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ABSTRACT 

A two~stage queuing model is dealt with, which 
corresponds to a simplified model of a modern 
central controlled telephone or data switching 
system. The primary system consists of g paral
l~l storages (input queues) corresponding to 
dlfferent peripheral devices. The secondary 
system consists of a buffer and a service unit 
corresponding to the central rrocessor un i t. 
The input process of the primary system is a 
Poisso'n process. The holding time of the serv
ice unit in the secondary system is constant. 
A~ways at fixed, equidistantly distributed in
stants the input queues are inspected simulta
ne9usly for. , waiting informations. At those in
spection~ instants from each input queue i there 
are tr,ansferred at ' most ni informations to the 
~econdary system. 
'l'he ana~ysis of this model is 'based on' two s'ep-:
arate slngle-stage models, which were earlier 
deal t wi<th by the author in /1/. However, the 
two-stage model treated in this paper takes in
to consideration the de~endency of the state of 
the secondary system on the state of the primary 
system. 

I~ this paper, first the two single-stage models 
mentioned above and their main results are 
'briefly described. Then, the two-stage model 
,is , studied in detail. 
For the primary system exact solutions for prob

- abilities of state, mean waiting time, waiting 
time distribution function etc. are available. 
For the secondary system exact solutions for 

, certain probabilities of state, mean queue 
length, mean waiting time and probability of 
waiting are derived. For certain parameter com
bin~tions an approximate solution for the mean 
waiti~g time in the secondary system is given. 
F~rthermore, another operating mode of the two
stage model is considered. For the case, that 
the input queues are inspected not simultane
ously but cyclically, an approximation is given 
for the mean waiting time in the secondary 
system. ' 
Finally, several numerical results are presented. 

1. INTRODUCTION 

Since the last few years digital computers are 
used more and more as central control in modern 
telephone and data switching systems, in commu
nication networks etc. The , structure of such 
central controlled systems can be subdivided 
into two main functional parts, namely the pe
riphery and the central unit. The informations, 
generated in the peripheral devices, must be 
transferred to the central unit, where they are 
processed. On the other hand, instructions gen
erated in the central unit must be transferred 
to the peripheral devices. In thi$ paper, the 
transfer of informations from the periphery to 
the central unit is considered. 
In principle, two different modes are possible 
for this transfer: ' 
Firstly, the informations can be transferred to 
'the central unit directly after their generation 
in the periphery. But each input/output opera
tion requires a certain amount of organization 
time in the central unit (overhead) and the cur
rently processed program must be interrupted. 
Therefore, the disadvantage of this method is, 
that each randomly generated information causes 
an interrupt in the central processor unit. This 
would result in a relatively large amount of 
overhead, and so the waiting times of the infor-

' mations would be increased in particular for a 
large offered traffic. 
Secondly, the informations ' may be buffered in 
the periphery after their generation. The cen
tral unit may inspect the periphery for waiting 
informations in adequate time intervals. This 
method is mostly used in modern central con
trolled telephone or data switching systems. The 
time interval between two lIinspection instants ll 

is constant in most of the realized systems. 
Thus, the information transfer between the ~e
riphery and the central processor unit (CPU) 
takes place in fixed intervals of time. The bas
ic structure of such a IIsampled queuing system ll 

is shown in Fig.1. The clocked information 
transfer between the periphery and the CPU is 
indicated by a sampling switch (gate). 

peripheral devices 
of the common control 

information~ sampling 
transfer switch 

CPU' 

Fig.1: Basic structure of a sampled queuing 
system 

' In this paper in particular the waiting times o~ 
the informations in systems according to Fig.1 
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are analyzed by the aid of simplified mathemati
cal models. For this analysis, two single-stage 
models are used as a basis, which were already 
dealt with by the author in /1/. One of these 
models corresponds to a peripheral device. the 
other one corresponds to the CPU. In this pa~er, 
however, a two-stage model is dealt with, wh1ch 
corresponds to the general system of Fig.1 and 
which takes into account the dependency of the 
state of the CPU on the periphery. 

2. DESCR1.t"J.-J.V.L~ OF MODELS 

2.1. SINGLE-STAGE MODELS FOR SUB-SYSTEMS 

Because the two single-stage models mentioned 
above are used as a basis for the investigations 
in the further sections, their structure and 
their main results are briefly described in the 
following. Their detailed analysis and further 
results can be found in /1/. 

