALL TRUNK 
REQUIREMENTS 

- LOCATION AND SIZE OF 
TRUNK GROUPS 

- TANDEM LOADING 
- REFINED NETWORK COSTS 

FACILITY 
NETWORK 
PLANNING 

NETWORK 
SERVICE 

EVALUATION 

FIGURE 1 - TRAFFIC NETWORK PLANNING PROCESS 

After selecting the geographical boundaries defining the 
network under study (referred to as the "study network"), 

' the initial. design process is to determine the end-office 
(EO) requirements necessary to meet the traffic demands 
projected over the planning period for the study network. 

·The traffic demands required for trunk netwQrk planning 
~ are not only those between end offices within the study 
' network (SNEOs) but also those between SNEOs and any of-
t. fice originating or receiving significant traffic to or , 
~from the study area. They must be specified for each year "-. 
' of interest (referred to as a "stage") during the long-
., range planning interval. 
,; 
~e .. Eq-.EO~~eman<i~ ,for ~age of the pl~ing ·peri~. ~ 
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are then 'input t;-the-traffTc~etwork synthesis'proce8s, 
to determine the tandem- switch and intermachine trunk re
quirements needed to serve both local and toll traffic in 
the study network, over the planning interval. These de
sign functions are partitioned into two separate computel' 
programs, the Mul tistage Tandem (MST) Program and the 
Multistage Trunk Engineering (Ml'E) Program, which can be 
run in series without manual intervention, if desired. 
The inputs to the MST program, in addition to the point
to-point offered loads, are identified in Figure 1 and 
described in Section 2.2. The following network design 
operations are performed by the MST program. 

1. A determination is made of the tandem switching 
machines required to serve the study network at 
each stage of the planning period. These are 
selected from a list of candidate machines and 
sites which must be furnished to the program as 
input. 

2. For each tandem employed in the study network the 
optimal load growth function is determined. This 
growth function, expressed as the percent fill 
(occupancy) of the tandem as a function of the 
number of years in service, represents a trade-off 
between capital investment (in tandem switches) and 
rearrangement costs. A policy of maximizing the 
fill rate of a tandem, so as to delay the start of 
new IIlB-chines. will minimize the present worth of 
capital investment but maximize rearrangement costs. 

3. ' Recognizing that a given tandem may be utilized to 
serve more than one routing function, the program 
will apportion the switched load , of a tandem, at 
each stage, among the multiple functions it may 
serve. 

4. The home tandems 'are selected for each switching 
center (end office and tandem) In-~he study 
network: In a hierarchical network, the trunk 
group connecting a switching machine to its "home" 
tandems provides the last-choice (final) route for 
call completion between the switching machine and 
a given set of end offices. The MST program 
permits multiple-homing for any switch, as required 
to satisfy the hierarchical routing plan specified , 
for the study network. These homing assignments 
are made concurrently for all planning stages so 
that the cost penalty of rehoming final trunk 
groups may be included in the design algorithm, in 
addition to the ' transmission costs of the final 
trunks. When multiple busy-hour loads are con
sidered, load balancing of tandems to accommodate 
the noncoincidence of tandem loads is included in 
the homing algorithm. 

The MTE program accepts as input: (a) the point-ta-point 
loads to and from SNEOs for all planning stages, (b ) the 
alternate routing assignments for call completion through 
the tandems selected by the MST program, (c) constraints 
'on the tandem loads permitted at each stage, as determined 
by the MST program to insure sufficient tandem capacity to ' 
accommodate load growth in subsequent stages, and (d) the 
unit costs of: ' trUziks(line-haul and termination), tandem 
switching and rearrangements (trunk additions and 
deletions; trunk group startup and retirements). The 
principal design objective of the MTE program is to 
dimension all new and existing trunk groups in the study 
network, concurrently for each stage of the planning 
interval, to minimize the costs of transmission, switchin@' 
:'and trunk rearrangements, subject to constraints placed i 
upon tandem switched load capacity. : 

i 
I 

:The traffic network synthesis operations were partitioned 
' into two separate programs (MST and MTE) for several rea
sons. First, it may be desirable to review and override 
the tandem switch selections (based upon certain practical 
'considerations which are not adequately reflected in a 
computer algorithm) before trunk engineering i s performed. 
Secondly, the degree of precision necessary to conduct 
some long-range 'network planning studies, particularly 
when load forecasts are uncertain, may not warrant detail
ed trunk engineering calculations. In such cases, the 
.tandem switch requirements and approximate network costs 
d.ete~n~d, by the MST "'p.!"ogrwp. should be suffici~nt. 

*, The term "tandem," as used in this paper, applies to any · 
; :t.rJ..ul.kd;Q..-trunk switching machine (local or toll). 

. - _ ... . ... . . - - - . -- . ' . -~.( ""'- ' . .. '~ .J 

I AI though the tandem and trunk engineering programs are 
, separate, there is a functional dependence between them. 
The switched load requirements for tandems serving the 

; study network depend upon the economic trade-off between 
, direct and alternate routing. This economic trade-off is 

estimated from approximation methods employed by the MST 
' program. Not until the more detailed trunk engineering 

calculations are performed by the Ml'E program is it known 
whether tandem switched load estimates computed by the 
MST program were sufficiently accurate to justify the 

, tandem network design decisions. A comparison of experi
mental results obtained from the MST and MTE programs will 
be utilized to validate the MST switched load model (de
scribed in Section 2.4) and determine suitable parameter 

\ values in the model. 

As further indicated in Figure 1, the traffic network con-
~ figuration determined for each stage of the planning in

terval by the MST and MTE programs may furnish input to a 
multistage transmission facility network planning program 
and a network service evaluation program. 

The network service evaluation program refers to a compu
tational tool for evaluating the load-service relation
ships of different traffic network design configurations 

I at any given stage of the planning interval. This service 
evaluation capability should play a major role in long~ 
range planning of trunk networks, recognizing that al
though the cost of two different network plans may be com-: 
parable, one may give better point-to-point service or 
have better call completion capability under overloads 
than the other. , 

The remainder of this paper contains a description of the 
! computer algorithms comprising the MST program. The ef
" forts of six Bell Laboratories engineers, in addition to 
: the author (see Section 4 for acknowledgments), have con-
tributed to the development of the MST algorithms de
scribed in this paper. The size and complexity of this 
work (requiring about seven man-years to develop) pro-

, hibits presentation of all the details in this paper. 
Highlights of the algorithms are given in Section 2, and 
brief discussion of the status and intended application of 
the MST program is contained in Section 3. 

2. THE MULTISTAGE TANDEM PROGRAM 

' 2.1 Program Objectives 

The network design algorithms comprising the MST program 
I employ the following objective function: minimize the 

present worth of annual charges for the capital investment 
required for tandem switching and interoffice trunks , 
(determined approximately by the MST program) plus the 
present worth of annual operating eXpenses, including 

, trunk rearrangement costs. This minimum-cost objective is 
, subject to the following constraints: 

a. Upper bounds placed upon final trunk group blocking 
probabilities and tandem switch capacities. 

b. An upper bound on the capital expenditure available 
per year. 

c. An upper bound on the amount of rearrangement 
activity which can be executed per year (expressed 
as a percent of the final trunks and trunk groups 
that may be rehomed or retired). 

d. The initial conditions of the long-range network 
plan as reflected in the traffic network configu
ration (i.e., location and sizes of tandems and 
trunk groups) anticipated at the start of the 
planning interval. 

The first set of constraints reflects customer service 
considerations (under both busy-hour and peak traffic 
conditions) in the network design requirements. Con-
straint b acknowledges that the network design must be 
achieved within a capital budget at each stage of the 
planning inter val. The third constraint recognizes that 
there is a practical limit to the number of trunk 
rearrangements which can be implemented during a given 
time interval by the telephone plant staff at the central 
offices. ' Finally, the initial conditions imposed by the 

._existing network at the start of the planning solution 
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provide anoth~r practical-consTraint On the optimal multi': 
stage network 'design. 

