
'. 
• 

• 
• 

LOSS SYSTEMS WITH MIXED RENEWAL AND POISSON INPUTS 

Anatol Kuczura 
North Electric Co. 

Columbus, Ohio USA 

ABSTRACT 
... 
When two independent streams of customers compete for the 
same servers, as happens for example when first-routed 
and overflow traffic streams share a single trunk-group, 
the state of the system seen by the two different types 
of arriving customers will in general be different. In a 
loss system with mixed renewal and Poisson inputs the 
blocking experienced by the renewal-type customers can be 
markedly different from that seen by the Poissonian 
customers. 

The distributions of the number of busy servers seen by 
the two streams are derived and a numerical procedure 
involved in computing these distributions is outlined. 
Examples of blocking probabilities for two cases of the 
renewal stream are given. 
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Two independent streams of calls arrive at a service 
facility consisting of c identical servers. One stream 
is assumed to be Poissonian of intensity A, and the other 
stream (called a GI stream because of its General 
Independent distribution of intervals between arriving 
calls) is assumed to be a renewal process of intensity v 
and interarrival time distribution 'A(~). All customers 
have the same exponentially distributed service time with 
mean ~-l Such a model is denoted by GI+M/M/c in 
Kendall's notation, where the "M" refers to the Markovian 
character of Poissonian arrivals and of exponential 
service. 

In this paper we examine only the GI+M/M/c-loss system. 
If an idle server is available when a call arrives, its 
service begins immediately; if all c servers are busy, the 
call is lost (rejected) and has no further effect on the 
system (i.e., there is no waiting facility). For a treat
ment of the GI+M/M/c queue (i.e., all calls wait for 
service), see Reference 7. 

The blocking (the probability that an arbitrarily selected 
call is lost) experienced by the two "types" of calls will 
not be the same unless the GI stream is also Poissonian. 
Henceforth the blocking experienced by the Poissonian 
calls will be called Poisson blocking and that by the GI 
calls, GI blocking. 

The problem of determining the individual blocking prob
abilities is of practical importance in telephone traffic 
engineering. For example, the traffic offered to an 
intermediate high usage trunk group or a final trunk group 
in an alternate-route network often consists of several 
streams: Poissonian streams of first-routed calls, and 
streams of calls which have been rejected by previously 
attempted routes and which constitute renewal processes of 
overflow traffic offered to the trunk-group in question • 
Our analysis applies to the case of several Poissonian 
streams and only one overflow stream. Since an overflow 
stream is a renewal stream and the Poissonian streams may 
be combined into one Poissonian stream, the GI+M/M/c-loss 
model applies. 

The case of several overflow streams may be handled 
through an approximate analysis. The overflow streams may 
be replaced by one overflow stream by suitably combining 
the individual streams [1], and the resultant overflow 
stream may now be approximated by a renewal process to 
again yield a GI+M/M/c-loss system. 

In Section 1 we derive the individual blocking probabil
ities for the two types of calls. Section 2 describes 
some special cases and Section 3 contains two examples. 
The first assumes the interarrival time distribution of 
the GI stream to be constant, resulting in a D+M/M/c-loss 
model. The second example takes the GI stream to be an 
overflow stream. . Here we indicate how an overflow stream 
may be approximated by an interrupted Poisson process. 

1. BLOCKING PROBABILITIES 

At the instant t, let Y(t) be the number of busy servers 
in a GI+M/M/c-loss system. Since the GI stream is a 
renewal process, the arrival epochs of the GI calls con
stitute a set of regeneration points and {Y(t), t ~ O} is 
a piecewise Markov process [2] with finite state space 
{O,l,2, ••• ,cl. 
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The process operating between any two consecutive GI 
arrival epochs is Markovian; indeed·, it is a birth-death 
process with constant birth rate A for all states below 
c, zero birth rate for state c and death rate j~ for 
state j. The distribution of the length of these 
Markovian time segments is equal to A(;), the interarrival 
time distribution of the GI calls. 