2.1.1. MODEL CORRESPONDING TO A PERIPHERAL 
DEVICE (MODEL A) 

The configuration of a model corresponding to a 
peripheral device is shown in Fig.2 ( Model A). 

sampling switch 
-(clock period T) 

to the CPU 

Fig.2: Configuration of ~odel A 

The calls arrive according to a Poisson-process 
with the arrival rate ~. They have to wait in 
the queue in the order of their arrival (proba
bility of waiting = 1). It is assumed, that 
there is an infinite number of waiting places. 
Always after a fixed interval of time T the sam
pling switch is closed and the waiting calls 
situated in the n "transfer places" in front of 
the queue are transferred e.g. to the buffer of 
a CPU. It is assumed, that this transfer cannot 
be blocked. 
The principle way of solution for this model is 
the following (cf. /1/): 
The state x of the system is considered always 
at fixed instants tv (OStviT) before the next 
sampling clock. The state x at these instants 
forms an imbedded Markov chain.Then, the gener
ating function Gx( z·, tv) of the probabilities 
p(x,tv ) of state x at the instant tv before the 
next sampling clock is derived for the case of 
statistical equilibrium. The definition of the 
generating function Gx(z,tv ) is 

00 

Gx(z, tv) = LP(x, tv) zX 
x=o 

(1) 

The generating function Gx(z,tv ) derived in /1/ 
is: Y\-.f 

Gx~ tv) = n -AT . ~ (z-zv) . e"tv'~-z) (2) 
I ¥f(~-z) z".eAT(1-zL1 

"=1" -
n "T(1-z) where Zv are the roots of z e -1 0 

inside and on the unit circle 
(note: zO=1 is always a root) 

The mean queue length E[x,tJ at an arbitrary 
instant tv before the next sam~ling clock is the 
first derivative of Gx(z,tv ) with respect to z . 
at the point z=1. It is (cf. /1/): 
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~ 1 (n-ATj'l_n 
E[x,tv] ': i;11-z.., + 2.(AT-n) - Atv 

By the -aid of the mean queue length E[x,tv] 
mean waiting time w can be obtained. It is 

[ 
n-1 ~ J 

w = ~ ~ 1-z\I + ~ (n-\T - 1) 

the 

(4 ) 

The probabilities of state p(x.tv) at an arbi
trary instant tv before the next sampling clock 
are achieved by a serial expansion of the gener
ating function Gx(z,tv ) of equ.(2) and a coeffi
cient comparison with its definition in equ.(1). 
The result is according to /1/: 

(xt)= ~T-n .?tv[~(ejAT £(-1)"715 _ [-A(jT~tv)]X-jntJ) 
P'Y TT(1-Z) 1:0 ~=O nf (X-Jn-f)! 

V=1 ~ 

+ ebAT ~ Htr'S [-'A(bT+tv)]X-bntL'] 
~=o n-~ (x-bn-f) ! (5A) 

for bn ~x < (b+1)n, b=O.1,2, .. 
and with 

So:: 1 n-1 • 

5-1 ~ (zO+Z1 +- Zz.+ ••• + Zn-II) = ?: zi, 
\.':0 

52. ::(ZoZ1+Z0Z2. + •• '+Zn-ZZn-1) =.~ Zi,1 Zll (5B) 
. ~H2·0 
: w<t2.) 

0n :: ZO Z1ZZ. ... Zn-If . • 
and additionally ~( ... )=O for j<i (5C) 

~ 

In /1/, however, further results were derived, 
e.g. an explicit formula for the waiting time 
distribution function, but the above formulae 
are sufficient for the next sections. 

2.1.2. MODEL CORRESPONDING TO THE CENTRAL 
PROCESSING UNIT (MODEL B) 

The configuration of a model corresponding to 
the central processing unit is shown in Fig.3 
(Model B). 

from periphery 

r(k) i sampling switch, 
period T = c·h 

bu:ffer 
(infinite capacity) 

central service unit. 
constant holding time h 

Fig.?: Configuration of Model B 

The central service unit has a constant service 
time h. Always after a fixed period of c serv
ice times (c=integral number ~ 1) the samnling 
swi tch is closed and a group of k=O, 1,2, •. -. ,m 
calls arrives from the ~eriphery at the buffer 
(clocked group arrivals). The probability of k 
arriving calls per sampling clock be r(k). It 
is assumed in this Model B, that the probabili
ties r(k) are independent in successive in$tants 
of the sampling clock. The calls waiting in the 
buffer are served serially from the central 
service unit with discipline first come, first 
served. 
The principle way of solution for this system 
is similar as for Model A in section 2.1.1. 
From the variety of results only the following 
two are necessary for this paper. 

• 
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The mean queue length E[x,O] (including a call 
in the service unit), directly before the sam
pling clock (tv=O) is according to /1/: 

m-1 1 
E[x,OJ = ~ Ztu-1 (6) 

where z~ are the roots of zC_~r(k)zk=o 
outside the unit circle. k=O 

The mean waiting time w of all calls then is 
( cf. /1/): . 