It is entirely possible that, on the basis of the offered 
loads predicted over the planning interval and the con
straints imposed on capital investment and trunk rear
rangements, no feasible solution exists. In such a case, 
the MST program will identify the infeasible conditions 
and then determine the network design which satisfies all 
constraints except capital, if possible, and minimizes 
capital expenditure. 

2.2 MST Program Inputs 

The MST program requires as input: 

A. Identification of end offices which originate or 
terminate traffic in the study network. For many 
network planning studies, particularly those of 
large metropolitan areas, the number of end offices 
which must be included in the network model may be 
excessive, ranging from several hundred to a 
thousand. * 

Recognizing that estimation of trunk requirements 
and the specification of offered loads are propor
tional to the number of office pairs (105 to 106 
items per planning stage for large metropolitan 
networks), it is apparent that unless scale reduc
tion methods are employed in such cases, data 
handling, core storage, and program run time re
quirements are prohibitive. The following scale 
reduction technique has been developed to sub
stantially reduce the amount of end-office data 
required. A terminal node is defined as a collec
tion of EO~ with similar location, routing , and 
load characteristics for all planning stages. For 
each terminal node identified, the following data 
must be supplied: 
(1). The location of the terminal node (the same 

location coordinates are applied to all EOs 
comprising this node). 

(2) The size of each end-office comprising the 
terminal node (expressed in terms of equivalent 
main stations) at each planning stage. 

This method of consolidating EO data offers a 
convenient means of dealing with EOs that either 
initiate or retire at some stage during the planning 
interval. Each such office is assigned zero main 
stations before it is placed in service or after it 
has been retired. 

It is estimated that this EO scale reduction tech
nique reduces the number of point-to-point data 
items in a model of the metropolitan network serving 
New York City by a factor of approximately 25. 

B. Specification of the traffic demands to and from 
~ A demand set contains the total offered 
loads to and from each terminal node in the study 
area and every terminal ~ode in the ~twork planning 
model for a given hour: These tot~ loads may 
be apportioned among component EOs, according to 
their size. 

Offered load sets may be specified for more than one 
hour, and each set of loads be designated according 
to the traffic conditions represented. For example, 
busy-season, busy-hour (BSBH) loads, during which 
trunk engineering criteria must be satisfied, must 
be distinguished from peak traffic loads (average 
10-high-day or high-day) utilized to determine 

"~ 

j 
,I 

,I 

BSBH conditions. Since tandem capacity is generally 
expressed in terms of peak loads, BSBH traffic is 
insufficient to determine the tandem load require
ments. 

If offered load sets representing only BSBH condi
tions are given, then a constant must be specified 
to inflate the point-to-point loads to peak loads. 
Note that a 30-percent increase in a given offered 
load, experienced on the high day (over normal BSBH 
load levels) may result in a 30-percent increase of 
switched load to the tandem if there is no direct 
high-usage group to the destination, or as much as a ' 
lOO-percent increase in the tandem switched load 
overflowing a direct high-usage group. Consequently 
the ratio of high-day switched load to BSBH switched 
load depends upon both the offered load ratio and the 
network trunk configuration. 

In addition to the offered loads, average holding 
time estimates for both local and toll traffic must 
be specified for traffic originating and terminating 
at each terminal node in the study network. These 
holding time estimates allow attempt-limited tandem 
capacity to be transformed into an equivalent 
switched load capacity for each tandem. 

C. A hierarchical plan for routing local and toll 
traffic to and from each SNEO . The routing plan 
must b~ described functionally, in terms of tandem 
classes. Examples of tandem classes are primary, 
sectional, and regional center categories in the U.S. 
toll network and geographically defined sector 
tandems in local metropolitan networks. Thus, the 
term tandem class refers to a collection of tandem 
switches having identical routing functions. In 
specifying the routing plan for the study network, a: 
terminal zone is defined as a collection of terminal 
nodes in a given stage with similar routing " 
characteristics. An example 01' a 2-level hierarchi
cal routing plan defined functionally, using the 
aforementioned terminology, is given in Figure 2. 
Noting that the EOs in terminal zones ZI,Z2 home 
on tandems in classes ~l and ~2' respectively, 
the alternate routing list for zone pair (ZI,Z2) 
is given by 

R(ZI,Z2) = ~2'~1 

where ~2 is the first outlet choice from Zl for 
completion to Z2' and ~l is the second outlet choice. 
Similarly, R(~l,Z2) ~2 and R(~2,Z2) = ~ (i.e., no 
alternate routes available) can be derived from the 
example in Figure 2. 

Tandem 
Class 

tandem switch requirements. More than one BSBH load 
set may be specified to reflect the noncoincidence of 
traffic in network trunk requirements. Similarly, 
more than one peak load set specified for any 
planning stage will permit the tandem homing 
assignments to reflect traffic noncoincidence effects '. 

) Zone 

Both BSBH loads and peak loads must be considered by 
the MST program. The trunk engineering con
siderations which determine the cost-optimal amount 
of switched~~d ~ffer~ to tandems are based upon 

*The estimate of 1000 EOs refers ' to- a- mode1 of ' the iletwc;rk 
serving New Yqrk City in 1990. 
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D. A list of existing and candidate tandems which 
may serve the study network in each stage. For 
each such tandem, the data required include: 
the machine location, machine capacity limitations 
(expressed as maximum trunk terminations, call 
attempt capacity, and/or switched load limit),* 
unit costs,* and the identity of the functional 
(routing) classes in which the tandem may serve at 
each stage. For those tandems which must be 
retired during the planning interval, the retirement 
stage and salvage value of the machine must be 
specified. 

E. Trunk engineering guidelines, unit transmission 
costs, and trunk rearrangement costs at each stage. 
Trunk engineering guidelines are required by the 
MST program to estimate the tandem switched load 
requirements. Examples of such guidelines required 
are: minimum size of high-usage groups, desig
nation of groups as one-way or f-way, minimum 
requirements for "full" groups, and final group 
blocking probability requirements. The capital 
costs of outside plant termination and line-haul 
equipment per incremental trunk (for one-way and 
2-way local ~d toll groups) are specified as R 
piecewise linear function of trunk length. The 
incremental expense costs of adding (connecting) 

. and deleting (disconnecting) individual trunks of 
a group, and establishing or retiring a trunk group 
at each stage, comprise the unit rearrangement costs 
employed by the MST program. Annual expense costs 
(of taxes, interest, administration, and maintenance) 
associated with existing trunks and groups are also 
required as input. 

F. in ut items are 0 tional. 
Capital constraint: for each stage, the total 
amount of capital which can be committed to 
increased trunk and tandem requirements (since 
the last stage). 

(2) Rearrangement constraint: for each stage, an 
upper bound on the proportion of trunks and/or 
groups which can be rearranged due to rehoming. 

(3) Initial conditions: the study network tandem 
and trunk requirements prior to the first stage 
of the planning interval may be specified. 
Most initial conditions may be ignored if the 
long-range planning interval of intere~t 
begins sufficiently far into the future to 
permit a gradual evolution of the existing 
network to the network requirements determined 
for the first planning stage. 

2.3 Tandem Program Organization 

The MST program is partitioned into five separate processes 
plus a monitor routine needed to control the iterative 
design process. The program organization is given in 
Figure 3. 

The input process reads all the data specified by the 
program user, constructs data arrays in a form convenient 
for internal processing', and determines program options 
selected by the user. The input process then passes 
control of the program to the monitor routine which calls 
in the three major computation algorithms as they are 
needed. 