Since a GI arrival increases the state of the system by 
unity and an arrival to a full system (state c) overflows 
and hence does not change the state at all, the regenera
tion matrix [2] is given by 

010 

001 

000 

o 0 

o 0 

o 1 

o 0 0 . 0 1 

The elements of this matrix are the transition probabil
ities across a regeneration point, that is, Pij is the 
probability that immediately after regeneration the pro
cess is in state j, given that immediately prior to 
regeneration the process was in state i. 

The transition functions Pij(t) of the birth-death pro
cess satisfy the KOlmogorov differential equations 

I 

Pij(t) =L APi,J_l(t) - (A+j~)Pij(t) + (j+l)~Pi,j+l(t), 

o < j < c, 
I 

Pic(t) = APi,C_l(t) - c~Pic(t), (2) 

with initial conditions Pi~(O) = 1 for i = j and 
Pij(O) = 0 otherwise. System (2) has the unique solution 
[3, page 85] 

a + 
j 

where 

2_1_ 
j! c k' 

LE-
k=O k! 

with 

p A/~, DO(;) = 1, 

I (!]pi-k;(;+l) 
k=O 

i > 0, (;+k-l) , 

c 

L 
k=O 

D2
C

_
k
(;) 

Pkc(c_l) (k+l) ... c- ~ 

and Ak, k = 1,2, ... ,c, the roots of the polynomial 
Dc(;+l). This information determines the piecewise 
Markov process completely. 

(4) 

Let us first observe that the distribution of the number 
of busy servers seen by a GI call is given by the 
stationary distribution of the Markov chain imbedded at 
points i~ediately preceding a GI arrival. Once this 
distribution has been determined, we can use the rate 
conservation principle [2] to find the stationary 
distribution 

q = lim P{Y(t) = jly(o) = i}, 
j t -+o> 

j = O,1,2, ... ,c, (6) 

of the piecewise Markov process itself. Distrib~tion (6) 
is the same as the distribution of the state of the 
system seen by a Poissonian arrival ([2], Theorem 6). 
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Let {Pj} be the stationary distribution of the chain 
imbedded at points immediately preceding a GI arrival. If 
rij is the imbedded chain's one-step transition probability 
from state i into state j, then 

r:Pi+1,J(,ldA(,l, 

r'J • r:P'J(,ldA('l, 

Substituting for Pij (;) from (3), we have 

c 
r cj = a + L ~(c,j)a(-Ak~)' 

j k=l 

o ~ j < c. 

where a(s) is the Laplace-Stieltjes transform of A(;): 

The stationary distribution {Pj} can now be found by 
solving the linear system of equations 

j = 0,1, ... ,c, 

and using the normalization condition 

c 
L p 

j=O j 
= 1. 

The blocking suffered by the GI calls is given by pc. 

To obtain distribution (6) we use the rate conservation 
principle. Equating the asymptotic rate of transition 
into the set of states 0,1,2, ... ,j with the rate out of 
the set, we obtain 

(j+l)~qj+l \.lPj + Aqj' = 0,1, ... ,c-l. 

Solving for qj we have 

(8) 

(9) 

qj 
pj 

= jT qo + a 
j-l i! j-i-l 
L j'i'" p Pi' j = 1,2, ... ,c, (10) 

i=O . 

where a = \.l/~ and qo is determined by the normalization 
condition, i.e., 

}{ }

-l 
c j j-l .! c j 

2. L L L ~p L L 
P j=l j! i=O pi i j=O j! 

The blocking suffered by the Poissonian calls is now given 
by qc. 

If we define the carried load t by 

c 
t = L jqj' 

j=l 

then the total blocking can be defined by the ratio 

p+a-t 
p+a 

the overflow divided by the offered load. Adding the c 
equations in (9) we obtain the load conservation equation 

p + a = 1 + pqc + apc 

which may be used to compute total blocking whenever the 
individual blocking probabilities qc and Pc have been 
found. 

. 2. SPECIAL CASES 

The simplest special case is obtained by setting a = 0 
which results in the M/M/c-loss system. From (10) we see 
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that {qj} becomes the truncated Poisson distribution and 
~ reduces to Erlang's loss formula 

c e 
c j 

c! L L 
j=O j! 