[
:1 ~ (Var[kJ ) w: E X,Oj·h + l E[k] + E[k] -1 ·h 

m . 
where E[k] = L:k·r(k) = mean of k (8A) 

kcO 

and Var[kJ: to(k~ECk1)~r(k)= variance of k,(8B) 

In equ.(7), E[x,O]'h is the mean waiting time 
of the first call of an arriving group, where
as the second term results from the additional 
wai ting time of the other calls· ,of the group. 

2.2. MODEL OF A TWO-STAGE QUEUING' SYSTEM WITH 
SAMPLED PARALLEL INPUT QUEUES (MODEL C) 

The model described in this section is a combi
nation of Model A arid Model B of section 2.1: 
It is named Model C. Model C corresponds to a 
system with the basic structure of Fig.1 and it 
is a simplified model 0-[ e.g. a common con
trolled telephone or data switching system. The 
c,onfiguration of Model C is shown in Fig.4. 

"transfer 
places" 

primary storages 
(PSi) 

. sampling switches 
(period T=c·h) 

secondary storage 
(SS) 

central service device 
(holding time h) 

Fig.4: Configuration of Model C (all storages 
are assumed to have infinite capacity) 

The primary storages (PSi, i=1,2, ••• ,g) corre
spond to d~fferent periphe~al devices. The 
secondary storage (SS) and the central service 
device correspond to the central processor unit 
(CPU). The primary storages altogether are named 
primary system, the secondary storage and the 
central service unit fOlrm the secondary system. 
Primary and secondary system form together the 
general system. 
The operating mode of this system is the 
following: . 
The calls arrive according to a Poisson-process 
with the arrival rate ~i ~t the PSi and they 
have to wait in the queue of PSi. Always after 
a fixed ~ime T' all sampling switches are closed 
simult~eously. When .the s~pling switches are 
closed, the waiting e~lls situated in the ni 
transfer places of· each PSi are transferred to 
the SS. It is ass~ed, that the calls of PS2 
are filed into the SS behind the calls of PS1 
etc. without delay during one sampling instant. 
The calls waiting in the SS are served serially 
'from the cent~al service device wit~discipline 
first come, f1rst served. The central service 

device has a constant service time h. The sam
pling period T is an integral multiple c (c~1) 
of the holding time h. 
The following sections of this paper are dealing 
with this Model C. . 

3. ANALYTICAL TREATMENT OF MODEL C 

3.1. EXACT SOLUTION FOR THE PRIMARY SYSTEM 

With each sampling clock there are removed at 
most ni calls from the primary storage PSi and 
are transferred to the secondary storage SS 
(see Fig.4). Because the SS is assumed to have 
an infinite number of waiting places there ex
ists never a blocking of this transf~r from the 
PSi to the SS. Therefore, the state of any PSi 
is not influenced at all by the state of all 
other primary storages or the secondary system. 
Hence, the structure and the input/output pro
cess of a single PSi is identical with the con
figuration of Model A of section 2.1.1. Thus 
all characteristic traffic values of interest 
may be obtained from Model A (cf. section 
2.1.1. and /1/). 

3.2. EXACT SOLUTION FOR THE SECONDARY SYSTEM 

The structu~e of the secondary system is identi
cal with the structure of Model B (see Fig.4 
and Fig.3). But there is quite a difference be
tween the arrival process in ·the SS and the 
arrival process in Model B. In 'Model B it was 
a~sumed, that the probabilities r(k) for an ar
r1val of a group with k calls per sampling clock 
ar~ indep~n~ent.in successive sampling instants. 
Th1s cond1t10n LS not fulfilled in the secondary 
system for the groups of calls coming from the 
primary system with each sampling clock. Let us 
see this fact by an example: 
The primary system shall consist of only one PS 
with n transfer places. If directly before the 
sampling clock there are lesy than n calls in 
the PS, then all calls are transferred with .the 
sampling clock to the SS and the PS is empty 
thereafter. Therefore, the size of the group 
transferred with the successive sampling clock 
depends only on the Poisso~ arrival process of 
the PS. If exactly n calls are transferred with 
a sam~ling clock, then more than ° calls may be 
left 1n the PS. Therefore, the size of the group 
transferred with the successive sampling clock 
depends not only on the Poisson arrival process 
of the PS, but also on the state of the PS di
rectly after the sampling ' clock. Thus, the prob
ability of the transferred group size depends on 
the group size transferred with the previous 
sampling clock. 

Normally, multi-dimensional· probabilities of 
state must be used for the solution of Model C. 
With the assumption, however, that each number 
of transfer places ni is greater or equal to c 
important characteristic traffic values can be' 
obtained by only one-d~mensional probabilities 
of state. The analysiS of such systems with 
c~Min [nil (where Min [nil is the smallest of ail 
ni, i=1,2, ..• ,g) is given in sections 3.2.1. 
through 3.2.3. 