A. The switched load process transforms the EO-EO loads 
into the switched load requirement for each tandem 
class (t), in each stage (t), and for each hour ' (h) 
that offered loads have been specified. This load 

~ _____ t_r_an_sformation is _Rchieved by _employing tr~ 
*Capacity or unit capital costs for a tandem machine may 
vary at different stages of the planning interval due to 
technologi cal improvements achLeved over time. 

t"Full" groups refer to high-usage trunk groups which are 
sufficient in size (or overflow traffic volatility) to 
be engineered as final groups, with overflow traffic 
routed to reorder. 
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engineering approximation techniqu~s outlined in 
Section 2.4. 

B. The tandem allocation process selects new tandems 
from the input candidate list and determines the 
growth of existing tandems serving the study network 
over all stages, so as to minimize the present worth 
of capital and expense costs associated with trunk 
and tandem requirements, subject to a capital 
constraint at each stage. The algorithms employed 
in this process are described in Section 2.5. 

C. The homing process assigns home tandems, as required, 
for each switch over all stages so as to minimize the 
present worth of transmission and rehoming costs, 
subject to a rearrangement constraint at each stage. 
A description of the homing algorithm is given in 
Section 2.6. 

The three design processes identified above are somewhat 
interdependent and consequently require an iterative 
solution controlled by the monitor routine. For ekample, 
the selection of new tandems by the allocation process 
may sufficiently alter the cost of alternate routes or 
promote greater "splintering"'!' of trunk groups than 
originally anticipated, thereby requiring a recalculation 
of the switched load process. If the constraint placed 
upon rearrangements at any stage is~-V:folated in the'homng 
process, then the allocation process: mUst be repeated to' 
provide additional tandem capacity, and where needed in 
prior stages, to alleviate the excessive rehoming 
activity. When the monitor routine determines that no 
further iterations are required, it passes control to the 
output process. The functions of the monitor routine are 
identified more explicitly in Section 2.7. 

The output process generates reports which provide the 
following information: 

1. The tandems utilized for the study network at 
each stage, along with the tandem load 
(including hourly variations), and the apportion
ment of the tandem load among the tandem functions 
it may serve. 

+ The tel'1D. trunk group "splintering" refers to the 
proliferation of trunk groups from a switching machine, 
each with fewer trunks per group. Since the traffic
carrying efficiency of groups is monotonic with size, 
the effect of trunk group splintering is to increase 
total trunk requirements or the traffic overflowing 
these groups. 

• 
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2. The home tandems for each end office and tandem in 
the study network, for each planning stage. 

3. The alternate routes, in terms of the tandem 
machines allocated for the study network by the 
MST program, for ~all completion between each ~air 
of end offices in the network model. 

4. Approximate trunk requirements (high usage and 
final trunks) for each stage. 

5. The capital requirements of trunks and tandem 
switching for each planning stage. The exp~nse 
costs associated with tandem switches, network 
trunks, and rearrangements caused by rehoming are 
also estimated. At the option of the MST program t 

user the output process may automatically 
initiate execution of the MTE program to (: Qbtain a 
refined estimate of the network trunk requirements 
tandem loading, and network costs, if greater 
accuracy than that achieved by the MST program is 
warranted. ' 

2.4 Switched Load Process 

The switched load process is an iterative procedure in 
which the load between terminal nodes, input for each 
hour (h) and each stage (t) are aggregated into zone-

" zone loads (for each hand t) and then distributed among 
: tandem classes, as specified by the input (hierarchical) 

routing plan. This process employs ~any techniques 
similar to those utilized in hierarchical trunk engineer
ing programs. 2 A major difference is that this algorithm 
deals with aggregate loads to multiple offices comprising 
each tandem class or terminal (EO) zone. 

The switched load process' has six principal computation 
objectives: 

1-

2. 

3. 

4. 

5· 

6. 

Determine the switched load contributed by each EO 
in the study network to every home tandem class, 
for all h and t. 

Compute the switched load contributed by each tan
dem class to every home tandem class, for all h and 
t. 

Calculate the average efficiency [trunk-to-load 
ratio, designated TLRi (t)] of trunk groups termin
ating at each tandem class (i), for all t. 

Determine the total capital required in each stage 
t for transmission facilities. 

Calculate the switched load growth ratio for each 
. class i and stage t [designated SLRi(t)] from end 
offices that were in service in stage t - 1. 

Compute the marginal cost, due to trunk group 
"splintering", of adding one additional tandem 
to each class i, for all t. 

An outline of the algorithm employed by the switched load 
process follows: 

X,Y 

Let 

denote terminal routing zones (collection of EOs 
having common routing). 

denote tandem classes (collection of existing and 
candidate tandems serving same routing function). 

denote a zone 2L a class (used in cases where 
calculations are applicable to both) .' Conse
quently the pair X,Y refers to any zone or class 
pair: Zl,Z2 or Zl,il or il'Zl or i

l
,i

2
• 

a. Compute the average line-haul cost, CTKX (t), for 
every zone and class pair (at each stage't), from 
the unit cost functions, by obtaining sample 
distances from terminal nodes tandems (existing or 
candidate) comprising each zone and class. 
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b. 

c. 

Compute the average switching cost per CCS, CSWi(tY 
for each tandem class. The first time the 
switched load process is executed by the MST 
program, ' the switching cost for a class is 
obtained by averaging over all tandems which are 
candidates to serve that function. This estimate 
can be subsequently updated (after the allocation 
process) when specific tandems have been selected 
to serve a class function. 

Compute the average trunk termination cost,CTERMX( ~)' 
for every zone and class. Note that physical. " 
limitations on EO trunk terminations are not 
explicitly considered in the network model and 
consequently must be reflected in artificial 
("shadow") costs associated with EO trunk termi
nations, as necessary to ensure a practical 
solution. 

Based upon the average costs computed in Step 1, the 
economic load on the last trunk, ECCSxy(t), is computed 
for each zone/class pair X,Y having high usage (HU) 
groups, for each stage t. Two separate cases are 
identified in computing the ECCS in the switched load 
process. These cases will be illustrated for one-way HU 
groups. Two-way groups are treated by considering each 
direction separately and then obtaining a weighted aver
age ECCS, according to the load offered to the HU group 
in each direction. 

Case 1 is applicable to all X,Zl pairs (where X may be a 
zone or class). A simple routing illustration of Case 1 
is given in Figure 4. 

x 

! . 

,ECCS
XZ 

(t) 
1 

FIGURE 4 

denotes one-way HU 
group 

--- denotes one-way final 
group 

Cost per direct trunk from X to Z, in stage t : 
Cost per offered CCS on alternate route from 

X to Zl in stag~ t 

CTIScz (t) + CTE~( t) + CTERM
Z 

(t) 
I 1 

~Y[CT~i (t) + CTK
i 

z (t) + 2CTERMo (t) 
y 1 1 1 .(..1 

+ CTE~(t) + CTERM
Z 

(t)] + CSW
i 

(t) 
1 1 

where Y denotes the marginal capacity per trunk in a final 
trunk group, expressed in CCS (an input parameter ) . The 
preceding equation is derived from the classical ECCS 
formulation described by C. J. Truitt. 3 

Case 2 is applicable to all X,il pairs. The difference 
between this condition and Case I is that in this case, 
seizure of the high usage trunk group for x,il does not 

ITC 7 



ensure completion to the dest:j.nation office. As illustrat
ed in Figure 5, an additional trunk seizure is required 
for completion to the destination office (located in so~e 
zone Z) whether the high usage group X'£.l is seized or the 
alternate route through X'£.2 is utilized. 

