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ABSTRACT 

This paper develops the unserviceable probability of an 
interoffice trunk group which connects two switching 
points in a telecommunications network. The interoffice 
trunk group is unserviceable if: 

• it is in the complete failure state 
• it is in the partial failure state and 

the remaining trunks are busy, or, 
• all trunks in the group are busy. 

It is assumed that the transmission facility consists of 
a cable, or a cable and a carrier system which multip1exes 
messages (channels) into groups, supergroups, and master
groups. Operation is assumed to be on lost calls cleared 
basis. The results of examples and simu1ations confirm 
that values obtained from the unserviceable probability 
are reasonable. 
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1. INTRODUCTION 

An interoffice trunk group directly connects two switching 
points in a telecommunications n~twork as shown in Figure 1. 
Each trunk in the group has two parts: that associated 
with the originating switching point is called the out
going trunk, and that associated with the terminating 
point is called the incoming trunk. The manner in which a 
message is transmitted from the outgoing trunk to the 
incoming trunk depends on the transmission facility. 

ORIGINATING TE RMINATING 
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POINT POINT 

A OUTGOING 1-< ... ----9---.:--t 
TRUNKS 

INCOMING 
TRUNKS 

FIGURE 1. An Interoffice Trunk Group Connecting 
Switching Points A and B 

B 

In this paper, the transmission facility is assumed to be 
a cable, or a cable and a carrier system which mu1tip1exes 
messages (vf channels) into groups, supergroups, and 
mastergroups.l When the cable breaks, the interoffice 
trunk group is in the complete failure state in which no 
trunks in the interoffice trunk group are carrying or can 
carry a message. Thus, under this condition, no message
attempts can be served by the interoffice trunk group, and 
it is said to be unserviceable. When a trunk, group, 
supergroup, or mastergroup fails, the interoffice trunk 
group is in the partial failure state. In this state, 
only the failed trunk, or the trunks associated with the 
failed group, supergroup, or mastergroup, cannot be used 
for carrying messages. Therefore, the interoffice trunk 
group is unserviceable only if all other trunks are busy, 
i.e., carrying messages. Of course, if every trunk in the 
interoffice trunk group is busy, the interoffice trunk 
group is congested and is hence unserviceable. Thus, the 
interoffice trunk group is unserviceable if: 

a) it is in the complete failure state, 
b) it is in the partial failure state and 

the remaining trunks are busy, or 
c) all trunks are busy. 

The probability that the interoffice trunk group is 
unserviceable is called the unserviceable probability of 
the interoffice trunk group. It may be defined as: 

a) the ratio of the total time that the inter
office trunk group is unserviceable during 
a period of time to the stated period of 
time, or 

b) the ratio of the number of unserved message
attempts to the total number of message
attempts for service in the interoffice 
trunk group. 

An unserved message-attempt is a message-attempt which 
encounters the interoffice trunk group unserviceable. The 
message which is being served but is disconnected due to 
failure is not considered as unserved. This is consistent 
with the normal traffic measurement procedures. Further
more, the importance attached to a disconnected message 
may differ greatly from that of an unserved message
attempt. 2 
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This paper develops the unserviceable probability of the 
interoffice trunk group. Simu1ations are made to verify 
the consistency of the above two definitions of unservice~ 
able probability under st~tistica1 equilibrium conditions 
as well as including nonstatistica1 equilibrium conditions. 
The unserviceable probability developed is then applied to 
various sizes of int'eroffice trunk groups and to various 
arrangements of mu1tip1exing in a carrier system. 

2. THE UNSERVICEABLE PROBABILITY 

To develop the unserviceable probability of the inter
office trunk group, the following additional assumptions 
are made r 

a) 

b) 

c) 

The interoffice trunk group is operated on 
a l~st calls cleared basis. 3 For n trunks 
offered with traffic A er1angs, the 
congestion probability Bn(A) is the 
Er1ang B formula, 

An/n! 
Bn (A) - -n"';";;"'<"';';;"':'--

l Ai/i! 
i-o 

The probability distribution of message service 
time is exponential. 

Failure of a mastergroup, supergroup, group, 
or trunk is assumed to be independent of 
that of the other mastergroups, supergroups, 
groups, or trunks, respectively. The 
probability distribution of down-time and 
time-between-failure for cable, master
groups, supergroups, groups, and trunks 
are all exponential. 