3.2.1. PROBABILITIES OF STATE 

T? find a solution for the secondary system, 
f1rst the state of, the general system (primary 
system + secondary system) is considered always 
directly after the sampling clock. For reasons 
of a uniform nomenclature one can say equiva
lently, that the general system is considered at 
the time ·T before the next sampling clock. 
The probability of xG i or xG i+1 calls in the 
general system at time T before the next sam
pling clock i or i+1.shall be PG i(x,T) or 
PG,i+1(x,T), respect1vely (cf. t1g.5). 
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sampling 

clock i-1 

Fig.5: Imbedded Markov chain 

sampling 
clock i 

The state xG at these instants forms an imbedded 
Markov chain. The number of calls arriving at 
the primary system during the time T shall be 
ki' These ki arriving calls have to wait in the 
primary system and they cannot be transferred 
to the secondary system before clock i. Hence, 
only those calls can be served by the service' 
unit during the time between clock i-1 and i, 
which were already present in the se~ondary sys
tem directly after clock i-1. 
With each sampling clock, ni~c calls can be 
transferred at most from PSi to the SS. If 
directly after clock i-1 there are xG i~Min[nJ 
calls in the general system, then all'xG i 
calls must be situated in the secondary system 
and the primary system must be empty. If di
'rectly after clock i-1 there are xG i>Min[ni] 
calls in the general system, then at least 
Min[niJ calls must be situated in the secondary 
system. 
The considerations above lead to the following 
facts: 
If directlJ after clock i-1 there are xG i~C 
(c~Min[niJ) calls in the general system, 'then 
all xG i calls are served until clock i. If 
directiy after clock i-1 there are xG i>c calls 
in the general system, then exactly c'calls are 
served until clock i. Therefore, the following 
equation for the state of the general system 
directly after the sampling clock holds true: 

XG . 1 = Max [( xG . - c ) ,Ol + k . 
,1+ ,1 'J 1 

with .' { 
XG' - C 

Max[<xG,i. -c)/O] = 0 ,\. 
for xG,t ~c 

for XG,i< C 

(9) 

Equ.(9) is completely analog to an equation, 
which was obtained in /1/ for the state of the 
Model A directly before the sampling clock 
(tv=O). In this equation of Model A, only the 
number of transfer places n must be replaced by 
c to get equ.(9). In equ.(9) the number ki of 
calls arriving at the primary system during the 
time T depends on the total Poisson arrival 
process with the arrival rate 

(10) 

Because of the analogy with Model A mentioned 
above, the derivation of the generating function 
GXG(z,T) of the probabilities of state PG(x,T) 
directly after the sampling clock in the case 
of statistical equilibrium can ' be performed 
completely analog to Model A. Thus, analogously 
to equ.(2), one gets for the generati,ng function 
GXG(z,T) of the probabilities PG(x,T) in the 
general system directly after the sampling clock 

c-tf 

c-AT ,M(z-zy) e-AT(1-Z) 
G~ (Z}T) = c-;;- - (11) 

'1r(1-Z) 2(,_e~AT{1-r,) 
"=1 \I 

c -AT( 1-z) , where Zv are the roots of z -e =0 
inside and on the unit circle (with zO=1) 
(In equ.(2): t =0, n#c,'/..#A leads to 
equ.(11)) v 

Analogously to equ.(3), the expecta~on of the 
number of calls in the general system directly 
after the sampling clock then is 
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c-1 ( A 1 E [xT] = 2::-1- + c- J)-C 
, G I V=1 1-zv 2(AT - c) (12) 

Finally, the probabilities PG(x,T) of the gene
ral system directly after the sampling clock are 
in analogy to equ.(5A;: 

R ()(J)= ~T-c [~(ejAT ±HfPS (-Af:)X-jC~) 
G ~ j=o ~::o C.-f (X~~C-f)! 

',1=1 ~ 

+ ebAT ~H)C1lS (-AbTt-
bC

-f ] 
f"o c-f- (x- bC-f)! 