When p = ° we have the GI/M/c-loss system and (8) can be 
solved in closed form [4, Chapter 4, Theorem 2]. We have 

~ (_l)k-j[k]B, 
k=j j k 

0,1, ... ,c, 

where 
c 

[~ ] l:... L 
Bk Ck 

,j=k 
C

j 

c 

(~] 1 L ~ j=O 

with Co 1 and 

k 
a (nl-d C

k IT 1 - a(md 
, k = 1,2, ... ,c. 

n=l 

The blocking in this case is given by the generalized 
Erlang loss formula 

B 
c c 

L 
j=O 

1 

A more interesting special case is obtained by taking 
c = 1. The blocking probabilities in this case become 

ql = --.e.- + __ 0_ [1 - a(H).d], 
Hp (Hp)2 

-.L..+ili:!:.l!l 
PI - Hp l+p' (11) 

Note that the blocking probabilities have two components 
one of which is the Erlang blocking for the Poisson 
traffic alone. In the case of ql' the second term may be 
thought of as an "increase in blocking" suffered by the 
Poissonian calls because of the GI calls competing for 
the same server. . 

Le~ us now fix A and v and observe the following. 
Jensen's inequality states that for any distribution A(~) 
with mean v-I 

e-s/v ~ f:e-S(dA((), s > 0. 

Since the right-hand side of the inequality is a(s) and 
the left-hand side is the Laplace-Stieltjes transform of 
the one-point distribution 

~ < v-I 

we conclude that a(s) attains a minimum whenever A(~) is 
a one-point distribution. This choice of interarrival 
time for the GI calls will minimize PI' thei~ own blocking 
probability. At the same time ql' the blocking probabil
ity of the Poissonian calls, is maximized. It is inter
esting to point out, however, that the total blocking 

p+O-!/,· = .L.. + 
p+o l+p o '2 [p + a(A+~)] 

(p+o )(Hp) 

is nevertheless minimized. I conjecture that the same 
holds true for c > 1, but the proof is not so readily 
available. 

This is another manifestation of the general principle: 
the more "regularly" the calls arrive, the less likely 
they are to be blocked. Conversely, the less regular or . 
the more "peaked" is the input stream, the more probably 
are the calls blocked. We shall see numerical examples 
in the next section. 
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3. COMPUTATIONAL PROCEDURE AND EXAMPLES 

We shall compute the individual blocking probabilities Pc 
and qc with two cases of the GI stream; a regular stream 
with constant interarrival times and an overflow stream. 
But first we outline a computational procedure which can be 
followed in order to avoid numerical problems. 

The first things needed are the roots of the polynomial 
Dc(~+l) defined in (5). To avoid exponent overflow 
problems the polynomial should first be scaled by its 
constant term pc. Since the roots are real and' simple, the 
always-convergent scheme of Laguerre [5, Chapter 7] is most 
appropriate here. Being of third order, the scheme is 
extremely fast - three or four iterations give each root 
sufficiently accurately. This speed is obtained at the 

I " 
expense of calculating Dc(~+l) and Dc(~+l) in addition to 

Dc(~+l)· 

Suppose A
l

,A2 , ..• ,Ac are the roots. Then it has been shown 

[6] that all the roots are less than or equal to -1, and if 
they are ordered so that AC < ~c-l < ••• < AI' then 

j = 1,2, ••. ,c-l. (12) 

This information will be used to form a scheme of initial 
guesses. 

If xn and x
n

+l are two iterates of a root, and P
n 

then the Laguerre iteration scheme is defined by 

where 
I 

Pc(~+l) 

Pc(~+l) , 

~:(~+l82 - Pc(~+l)P:(~+l) 
p2(~+1) 

c 

and the sign in front of the radical is chosen to agree 
~th the"sign of sl(xn ), Again, to avoid trouble Pn ' 

P
n 

and P
n 

should be computed using recurrence relations 

such as the following: 

Po 1, 

PI 1 + 1. (HU, 
p 

P (1 + n+~)p _ (n-l) P n = 2,3, ... , 
n p n-l p n-2' 
I 

Po = 0, 

I 1. 
PI p 

P 
Pn- l --+ (1 + n+~Jpl -

p n-l 
(n-l] I -p- Pn- 2 , n = 2,3, ••• , 

n p 

" Po 0, 

" PI 0, 
I 

11 P (1 + ~]plI - ( 1) 11 P 2 ....!!=1. + n~ Pn- 2 , n p p n-l 

n = 2,3, ... 