FIGURE 5 

ECCS
X

• (t) = Cost per direct trunk from X to 11 in stage t 
~l (Average cost per offered CCS on alternate 

route X,12 to all destinations Z, · in excess of 
cost from 11 to Z, in stage t) 

The preceding equation is derived from approximations of the 
marginal overflow concept in alter~ate routing networks 
introduced by C. W. Pratt. 4 .If we further assume that the 
line-haul costs of the transmission route from X to Z 
through 11 are approximately the same as the cost of the 
route through 12, then the preceding equation reduces to 

CT~1 (t) + CT~(t) + CTERM (t) 
1 11 

ECCSUl(t) - 1-
y [CT~1 (t) + CTERMx(t) + 2CTERM1 (t) 

1 2 
- CTERM1 (t») + CSW1 (t) - CSW1 (t) 
121 

~or each zon~ pair Zl,Z2 ~nd for each stage t, the follow-
1ng computat10ns are performed to determine the number of 
trunks, NTKZI Z2(t), and the overflow probabilities, 
BZI Z2(h,t) (for each hour, h) on the direct HU groups. 

a. 

b. 

c. 

Let h* denote the busy hour at which A
Z 

Z (h,t) 
is a maximum. 1 2 

Using values of ECCSZIZ2(t) computed in Step 2 and 
the values of minimum HO group size and minimum full 
direct group conditions, one can easily calculate 
the minimum loads required for an HU group. 
[AMINHZI Z2 (t») and full group [AMINFZI Z2(t»). 

Apportion the offered loads among EO pairs comprising 
zone pair Zl,Z2 according to the number of equivalent 
main stations associated with the EOs (in each 
stage). Each EO-EO load for the zone pair corre
sponding to hour h* and stage t is compared to 
AMINFzI z2(t) and AMINHZI Z2(t) to determine: 

(1) The number of full direct groups between Zl and 
Z2 and the total load offered to these full 
groups. 

(2) The number of direct HU groups between Zl and 
Z2 and the total load offered to these HU 
groups. 

d. The number of full direct trunks required for the 
zone pair· in stage t is determined by applying the 
Erlang B formula to the average offered load per 
fUll group and the blocking probability specified 
for full group engineering. The resulting average 
size of a full group is then multiplied by the num
ber of groups ascertained in Step 3c. A similar 
procedure is utilized to determine the number ofHU 
trunks between Zl and Z2' except that the economic 

load on the "last ·t~, as dete'f~ined by EC·CSZl i~ t ·f , 
is utilized, instead of the Erlang B formula 
to determine the average HU group size. The total 
number of trunks, NTKZl Z2 (t), is the number of the 
full and HU trunks between Zl and Z2' 

e. The overflow probability for the zone pair is 
estimated, for each hand t, by subtracting from 
the zone-zone offered load, the load offered to 
full direct groups and the load carried on the 
direct HU groups for the zone pair, and then 
dividing the remainder by the total zone-zone 
offered load. 

Step 4 

The apportionment of alternate routed loads directed to or 
from a zone, among the component EOs, requires sub
stantially different factors than those used to apportion 
the point-to-point offered traffic. End offices having 

• the ~reatest point-to-point loads are likely to have 
smaller overflow loads relative to the other-offices 
since more of the offered traffic is likely to be c~ried 
on direct trunks to the destination. 

As previously discussed, the offered load apportionment 
factors applicable to outgoing and incoming traffic for 
each EO comprising a terminal node in zone Z at stage t 
correspond to the equivalent number of stations specified 
for each office in each stage. The overflow load· appor-

. . tionment factor for each EO is computed by determining 
the amount of the EO-EO traffic considered in Step 3 that 
either overflows direct HU groups or is offered directly 
to a tandem because direct HU groups are not established • . 
The latter case can be interpreted as overflow traffic 
from a direct group of size O. The traffic overflowing 
direct groups to and from each EO is accumulated as each 

, .zone pair is considered in Step 3. The overflow appor-
' ~ tionment constants applicable to end office el, belonging 

to zone Zl in stage t, are the ratios of the overflow 
loads originating and terminating at el (in the selected 
BSBH, h*, for each zone pair) to the corresponding over
flow loads originating and terminating at Zl' 

It is obvious that this method of apportioning the aggre
gate quantities of alternate routed traffic between zones 
and classes, among component EOs, is a very simplified 
approximation of the calculations required to enumerate 
the EO loads to each tandem. The apportionment method was 

• chosen because it introduces no known bias, and an examin
ation of the trade-offs between improvements in accuracy 
and computational ·requirements of more complex overflow 
load apportionment schemes indicated that more sophisti
cated methods were unwarranted. 

~ 
Assume starting values for the overflow probabilities on 
all links to and from tandem classes, Bxy(h,t). The 
blocking probability for a link will depend upon whether 
the link is HU or final and whether each corresponding 
hour h represents busy-season busy-hour, average lO-high 
day, or high-day load. 

Step 6 
Compute the total loads offered to all links to and from 
the tandem classes, Axy(h,t), by distributing the AZI Z2 
(h,t) loads among the links according to the routing 
vectors and Bxy(h,t). This load distribution process, re
peated for each hand t, is similar to that described in 
Reference 1. 

~ 

The switched load requirement for each tandem class 1 
(for each hand t), denoted S(1,h,t), is computed by 
summing the incoming carried loads on trunk groups from 
all other zones and classes. 

~ .. ,-- --~ 

Step 8 . J. 
For each stage t, test for convergence of the switched load 
process by comparing S(1,h,t), for a selected hour h, witti 
the corresponding value of switched lo~d computed in the \ 
previous iteration. If values of S(1,h,t) computed in [ 
successive iterations are within a specified toleranc~ fO~1 
each class 1 in a given stage, then convergence for the 

. corresp<?l'~_ding sta_~: i_~ __ :e~_c.!:~~ ~d t~e .. st_~Il.e is_~ed t9 
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·prevent further calculations for that stage. If con
°vergence is not achieved in all stages, the switched load 
°process proceeds with Step 9. 

If this is the first execution of the switched load process 
by the MST program, estimate the number of tandems N1(t) 

° required for each class and stage by considering S(1,h,t) 
and the average capacity of the existing and candidate 
tandems which can serve class 1 in stage t. 

Using a computation procedure similar to that described in 
Step 3, compute the blocking probabilities, BxY(h,t), and 
number of trunks, NTKxY(t), for all links to tandem classes, 
from the link offered loads. The principal differences 
between these calculations and those of Step 3 are: 

a. 

b. 

c. 

A peakedness ratio (i.e., variance-to-mean ratio) 
greater than one ois specified for traffic offered 
to links to and from tandem classes. Separate 
values ~f these peakedness ratios may be employed 
for link offered loads of the categories: zone-to
tandem class, tandem class-to-zone, and intertandem 
links. Different traffic peakedness ratios may also ° 
be specified for BSBH and peak load conditions. TheO 
equivalent random method5 is used in all ECCS 
calculations for HU groups and as a replacement for 
the Erlang B formula wherever applicable in Step 3. 

The overflow apportionment constants computed for 
each EO, as described in Step 4, are utilized to 
apportion the loads offered to tandem links 
[AxY(h,t)] among the EOs comprising each zone. 

The link offered loads oare appprtioned amo~go tandemso 
comprising each class in each stage t, in proportion 
to the switched load allocated to each tandem 
selected to serve that class during stage t. The 
allocated switched loads are initially estimated in 
the tandem allocation pr~cess (Section 2.5) and 
subsequently refined during execution of the homing 
process (Section 2.6). During the initial execution 
of the switched load process, before the tandem 
allocation process has been performed, the link 
offered loads are apportioned equally among the N1(t) 
tandems estimated for class 1 in Step 9. 