(13) 

with bc~x«b+1)c and additionally equs.(5B) 
and (5C) 

As already mentioned above, the primary system 
must be empty, if directly after the sampling 
clock there are x<Min [niJ calls in the secondary 
system. So in this case the general system con
tains also xG=x calls. Therefore, the probabili
ties of state PS(x,T) of the secondary system 
directly after the sampling clock are in the 
case of x<Min [ni] : 

PS (x, T) = PG (x, T) for x<Min [ni] (14) 

For the special case of x<c it follows from 
equ.(14) and equ.(13) (with b=O): 

AT-c c-xS 
PS(x,T) '" W (-1) c-)( for x<c ' (15) 

,,'= 1 (1-Zv) 

(Si from equ.(5B)) 

3.2.2. MEAN QUEUE LENGTH AND MEAN WAITING TIME 

The mean number of calls EG[x,T] in the general 
system directly after the sampling clock is 
given by equ.(12). On the other hand, the mean 
queue length Epi[x,T] in a PSi directly after ' 
the sampling clock is available from equ.(3) ; 
with tv=T. Then, the mean queue length ES[x,T] 
in the secondary system directly after the sam
pling clock is 

ES[x,T] = EG[x,TJ - ~Epi[X,TJ (16') 

The mean number QS of calls waiting in the sec
ondary storage, averaged over the whole sampling 
period T, is approached by the following consid
erations: 
The state of the secondary system can change 
only at integral multiples of the holding time 
before or after the sampling clock. Therefore, 
the probabilities of state and the mean queue 
length are step functions of time between two 
sampl ing ins.tants ( cf. Fig.6) 

mean queue 
length 

1-. 
I . 

I 

I • c 'h=T (c-''1)h j ·h 2h h 0 
time tv before t 
next sampling 
clock 

sa~pling 

clock 

t 
sampling 

clock 

Fig.6: Mean queue length in the secondary system 

So the secondary system is considered now at 
time instants tv=j'h (j=O,1,2, •.. ,c) before the 
next sampling clock. Since the last sampling 
clock, c-j calls may be served at most until the 
instant tv=j·h before the next sampling clock. 
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Then, for the probabilities of state PS(x,jh) 6f 
the secondary system at the time tv=jh before 
the next sampling clock the followlng equation 
holds true: c- . , , 

PS<'O,jh) = ~PS(X,T) } j= 

PS(x,jh) , = PS(x+c-j,T) for X)O 0,1, •. ~~7) 

The probabilities on the right hand side of 
equ.(17) are known from equ.(15) (up to 
x+c-j<Min[ni ] ). 
If the secondary storage contains X)O calls at 
an arbitrary instant, then the service unit is 
occupied and the , secondary system contains x+1 
calls. Therefore, the mean number of calls 
QS(jh) 'waiting in the secondary storage (SS) 
at an instant tv=jh before the next sampling 
clock is 

00 

ns(jh) = LXPS(X+1, jh) 
x=1 

(18) 

The mean number of calls SGs waiting in the SS, 
averaged over a whole sampling interval T is 

1 c ' . 
nS = c?:ns(Jh) 

, J=1 
or with equ.(18) 

1 ~ 00 
Q S = - L LXPs(x+1, jh) 

c j =1 x=1 , ' 
(19) 

Substituting, equ.(17) into equ.(19) leads after 
several transformations to 

.Q = Es[x,T]-t ~ ,[j-~(j-X)Ps(Xl)J 
S f=1 x .. o 

ES[x,T] is known from equ.(16), PS(x,T) is 
known from equ.(15). 

(20) 

Wi.th the general equation ns=AowS and with 
equ.(20) the mean waiting time Ws of all calls 
in the secondary system is derived as 

"'s = ~ [ ES(x,T]- 4-~ (j -~(j-X)Ps(~T))] (21) 

3.2.3. PROBABILITY OF WAITING 

At first, the ' probability WS(=O) is determined, 
that a call arriving at the secondary system 
'must not wai t . 
Only the first call of an arriving group must 
nqt wait, when the secondary system is empty 
directly before the sampling clock. The proba
bility of an empty secondary system directly 
before the sampling clock is obtained from 
equ.(17) with j=O:~ 

PS(O,O) = ~PS(x,T) (22) 
x=o 

If the secondary system is empty directly be
fore the sampling clock i, then directly after 
the previous sampling clock i-1 there were ~ c 
calls in the secondary system. In this case, the 
whole primary system was empty directly after 
the previous sampling clock i-1 (cf. section 
3.2.1). Then, the probability that a call is 
transferred at all from the primary to the sec
ondary system with sampling clock i is because 
of the Poisson arrival process 

c 1 _ e-AT 
Hence, the probability that a group with at 
least one call arrives with the sampling clock 
and finds the secondary system empty, is 

Ps(0,0)'(1 - e-AT ) . 
Because in this case only the first call ot the 
arriving group must not wait, 

Ps(0,0)'(1 - e-~)'1 
calls arrive in the mean per sampling clock at . 

the secondary system, which do not have to wait. 
Altogether AT calls arrive per sampling clock in 
the mean. ,Therefo,re, the probability WS(=O) is 

WS{:aO) = PS(O/O~~-e-AT) (23) 

,The probability of waiting WS()O) then is 

Ws()O) = 1 - Ws(=O) (24) 

Equs.(22) and (23) can be inserted into equ.(24). 