Now suppose ~1'~2"" '~j are the roots already computed. 

Then the (j+l)st root is obtained by using the same itera
tion scheme (13) with SI and s2 replaced by 

j 1 

sl(~) -.L ~_~. 
l.=l l. 

(14) 
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(14) 

This procedure eliminates the linear factors (~-~l) 

(~-~2)"" '(~-~j) in Pc' In this manner all of the roots 

can be computed sequentially. 

Numerical experimentation has revealed the following 
properties of the roots. In addition to property (12), 
the distance between any two consecutive roots increases 
as j increases, i.e., 

j = 2,3, ... ,c-1. 

Also, the third difference is positive, i .e., 

j = 3,4, ... ,c-2. 

Using this property I have found the following scheme of 
initial guesses to work well. The initial guess for ~l 

is always taken to be -1, the guess for ~2 is ~l - 1, for 

~3 it is 

and after computation of ~l' ~2' ~3 ' the initial guess 

for ~j+l' j ~ 3 is taken to be 

With this scheme of initial guesses convergence was 
extremely fast, though one might still improve .on it by 

taking higher differences, that is, adding 63~j to the 

expression above. This scheme also insures that the 
iteration method converges to the roots A

l
,A

2
, ... ,A

c 
sequentially in that order. Having found the roots of 
Dc(~+l), we solve (8) ' for {Pj} and, using (10), compute 

{qj} • 

We now give two examples. In the first example the inter
arrival time of the GI calls is constant and in the second 
example the GI stream is taken to be an overflow stream. 

Example 1: D+M/M/c. Let p be the traffic intensity of 
the Poissonian stream and 0 the traffic intensity of the 
GI stream and assume the mean service time is unity. 
Since 

A(~) = {o, 
1 , 0-

1 < ~ 

its Laplace-Stieltjes transform is given by 

a(s) = e-s / o . 

Solving (8) for {Pj} we obtain the GI blocking Pc and 
using (10) we obta1n the Poisson blocking qc' Figure 1 
gives the two blocking probabilities for three values of 
c as a function of the total traffic intensity p + 0, 
where we have taken p : 0 . Of course, the GI calls, 
arriving regularly, are less likely to be blocked than 
the Poissonian calls. 

Example 2. In this example we take the GI stream to be 
an overflow stream. We approximate the overflow process 
using an interrupted Poisson process [8]. 

A Poisso~ process (of intensity T) which is alternatively 
turned on for exponentially distributed time (mean l/y) 
and then turned off for another (independent) exponen
tially distributed time (mean l/w) is called an inter
rupted Poisson process. It follows from the definition 
that the interrupted Poisson process is a renewal process, 
that is, a GI stream. If T, w, y are the parameters of 
the process, then its inter arrival time distribution A(~) 
is given by [8 ) . 
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Figure 1. -'-Blocking in the D+M/M/c Loss System 
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() ( e 1 ) ( ) A ~ = kl 1 - + k2 1 - e , 

~ {, + W + Y + ;'( ,+w+y)2 

~ {, + W + Y _ ;'(,+w+y)2 

We assume that the overflow stream is specified by its 
mean m and variance v, as defined in [1]. Matching the 
mean and variance of the interrupted Poisson process to m 
and v respectively, we obtain [8]. 

= ~ G-m _ J 
w T ~-l J' 

(16) 

T = mz + 3z(z-1), 

where z is the peakedness ratio v/m. 

Thus for a given mean m and peakedness z, the Laplace
Stieltjes transform of the interarrival time distribution 
is given by 

a(s) 

where rI' r 2 , kl and k2 are determined by (15) with T, W 

and y given by (16). 
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Figure 2 gives the two blocking probabilities for three 
values of c as a function of the total traffic intensity 
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Figure 2. Blocking in the GI+M/M/c Loss System 
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p + cr, where again we take p = cr. The overflow stream is 
assumed to have z = 2. Notice again the general principle 
of "regularity": the overflow calls arriving less 
regularly than the Poissonian calls, are more likely to' be 
blocked. 
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