After completion of Step 10, during which improved estimates 
of the link overflow probabilities are computed, Steps 6 
through 10 are repeated for as many iterations as necessary 
to achieve iteration convergence. When convergence is 
achieved for all stages, in Step 8, the iteration process 
is concluded and Step 11 is executed. 

Step 11 

Utilizing estimates of the trunk requirements NTKvv(t) 
throughout the network and the unit capital cost at trans
mission, the total capital requirements for transmission 
facilities in each stage may be estimated. 

Step 12 

a. The average trunk effici~ncy (trunk-to-loadratio) for 
a given tandem class .e. (and a given stage h and t), 
denoted oTLR(1,t), is obtained by dividing the total 
number of trunks terminating at class 1 in stage t, 
by the total carried load to and from class 1, 
averaged over the BSBHs in stage t. Thesevariables 
are used in the tandem allocation process totrans
form switched load requirements into trunks for each .. 
class. A similar set of variables, TLRH(1,t), is 
also computed for each class 1 by dividing the 
total number of trunks between class 1 and the 
(subtending) zones or classes that home on 1, by 
the total load carried on these links, averaged 
over the BSBHs in stage t. These variables are 
utilized in the homing process to estimate the 
final trunk requirements from the switched load 
contributed by each subtending office (see Section 
2.6). 

b. For each tandem c~ass 1 to which EOs directly home, 

th~ switched load S(t,h,t) is apportioned among the 
EOs according to the overflow apportionment con
stants computed in Step 4. 

c. The switched load growth ratio for class t and 
stage t [denoted SLR~(t)] refers to the 
proportional chanOge (increase or decrease) in the 
switched loads to class t contributed only by 
subtending EOs which homed on class t in both the 
prior stage (t-l) and the current stage (t). 
Letting S (t,t) denote the average BSBH switched 
load cont~ibuted by end °office "e" to home class t 
i~ stage t, the switched load growth ratio is 
given by 

where 

O[x] 

L Se(t,t)O[Se(t,t-l)] 
eEt 

{: otherwise 

if x > 0 

The marginal machine cost [MMCt(t)] of trunk group 
splintering, resulting from the addition of a tandem to 
each class (t) in stage t, refers to the added annual 
charges of additional tandem switched load and added 

1 transmission facilities caused by smaller, less efficient 
trunk groups. The average offered load per trunk group 
to or from a tandem .class t is reduced to Nt(t)/[Nt(t) + 1] 
of its previous value. Approximation formulas have °been 
developed to recompute the number of trunks and the over
flow probability for each link to a tandem class, when 
the number of tandems in the class is incremented by 1. 
Utilizing the ECCS values applicable to HU groups for each 
X,Y pair (computed in Step 2), the values of ~TKXy(t), 
~BxY(h*,t), and the annual charges (AC) per trunk, the 
marginal machine costs can be approximated by 

per tr~~(t)]~NTKX1(t) 

[AC per trunktx(t)]~TKtx(t) 

- An (h*, t o)Mxt (h*, t) 

+ ECCSxt(t) 

+ AtX(h*,t)~BtX(h*,t) } 

ECCStX(t) 

The first and second terms of the preceding equation re
present the cost of additional trunks required into and 
out of class 1. The third and fourth terms of the equation 
reflect the cost of additional switched load overflowing 
the HU groups. The resultant marginal machine cost, 
MMC1(t), must be reduced by the savings in line-haul cost 
realized by having each switch subtending class 1 on a 
home tandem in closer proximity. This calculation is 
incorporated in the tandem allocation process. 

2.5 Tandem Allocation Process 

This section only briefly highlights the tandem allocation 
process. Details of othis process will be the subject of 
subsequent papers. The principal functions of the tandem 
allocation process are to: 

a. Select new tandems from a list of candidate machine~ 
and sites. 

b. Determine the load growth (fill) of each tandem in 
each stage. 

c. Apportion each tandem load among the multiple cl ass 
functions that the tandem may serve. 
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To satisfy the aforementioned desi~ objectives, a multi
stage load assignment problem was formulated in which de
mands for switched lo~d in each tandem class are geograph
ically located at centroids (or clusters) of offices which 
home on tandems of the given class in each stage. 

Let j denote a centroid of offices which offer switched 
loads to a given home tandem class (1). If class 1 des
ignates a first-level tandem function, centroid j repre-, 
sents a suitable geographical cluster of EOs having a 
class t homing requirement. If t is a second or higher 
level tandem class, the centroid j is made up of a suita- , 
ble geographical cluster of existing tandems which home 
on class 1 and offer switched load to the class. The nO~j 
tation, Sj(t), will be used to denote the switched load 
offered by the offices at centroid j to the tandems serv
ing the home class, in stage t. Note that each centroid 
corresponds to only one class, but more than one ce~troid 
may offer load to a given class. 

To assign switched load from each centroid j to new and 
existing tandems (k) serving the home class function in 
each stage, the effective capacity of each tandem must be 
known for each t. Given the switching network, attempt,' 
and termination capacity of each tandem, the limiting 
capacity, expressed in terms of load, i ,s determined by 

,computing the weighted average holding time and trunk-to
load ratio for the tandem (among the class functions that 
the machine may serve). Let Xjk(t) denote the amount of 
switched load offered from centroid j that is assigned to 
tandem k at stage t. The opti~al load assignments. 
[Xjk(t)] may be determined by solving the following multi
stage, constrained optimization problem: 

Minimize the present worth of: 

(1) 

(2) 

(4) 

Transmission cost of in-home chain trunks (includ
ing capital and operating expenses), plus 

Capital costs incurred in introducing new tandems 
and growing existing tandems in each stage, plus 

Operating expenses associated with the tandem 
switches required, plus 

Splintering costs incurred by increasing the num
ber of tandems required to serve a class, plus 

Rearrangem~nt costs incurred whenever insufficient 
load is assigned to Xjk(t) to accommodate the ex
pected growth of load assigned in previous stage, 
Xjk(t-l). 

The preceding obj ecti ve function is ' subj ect 'to the 'follow:ing , 
constraints: 

(1) The switched load requirements from each centroid 
must be satisfied in every stage. 

(2) The effective capacity of each tandem may not be 
exceeded. 

(3) A constraint may be placed on available capital 
for each stage. 

An exact mathematical formulation of the above problem has 
been developed, requiring a mixed-integer pro~ramming 
solution. Although standard algorithms exist to solve 
such problems, an exact solution is unsuitable for the 
following reasons: 

1. The problem is too large when dealing with networks 
of practical size. For networks serving metropolitan 
areas, the above problem formulation requires more 
than 25,000 unknown variables, 5,000 unknown integer 
variables, and more than 5,000 constraints. 

2. Successive solutions (iterations) of this problem 
are required whenever a rehoming constraint is 
violated (in the homing process) or the tandem 
allocation solution significantly modifies the 
switched loads. computed in Section 2.4. Since 
repeated solutions of the allocation process are 
likely, the excessive computation reQuirement of 
an exact solution is unwarranted. 

3. The accuracy of the switched load reQuirements, a 
basic input to the tandem allocation process, does 
not warrant an exact solution. 
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4. The preceding formulation of the problem makes it 
difficult to modify the solution to reflect 
practical considerations which are not represented 
in the equations. For example, the minimum-cost 
solution may result in cyclic rearrangement re
quirements, in which some years with high 
rearrangement activity are followed by years with 
almost no rearrangements. It would be desirable 
to obtain a comparable solution with a uniform 
rearrangement work load over time. 