3.3. APPROXIMATE SOLUTIONS FOR THE SECONDARY 
SYSTEM 

3.3.1. APPROXIMATION OF THE MEAN WAITING TIME, 
WHEN THE NUMBER OF TRANSFER PLACES PER 
PS IS SMALLER THAN c. 

If the number of transfer places n' per PS is 
smaller than c, the calculation method shown in 
section 3.2 for systems with ni~c is not appli
cable. The reason is explained by an example. 
The number of transfer places of all PSi shall 
be uniformly n<c. Directly after a sampling 
clock there shall be xG calls in the general 
system, wit~ n<xq<c. Then, either all xG calls 
may be situated ln the secondary system and the 
primary system is empty, or less than xG but 
more than or equal to n calls may be situated in 
the secondary system and the rest is situated in 
the primary system. The latter case occurs, if 
e.g. directly before the sampling clock one PSi 
contains xG calls and all other PSi and the 
secondary system are empty. Hence, for the de
termination of the number of calls, served unti l 
the next sampling clock, it is not sufficient to 
know only the state of the general system direct
ly after the sampling clock, but the states of 
all PSi and the secondary system are used. This 
requires the application of multi-dimensional 
probabilities of state, as alr~ady mentioned in 
section 3.2. 

For symmetrical systems (ni=n and Ai=A for 
i=1,2, ••• ,g), however, an approximate solution 
for the mean waiting time wS of all calls in the 
secondary system was found. This method is based 
on Model B and it is described in the following. 
Th~ absolute probabilities r(k), that k calls 
arrive per sampling clock at the secondary sys ~ 
tem, can be calculated by the aid of the proba
bilities of state ,PPi(x,O) of the PSi di rectly 
before the sampling clock (c.f. equ.(5A,B;C)with 
tv=O). The probability, that from one PSi x(n 
calls are transferred, is identical with the 

, probability pp.~x,O), that the PSi , cont~ins ex
actly x calls alrectly before the' sampllng clock. 
The probability, that from one PSi exactly n 

_ calls are transferred, is identical with the 
probability, that the PSi contains more than or 
equal to n calls directly before the sampling 
clock, i.e. n-1 

1 - /.pp, (x,O) . 
~ 1 

The~, the probabilities r(k) of the global group 
transferred from the whole primary system to the 
secondary system are obtained by a convolution 
of the above probabilities. The limits for the 
group size k are ~ 

o ~ k ~ .z....;n. 
- i=1 1 

roximation is, to assume the 
prob~a~iTl+i~tTi~e~s~r~k~~a~s~in~d7ep~en~dent from each oth-
er in successive sampling instants. ' Then, Model 
B is applicable with 

m = ~n. = g·n 
i=1 1 

and so the approximate mean waiting time Ws is 
obtained from equ.(7). Simulation runs on digit
al cOfuputers have shown, that this simple ap
proximation underestimates the mean waiting time 
Wg in particular for a large offered traffic. 
'l'ne reason for this underestimation can be ex-
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plained qualitatively: 
If the maximum of n calls is transferred from 
one PSi to the SS, the following two facts are 
important: . 
-Firstly, the transferred group is relatively 
large, so that directly before the next sam
pling clock normally the secondary system con
tains relatively many calls. 

-Secondly, there is a certain probability, that 
calls are left in the PSi and therefore a group 
of at least one call is transferred with t 'he 
succeeding sampling clock. The waiting time of 
the first call of this group is relatively 
large because of the first fact. 

In Model B, this correlation is n~glected. 

Now, the idea for a better approximation is to 
increase the mean waltlng tlme of the first call 
of a group, arriving at the SS, by a factor FS 
against that one of Model B. ThUS, from equ.(7) 
it follows for the approximate mean waiting 
time ws (cf. also remark below equ.(8)): 

WS= Fs'E[x,O}h+ 4( Vrlk;J + E[k] -1)·h (25) 

The factor FS takes into account the correlation 
mentioned above. One measure for this correla
tion is the probability, that at least one call 
is left in the primary system directly after the 
sampling clock, i.e. the primary system contains 
at least one call at the time tv=T before the 
next sampling clock. Because of the assumption 
of a symmetrical system, this probability is 

1 - (pp(O,T))g. . 

pp(O,T) is the probability, that one PS contains ' 
o calls directly after the sampling clock 
(cf. equ.(5A,B,C) with tv=T). 
Lots of simulation runs have proofed, that the 
factor FS may be assumed generally as 

F S = 1 + 1. 9 ~ - ( PP ( 0 , T) ) g ] ( 26 ) 

In equ.(25), the factor FS is inserted from 
equ.(26). All other terms are calculated with 
equs.(6) and (8A,B) of Model B (with m=gn). 
The accuracy of this ~pproximation is sufficient 
for practical applications. In all cases, 
proofed by a lot of simulation runs, the differ
ence between the approximate values of equ.(25) 
and the simulated values for Ws was less 
than 10%. 