The approach taken was to develop a simplified approxi
mation of the exact problem formulation, requiring 
successive iterations to obtain improved solutions. The 
computations are greatly simplified by reducing the 
multistage allocation problem to successive single-stage 
problems as follows: 

a. At each stage of the planning interval, the desired 
balance between rearrangement and capital, costs 
requires all new tandems to be placed in ,service 
at partial fill and grown over several years. Let ' 
INCAPk denote the startup load chosen for each new 
tandem k (introduced in the current stage). Let 
MAXCAPk denote the maximum load to which an 
existing tandem, k, may grow in the current stage. 
INCAP

k 
and MAXCAPk are utilized to constrain the 

Solut10n of each single stage problem to reflect 
the requirements imposed by the most economical 
multi stage solution. 

The initial values of INCAPk (for each stage) are . 
determined by the monitor routine (see Section 2.7) 
before the tandem allocation process is initially 
executed. MAXCAPk is initially set to the ultlmat,e ' 
capacity of the tandem. 

The values of INCAPk and MAXCAPk are updated by the 
monitor routine following each iteration of the 
tandem allocation process as necessary to obtain a 
better global (multistage) solution. This itera
tive procedure permits a further simplification of 
each single-stage optimization problem. ' 

We may ignore the capital constraint in the prob
lem formulation and rely on the monitor routine to 
recognize and resolve contraint violations. Note 
that if a feasible solution of the MST program is 
not achievable, because of the capital and 
rearrangement constraints imposed, a capital
violated solution will be obtained with the 
objective of keeping capital overrun to a minimum. 

b. At each stage of the multiyear planning interval 
the selection of a new tandem or the growth of 
an existing tandem has long~term cost implications 
over the life of the machine. These multi stage 
(future) costs are reflected in each single-stage 
allocation problem by utilizing as cost coef
ficients the present worth of expected costs 
associated with tandem-startup, unit load growth 
and splintering costs associated with additional 
tandems. 

Let fk denote the present worth (pw) of expected 
costs due to the introduction of new tandem k, at 
startup ioad INCAPk (in the current stage). This 
cost es~mate comprises the fixed startup cost 
plus future costs resulting from a minimum growth 
rate, SLRt(T), for all stages T following the 
current stage. 

Let gk denote the PW of expected costs due to unit 
load growth or existing tandem k. The cost com
ponents of gk are the capital and operating costs 
incurred in the current stage, plus the future 
costs resulting from a minimum growth rate. 
SLR~(T). for all. following the current stage. 

Let SP~(l) denote the PW of future splin~ring 
costs incurred by assigning tandem k to serve the 
class l function in the current stage. 

The following additional notation is required to define the 
single-stage tandem allocation problem: 
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if candidate tandem k is selected in the 
current stage 

otherwise 

CAPkt(t-l) total load assigned to tandem k from all 
j ~ t, in the previous stage 

tandem class on which a given centroid j 
homes 

{: 

t 
if x ~ 0 

otherwise 

if CAP t(t-l) = 0 and x k > 0 for some ' 
j ~ t fn the current sttge 

otherwise 

M = arbitrarily large constant 

,TLR
t 

,SLRit-l) = variables previously defined (and computed) ' 
in the switched load ,process. 

The formulation of each successive single-stage allocation 
problem is given as follows: 

Minimize: 

L [Unit AC per trunkjk ] TLRtXjk 
j,k 

+ 

All candidate 
tandems k 

+ L 
All existing 

tandems* k 

+ L [Unit trunk rearrangement costt]TLRi 
k,t 

.IcAPki (t-l)SLRt (t-l) - L Xj)+ L jd ~ 

subject to the following constraints: 

(1) For each j, 

(2) For each candidate tandem k, 

L 
All j that 

can home on k 

(3) For each existing tandem k, 

L Xjk ~ MAXCAPk • 
All j that 

can ' home on k 

(4) For all i and k ~ i, 

*An existing tandem in the current#stage' refers to a 
tandem that was placed in service at some prior stage. 

514/9 

(5) For all j and k, 

(6) For all k, 

o or 1. 

For all t and k ~ t, 

Zkt = 0 or 1. 

The mixed integer solution required by this single-stage 
allocation problem (although substantially smaller in size 
than the multi stage problem) remains computationally 
prohibitive for large-scale networks. An approximate 
solution is obtained by removing the integer requirements 
imposed by the tandem startup and splintering costs as 
follows: 

Let 

fk 
------- ~ PW of startup cost per unit load assigned to 
INCAPk tandem k in the curr~nt stage. 

Let 

SP~t 
----- ~ PW of splintering cost per unit load assigned 
CAPkt to tandem k to serve (initially) the class t 

function in the current stage 

where CAPkt is an estimate of the total load assigned to 
tandem k to serve the class t function in the first stage 
that the tandem is utilized for that function. Initial 
values for CAPkt Gan be computed from INCAPk by suitably 
apportioning this startup load among the classes in which 
k can serve during the current stage. The load ap
portionment is based upon the current switched load 
requirements for the tandem classes of/ interest, in exces~ 
of the minimum load growth of tandems already utilized to 
serve those classes. Following the initial execution of 
the tandem allocation process, the values for CAPki are 
obtained, for each stage, from the most recent solution 
of the homing or tandem allocation processes. 

From the preceding approximations, Yk may be expressed in 
terms of L xjk ' while Zkt may be expressed in terms of 

L xjk • jThe resulting problem, in terms of continuous' 
jd 
variables, Xjk' may be formulated .as a capacity 
constrained, minimum cost network flow problem, for which 
a standard solution to the flow problem, the "Out-of
Kilter" algorithm,7 may be utilized. If the network flow 
solution reflects only a fraction of the startup costs, 
V~ may require candidate tandems k with assigned load 

L x
jk 

closest to INCAP
k 

(the prespecified startup 
j 

capacity) to be brought into the solution. 

As new tandems are introduced in a given stage, the sin
gle-stage optimization problem is repeated, with fewer 
candidate tandems and more existing tandems each time, un
til sufficient tandem capacity has been allocated for both 
existing and new tandems to satiSfy all switched load 
requirements. 

The resulting solution of the single-stage assignment 
problem determines the optimal values of xjk for all 
previously existing or newly introduced tandems k, in the 
current stage. The resulting, load (fill) of each tandem 
is given by L xjk and may be expressed as a ratio of the 

J '. 
machine's ultimate capacity. The tandem load is apportioned 
among the classes (t) in which it may serve, according to 
L X

jk
• These results are obtained for each stage, in 

jEt 
succession, in the tandem allocation process, before control 
of the MST program is returned to the tandem program monitor. 

'2.6 Homing Process 

The principal function of the switch homing proces~ is to 
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' select the home ~and~m(s) ' for-each switching office (EO 
and tandem) concurrently for all planning stages so as to 
minimize the overall cost of rehoming and transmission 
re~uirements of final trunks, subject to a rehoming 
constraint in each stage. As a result of these homing 
assignments, the homing process is able to obtain a more 

. accurate estimate (than the allocation process) of the 
optimal fill of each tandem and the apportionment of this 
load among the multiple class functions which the tandem 
may serve. In addition, the homing process can accommodate 
multiple busy-hour loads in each stage, unlike the alloca
tion process which can deal only with a single, maximum 
busy-hour load set. Conse~uently, the homing algorithm 
attempts to balance hourly variations in the switched load 
re~uirements in each stage. Following the homing 
assignments, hourly variations in unused switched load 
capacity are identified for each tandem. The observed 
variations are utilized by the MST program to revise 
noncoincident busy-hour load adjustment factors for sub
se~uent iterations of the tandem allocation process. 

The following notation is employed in describing the 
homing optimization problem. 

Let Ysk(i,t) denote the 4-dimensional homing assignment 
solution space, where 

Let 

if switch s homes on tandem k, to 
satisfy the class i homing re~uirement 
in stage t 

otherwise 

number of final (home) trunks re~uired from 
switch s to the home tandem satisfying the 
class 1 f lllction in stage t 

where S (l,t) and TLRH (t) were computed in the switched 
load pr5cess (and defified in Section 2.4). 

CAPk(t) = switched load allocated to tandem k in stage t. 
This load is estimated in the tandem 
allocation process. 

f3(t) present worth factor of costs incurred in 
stage t. 

prespecified weighting coefficients used to 
trade off the relative impact of trunk versus 
trunk group rearrangements in the rehoming 
constraint specified for each planning stage. 

The mathematical formulation of the homing optimization 
problem is to find the values of YSk(i,t) which minimize 
the following objective function: . 

L .{[Trunk rehoming unit cost k(i,t)]HTK (t) } 
t,i,k,s + [Group rehoming ~it costskS(t)] 

+ 
'o[HTKs1 (t)][ysk(1,t-l) - ysk(l,t)] f3(t) 

+ L [Unit transmission costsk(t,t)]HTKst(t) 
t,l,k,s 

'ysk (t,t)f3(t) 

subject to the following constraints: 

(1) For each h,t , 

L Ss ( 1 , h, t )y ~k (.t , t) ~ CAP k (t ) . 
t,s 

For each t, 

L 
t,s,k 

< ' [Allowable proportion) 
- of rearrangements 

t 

/ ' ' . ) 

(3) For each s,l,t , 

L Y k(l,t) = o[HTK n(t)] 
k s s'" 

(= 0 or 1). 

(4) For each s,l,.t,k , 

o or 1. 

The preceding objective function represents the present 
worth [using discount factor f3(t)] of the homing costs 
incUrred for all stages. The first term of this function 
represents the rehoming costs incurred (in each stage t) 
whenever switch s homes on tandem k to satisfy the class 
t re~uirement in stage t - 1 [YSk(t,t-l) = 1], while s 
does not home on k to satisfy the class t re~uirement in 
stage t [Ysk(t,t) = 0]. The second term of the objective 
function reTlects the transmission costs (an annual 
charge reflecting both capital and operating expenses) 
of final groups. These costs are strongly dependent 
upon the distance between switch s and each home tandem k. 

The first of the four constraints represents the re
~uirement that the hourly switched load offered to each 
tandem, as a conse~uence of the homing solution, may 
not exceed the total load allocated to the tandem for 
stage t (by the tandem allocation process, as described 
in Section 2.5). Constraint 2 reflects the upper bound 
on rehoming activity permitted in each stage. The third 
constraint specifies that each switch s having a final 
trunk group to tandem class t, in stage t {denoted by 
o[HTKst(t)] = I}, must be homed on one and only one 
tandem k. The final constraint indicates that .integer 
(0,1) values are re~uired for the unknown variables. 

The exact solution of the resulting integer programming 
problem is computationally prohibitive for networks of 
practical size. A model of the metropolitan network 
serving New York City would re~uire up to 10,000 un
known variables and 10,000 constraints. . 

The first step in obtaining an approximate solution is 
to partition the problem by tandem class (1) and satisfy 
the multistage homing re~uirements of all subtending 
switches having final groups to the given class in any 
planning stage. The capacity of each tandem k which can 
be used to serve the switched load for the current class 
function (1) in each stage t [denoted CAPk1 (t)] is 
determined from the solution of the tandem allocation 
process. The allowable rearrangements for each stage 
are apportioned among the tandem classes according to 
the switched load re~uired for each class. 

After considering each tandem class, in turn, and 
determining the constrained least-cost mUltistage homing 
solution for the subtending switches, all constraint 
violations are identified. Utilizing the available 
tandem capacities not yet assigned to subtending switches, 
and the remaining rearrangement activity permitted in 
each stage, a second pass is made through the tandem 
classes. For each class, an attempt is made to home all 
subtending switches which could not be homed (because 
of constraints imposed) in the first pass. If constraint 
violations are still encountered in this second pass, 
the homing process will recognize the current solution 
as infeasible and identify all tandem loads or rehoming 
re~uirements which exceed allowable limits. The 
monitor routine .will adjust parameter values (see 
Section 2.7) to resolve these constraint violations in 
subse~uent iterations of the MST program. 

The method utilized to determine the least-cost multi
stage homing assignments for the switches subtending a 
given tandem class is to consider the subtending 
switches in sequence and determine the minimum-cost 
"homing vector" for each switch. The tth element of the 
homing vector for a given switch identifies the tandem 
assigned' to the switch in stage t, to satisfy the homing 
re~uirement for the given' class. 
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The least-cost homing vector for a given switch s, needed 
to satisfy the class t homing requirement, is determined 
from the following algorithm. 

1. Identify the tandems k that can serve class t. 
Also identify the stages in which there is suffi
cient unassigned load in each busy hour to 
accommodate the switched load requirement 
generated from s: Ss(t,h,t). 

2. From a matrix identifying the tandems eligible 
homing in each stage, construct a directed, 
acyclic graph, as illustrated in Figure 6, and 
determine the minimum-cost homing ~olution by 
means of the "Labeling" algorithm. 

for 

Stage 
t 

o 

1 

2 

3 

4 

Eligible Tandems, k 

Minimum-cost 
solution 

Minimum-cost con
strained solution if 
no rearrangements are 
permitted in Stage 5. 

FIGURE 6 

In constructing a graph of possible solutions to the 
multistage homing problem, as illustrated in Figure 6, 
we assign node and arc (link) costs as follows: 

Cost of node (t,k) transmission cost from the current 
subtending switch to tandem k in 
stage t. 

o if the arc is "vertical" 
(Le., j ::: k) 

Cost of arc 
connecting node 
(t-l,j) to (t,k) 

Cost of rehoming a group from 
tandem j in stage t - 1 to 
tandem k in stage t 

if the arc is "diagonal" 

Stage 0, identified in Figure 6, refers to the ini~ial 
condition of the network, prior to the first plann1ng 
stage. In the above example, switch s homes on tandem 
T2 in the year preceding stage 1. Beginning at stage 
t = 1,. the labeling algorithm assigns two- numbers to node 
(t k): (1) the cost of the node plus the minimum-cost 
soiution for all prior stages, and (2) the identity of 
the connecting node(s) at stage t - 1 which provides the 
least-cost solution to the current node. The node in 
the final stage (stage 5, · in Figure 6) with the minimum 
labeling cost, results in the least cost solution. 

The rearrangement constraints in any given stage can be 
reflected by not permitting diagonal arcs into any 
stage at which no further rearrangemEtntp . . ~or the ~i ven 
class (t) are permitted. Note, for the illustrat1ve 
example, that the would-be minimum-cost solution (T2,T2, 
T2,T2,T3) is not permissible because it would result in 
a violation of the rearrangement constraint in Stage 5. 
Consequently, the minimum-cost feasible solution ie 
(T2,T2,T3,T3,T3)· 
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In many cases, there will be more than one homing vector 
with comparable minimum-cost. Among these alternatives, 
the homing vector will be selected b~sed upon maximum 
load availability among the candidate tandems. This 
selection criterion serves to mitigate the suboptimal 
effect of determining the homing vector for each switch 
subtending a given tandem class in sequence (rather than 
concurrently), by providing maximum choice among eligible 
tandems for subsequent homing assignments within the 
same tandem class. 

Despite attempts to minimize the effect upon cost 
optimality of the sequential consideration of switches 
subtending each tandem class, it is recognized that the 
order in which switches are chosen may influence global 
optimality . The general rule employed is to consider 

. switches in order of the magnitude of the load required, 
beginning with the largest multistage load. Several 
ordering ·algorithms are being programmed for experimental 
consideration. 
2.7 Tandem· Program Monitor 

As discussed in Section 2.3, the tandem program monitor 
is responsible for controlling the interprocess 
iterations of the MST program, and deciding when the 
appropriate stopping conditions are met. This section 
will outline the five principal functions of the monitor 
routine. Details of the computations will be treated 
in subsequent papers. 