Finally it should be noted, that the case of a 
maximum group size m=gn~c is trivial, because in 
this case always the group of arriving calls is 
served completely until the next sampling clock. 
Therefore, the arriving groups always find an 
empty secondary system and so esu.(7) of Model B 
is applicable for ws with E [x, 0 J =0. 

3.3.2. APPROXIMATION OF THE MEAN WAITING TIME, 
WHEN THE CLOCK PERIOD IS NOT AN INTEGRAL 
MUL'l'lPLE OF THE HOLDING TIME 

If the sampling clock period T is not an inte
gral multiple of the holding time h, the follow
ing approximati~n for the mean waiting time Ws 
of all · calls in the secondary system is appli-
cable: . 
The sampling clock peri od shall be T=ch, where 
c is a real value between the two successive in
tegral values Cu and co' Then, the mean waiting 
times wS cu and wS co are calculated e~ch ac
cording ~o eqQ.(21~ or equ.(25) once with Cu 
and once with co' respecti ve'ly, without change 
of all other parameters. The mean waiting time 
ws of the real system then is obtained approxi
mately by linear interpolation between ws,cu 
and Ws ,co: 

Ws = (c-cu)ws,co + (co-c)ws,cu (27) 

Sim lation runs on digital computers have shown, 
that the approximate values of equ.(27! are 
rather close to the simulated values (In most 
cases <5% difference). 

3.4. MEAN WAITING TIME IN THE GENERAL SYSTEM 

The mean waiting time of the call s in PSi shall 
be wpi, which can be calculated from equ.(4). 
Then, the mean waiting time wp of all calls in 
the whole primary system is the weighted sum 

w = L Ai w 
p . ~ A Pi 

(28) 

The mean waiting time wG of all calls in the 
general system is the sum of wp andwS 

(29) 

wG is the waiting time, which a call has to wait 
in the mean from its arrival at the primary 
system until the beginning of its service in the 
central service unit. 

3.5. MODIFICATION OF MODEL C WITH CYCLICALLY 
CLOSED SAMPLING SWITCHES. 

In Model C, the sampling switches of all PSi are 
closed simultaneously (cf. Fig.4). Another 
operating mode of such a system may be, that 
only one sampling switch is closed per sampling 
instant in a cyclical manner. 
Then, again the characteristic traffic values 
for each primary storage PSi can be obtained 
from the results of Model A when taking into 
conSideration, that the time interval between 
two successive sampling instants of the same 
PSi is T=g·c·h. 

For the mean waiting time Ws of all calls in the 
secondary system a similar approximation as in 
section 3.3.1 is applicable for syIDmetrical sys
tems (ni=n and Ai=A. for i=1,2, ... ,g), using 
Model B as a basis. The absolute probabilities 
r(k), that k calls arrive per sampling clock at 
the SS, depend on the probabilities of state of 
only one PSi directly before the sampling clock 
coordinated to this PSi. They are known by the 
aid of equ.(5A,B,C) with tv=O and T=gch (cf. 
also section 3.3.1). The limits for the group 
si zen ow are 0 ~ kin. 
Similar cosiderations as in section 3.3.1, con
cerning the first call of an arriving group, 
lead to the following formula for the approxi-
mate mean waiting time wS: . 

. (30) 

All terms on the right hand side of equ.(30), 
except the factor FC, are calculated with 
equs.(6) and (8A,B) of Model B (with m=n). 

Lots of simulation runs on digital computers 
have proofed, that for the following different 
cases the factor FC in equ.(30) may be assumed 
as 

FC 1+5.5(1-pp(0,T)) for c.] for (31A) 

FC 1+2.8(1-pp( .0~T)) for c=2 g'c<30 ( 31B) 

FC 1+1.9(1-pp(O,T)) for c~3 (31C) 

FC 1 for g'c ~ 30 ( 31D) 

pp(O,T) is the probability, that a PS contains 
o calls directly after the sampling clock co
ordinated to this PS (c.f. equ.(5A,B,C) with 
tv=T and T=g·c·h). 