1. Determine the initial values of candidate tandem 
startup loads [INCAPk(t)] for use by the tandem 
allocation process. 

An approximation method was developed for esti
mating: 

(a) the present worth of the multiyear costs 
associated with tandem switching, trunk group 
splintering, and rearrangements; 

(b) the capital expended for tandem switching 
per stage;* and 

(c) the number of rearrangements due to rehoming 
per stage, 

needed to satisfy the switched load requirements 
for a given tandem class (t) over all planning 
stages, which result when new tandems are intro
duced to serve the class t function at a given 
value of percent fill. The initial values of 
percent fill for already existing tandems must 
be prespecified to the MST program as initial 
condi tions. For these calculations, each t ·andem 
employed to serve the class t function is 
assumed to have the same rate of growth as the 
total switched load requirement for class t, 
until the capacity of the tandem is reached. A 
single average capacity is computed for all 
tandems (existing or candidates) which are 
available to serve the class · t function. All 
percent fill values are applied to this average 
capacity to determine the amount of load which 
can be accommodated by existing tandem growth. 
Switched load required in excess of the growth 
capability of existing tandems are assigned to 
new tandems and, in some cases, incur 
rearrangements. 
These calculations are repeated for several 
different values of startup fill for each tandem 
class, and second-order continuous functions are 
constructed for total cost, capital expended, and 
rearrangements required as a function of initial 
fill for each tandem class. The startup fill 
selected for each tandem class is the value which 
minimizes total cost while not violating con
straints on capital expended and the number of 
rearrangements permitted per stage. 

The value of 1NCAPk(t) is determined from a 
~*Th=-e--c-a-p~it~al requirements for all trunks in the network 

model were previously computed in the switched load 
process and are used to reduce the amount of capital 
available ~~~ stage. 
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weighted average o{the startup fills selected 
for each of the classes which tandem k can serve. 

2. Test and correct constraint violations. 

(a) Following execution of the tandem allocation 
process, if the capital constraint is 
violated in stage t, then the monitor 
routine: 

decreases the utilization of tandems in 
prior stages [i.e., decreases INCAPk (,), 
MAXCAPk (,), , < t), 

increases utilization of tandems in 
stage t [i.e., increases INCAPk(t), 
MAXCAP(t)),. 

inflates the unit capital costs for use 
in the calculation of the PW of expected 
costs due to unit load growth of existing 
tandems for the single-stage tandem 
allocation problem applicable to stages 
, < t. 

(b) Following execution of the homing process, 
if the rearrangement constraints are 
violated, the unit rearrangement cost in 
'the affected stages will be suitably 
inflated. Subsequent execution of the 
tandem allqcation process will respond to 
the increased cost by providing for 
sufficient tandem capacity to ,better absorb 
the load growth on existing tandems in the 
affected stages. 

3. Following the tandem allocation process, test to 
determine whether the tandems serving any class 
have changed sufficiently from those previously 
employed by the switched load process to warrant 
a recalculation of switched loads. 

, ' 

4. Examine the startup fill and load growth for 
tandems selected by the allocation process, to 
identify inconsistencies and make parameter 
adjustments as needed. 

(a) If the actual startup loads for new tandems 
fall consistently below the predicted values 
[INCAPk(t)) for any stage or within any 
tandem class, then the values for INCAPk(t) 
will be reduced accordingly prior to the 
next execution of the tandem allocation 
process. 

(b) If the tandem growth rates are abnormal 
(e.g., low startup fill, high growth rate) 
then suitable adjustments to INCAPk(t) and 
MAXCAPk(t) are made in the affected stages. 

(c) If unjustifiable cyclic be,havior is observed 
in the number of rearrangements or new 
tandems introduced, the monitor routine will 
inflate the unit rearrangement cost or 
capital cost in the stages needed to avoid 
the excessive commitment of the appropriate 
resource. The parameter adjustments made 
are equivalent to those required for 
constraint violations, discussed in item 2. 

5. Decide when stopping conditions for the MST prograffi 
are met. Such conditions are met when there is no 
further need to make parameter adjustments 
identified in items 2 to 4. 

3. MST PROGRAM STATUS AND APPLICATION 

The MST program is not yet operational. It has been the 
purpose o~ this paper to describe the analytical approaches 
and heuristic algorithms that ,have been ~ormulated to deal 
with the highly complex problem of the optimal traffic 
network design and utilization of tandems over a long
range planning period. Computer program implementation 
o~ the MST algorithms, which began in 3Q71 is continuing. 
It is estimated that the program will require between 15K 
and 20K FORTRAN instructions. 

Validation of the heuristic algorithms ' employed by the MST 
program will start in 1973, and will consist of the 
following activities: 

1. Compare the trunk estimates obtained by the 
switched load process with the MTE program 
results. 

2. Solve the exact formulation of the tandem 
allocation process, as a mixed-integer programming 
problem, for a very small network and compare 
with the approximation methods employed by the 
MST program. 

3. Experimentally investigate, for a representative 
network model, the sensitivity of the minimum
cost, multistage homing problem to the sequential 
ordering procedure for considering the subtending 
switches within each tandem class. Appropriate 
rules for ordering will be selected from a number 
of alternatives, based upon this experimentation. 

4. Use the MST program to produce a long-range plan 
for an actual trunk network small enough in size 
to create two different 'models of the same 
network, one which enumerates all end offices in 
separable nodes and a second which utilizes the 
scale reduction techniques discussed in Section 
2.2. A comparison of results of the two models 
will permit a quantitative evaluation of the 
scale reduction concept. 

5. Run the MST program to produce a long-range plan 
for a large-scale metropolitan trunk network. 
The computer results will be compared, for 
reasonableness, to the existing long-range plan 
obtained by current (semiautomated) design 
methods. 

The intended application of the MST program is to provide 
traffic network planping engineers with a tool to 
synthesize the network (i.e., determine the tandem 
installations and very approximate trunk requirements) 
over the desired planning interval, and for any given 
routing plan, with a better (reduced cost) and faster 
solution than can be ~ed by current (largely manual) 
methods. It is widely accepted that the complexity of 
the problem and the number of design factors which bear 
on the optimality of the solution precludes manual 
analysis from competing favorably with an appropriate 
mechanized solution, if the mechanized results are 
practical. 

What is less widely appreciated is the need to 'have a 
synthesis tool which will provide a fast response time 
for the network planner to examine the costs and network 
r 7quirements of any proposed routing plan. This response 
t1me must be fast enough (i.e., within days) to permit 
alternative routing plans and the resulting network 
designs to be compared under a representative set of 
exogenous conditions, namely: ~it costs, EO and tandem 
switch capacities, offered loads, customer service 
objectives and constraints on capital and rearrangements. 

Examination of alternative offered load sets, an 
important consideration in network planning, has been 
largely overlooked because of limitations of existing 

,pl~ning tools. The generally long response times 
(e1ght ~o ten weeks are typical) required by existing 
synthes1s methods, due to their reliance on manual 
dec~sions for deployment of tandems and switch homing 
ass1gnments, necessitates that optimal network design 
be based upon a single, most ' likely forecast of multi
stage offered loads. Recognizing that there is great 
,uncertainity in the offered load predictions a more 
legiti~te S~l~t~on may be to select the net;ork routing 
plan wh1ch m1n1m1ZeS the maximum costs under alternative 
forecasts o~ offered load growths. Many of the approximations 
employed in the MET program have been aimed at reducing 
p:ogr~n run-time so that it would be economically justi
f1able to repeat the network design process as often 
as necessary to investigate all relevant design condition& 
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