In all cases, proofed by . a lot of simulation 
runs, the difference between the approximate 
values of equ.(30) and the simulated values for 
Ws was less than 1()o~. 
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4. EVALUATIONS AND NUMERICAL RESULTS 

Fig.7 shows the mean waiting time wp' of a pri
mary storage PSi according to equ.(4) as a func
tion of the arrival rate Ai. The number of 
transfer places ni is used as parameter. 

t : +---+---+-
wpj 

T 
1.5+---+---+---F~:::::.jI.,::J-.I.=~ 

1.0 T---t---+-7I'--+--r-""",*,,~-H 

o 02 o.s o.a 1.0 

~-~ ... -' nj ' 

'. Fig.7: Mean waiting time wp1, of a primary 
storage PSi 

• 
• 

The m~an waiting time Ws of the secondary sys,tem 
depends on such a variety of parameters, that it 
is impossible to draw only one chart of Ws for 
all parameter combinations. But by the aid of 
only two charts, however, the exact mean waiting 
time Ws for systems with c~in[nDcan be obtained 
numerically as, described in the following. 
.Substituting equs.(14) and (16) into equ~(21), 

on:s :e~tEG(x;rl-!-t(i-~(i-X)PG(X'T)~ - t EpJ)(,T~ (32) 

. T 
GS 

The term indicated with GS in equ.(32) depends 
only on the parameters A and T=ch of the general 
system. Fig.8 shows the numerical values of GS 
as a function of A with parameter c. 
Furthermore, for each PSi the mean queue length 
EPi[x,T] directly after the sampling clock can 
be calcula·ted separately according to equ. (3) 
with ty=T. Fig.9 shows the numerical values of 
Epi[x,'l'1 as a function bf Ai with parameter ni' 
Thus, by the aid of Fig.8 and Fig.9 the mean 
waiting time Ws can be obtained numerically 
according to equ.(32). 

The probability of waiting WS(>O) in the sec
ondary system according to equ.(24) is shown in 
Fig.10 for systems with c<Min[ni1. It depends 
only on the parameters A and c of the general 
system. 

Finally, an example for the approximate mean 
waiting time Ws in the ~econdary system of a 
symmetrical system with n<c and simultaneously 
closed sampling switches is given in Fig.11, 
according to equ.(25). Many tests have shown, 
that the simple approximation with Model B is 
sufficient for practical a~plication~ in the 
case 'of an offered traffic A·h<O.5 (cf. also 
dashed line a i~ Fig.11). However, for an of
fered traffic A'h~O. 5 the more accurate approx-
"imation according to equ.(25)should be applied 
(cf. also solid line bin Fig.11). 

10~ ""---"'---~---r-----:::Ir--~-" 

ts~~ 
GS 

5+-~~~~-+----4_----~--~ 

2 

10-2'+-IIIfH-I---t---+----+---t----i 

Fig.8: Term GS of 
equ.(32) ~or de
termination of the 
mean waiting time 
Ws 

o Q2 . Q.4 . 0.6 0.8 to 
M.=Ah~ c 

t 5 +-. +---t----+-+---II---l 

~bc,1l 

Fig.9: Mean queue 
length EPi [x, T] 
of a primary stor

2+-----i-----r----+---~~ 

5+----i--

'2 +---t---r+-H.-ftH+-t-t-+----1 

age PSi directly 2+-~-H~~~~~4_----~--~ 
after the sampling 
clock 

. 10~~~~-L~~~~4_----~--_1 
o 0.2 0.4 0,6 0,8 1.0 
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Fig.10: Prebability ef waiting WS(>O) in the 
secendary system fer systems with 
c<Min[ni] 

Fig.11 : 

"5.0 
" symmet~iCtll system i{ 9 =4 

nl = 1 h Ai=t 
-T =2h 
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0.5 
~ (/ 
f 

la 

f 
0,2 

/ ().1 
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o 

Example fer the mean waiting time wS in 
the secondary system (with c>Min[ni] ) 
I simulatien values (95% confidence 

interval) 
dashed line a: appreximatien with 

Medel B 
selid line b: appreximatien. accerding 

to. equ.(25) 

5. CONCLUSION 

A two-stage queuing system is dealt with, which 
corresponds to a simplified model ef a central 
controlled telephone er data switching system. 
The characteristical" operating mede ef this 
model is the clecked transfer of infermatiens 
from the periphery to. the central unit. 
In principle, this medel is a cembinatien ef "twe 
different single-stage medels, which were ear
lier dealt with independently frem each ether 
in /1/. Hewever, this twe-stage medel takes into. 
acceunt the dependency of the state ef the cen
tral unit en the periphery. Exact selutiens as 
well as approximate solutiens are derived in 
particular for the mean waiting times~ 
Further investigatiens, to. be published at seme 
future time, will cencern with a medificatien 
ef the ser~ice precess in the central service 
unit. Different classes ef infermatiens with 
censtant, but diff"erent helding times will be 
taken into. acceunt. 
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