The cable has a failure probability w. 
Given that the cable does not fail, 
each mastergroup has a failure probability 
a. Given that the cable and the asso
ciated mastergroup(s) do not fail, each 
supergroup has a failure probability e. 
Given ehat the cable and the associated 
mastergroup(s) and supergroup(s) do not 
fail, each group has a failure probability 
y. And given that the cable and the 
associated mas tergroup (s), supergroup.(s) 
and group(s) do not fail, each trunk has 
a failure probability q. The failure 
probability may be estimated from the 
ratio of mean down-time (MDT) to mean 
time-between-failure (MTBF), e.g., 

w -
MDT of cable 
Ml'BF of cable 

Let there be X' trunks in the interoffice trunk group 
offered with traffic A er1angs. Also let PX,A(a,e,y,q,w) 
be the unserviceable probability of the interoffice trunk 
group for a given set of a, e, y, q, w, X and A. Suppose 
that the trunks of the interoffice trunk group are 
distributed over m mastergroups. Then, there are many 
opportunities for the interoffice trunk group to become 
unserviceable: 

CABLE FAILURE. The probability that the cable fails is 
w, and that the cable does not fail, (l-w). 

MASTERGROUP FAILURE. The probability that the cable does 
not fail and that i particular mastergroups do not fail 
is 

m-i 
Cl 

where i - 0,1,2, ••• ,m. 

SUPERGROUP FAILURE. Suppose that the cable and i master
groups do not fail. 

q,> is the number of ways of grouping i master
group; from m; 

is the set containing the (,i) subsets of i master
groups, (each of the (£) subsets may contain a 
different number of supergrdups since each master
group may have a different number of supergroups); 

is the rth subset in cri; and 

is the number of supergroups in cri,r • 

Then, the probability that the cable and i mastergroups as 
well as j particular supergro~ps in the i mastergroups do 
not fail is 

cr· Ecri 1-,r 

where j - 0,1,2, ••• ,s(cri,r) 

GROUP FAILURE. Suppose that the cable, the i mastergroups, 
and the j supergroups in the i mastergroups are not in the 
failure state. 

(S(cr~,r»)is the number of ways of grouping j supergroups 
J from s(cri,r) in cri,r ; 

, 8j(cri,r) is the 'set containing the (S(cr~,r»)SUbs~ts of j \ 
supergroups in cri,r ; J 

8j,u is the uth' subset in 8j (cri ,r); and 

0(8j,u) is the number of groups in 8j,u' 

Then, the probability that the cable, the i mastergroups, 
and the j supergroups as well as k particular groups in 
the j supergroups do not fail is 

where k - 0,1,2, ••• ,0(8j,u)' 

TRUNK FAILURE. Suppose that the cable, the i mastergroups, 
the j supergroups in the i mastergroups, and the k groups 
in the j supergroups do not fail. 

(

0 (8
Jk
' ,u») 

is the number of ways of grouping k groups 
from 0 (8j ,u); 

(
0 (8j u») 

is the set containing the k' subsets of 
k groups; 

is the number of trunks in ~k,v • 

Then the probability that the cable, the i mastergroups, 
the j supergroups, and the k groups as well as n 
particular trunks in the k groups do not fail is 

where n - 0,1,2, ... ,t(41k"v) • 

TRAFFIC CONGESTION. If the cable, the i mastergroups. the 
j s'upergroups in the i mastergroups. the k groups in the 
j supergroups, and the n trunks in the k groups do not 
fail, the interoffice trunk group becomes unserviceable 
only when all the n trunks are busy. 
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A is the traffic offered to the interoffice 
trunk group (in erlangs); and 

is the number of ways of grouping n trunks in 
t(4)k,v) • 

Then the probability for congestion is 

Thus, in general, the unserviceable probability of the 
interoffice trunk group is 

x 

x 

m 
w + (l-w) L (l-a)i am- i 

i =o 

(1) 

Although (1) is developed for the case where the trans
mission facility has a cable and a carrier system which 
multiplexes messages into groups, supergroups, and 
mastergroups, it can be applied to other cases where the 
transmission facility is simpler. For example, in the 
case where the transmission facility is merely a cable, 
it is impossible to have failure on mastergroups, super
groups, and/or groups. Furthermore, no mastergroup, super
group and group means that 

and X. 

Thus, (1) becomes 

X n X-n X 
Px A(O,O,O,q,w) = w + (l-w) L (l-q) q (n) Bn(A) 

, n-=O 

which is the unserviceable probability of the interoffice 
trunk group with a cable as its transmission facility. 
It is interesting to note that if the cable is perfectly 
reliable, i.e., w=O, (2) reduces to one of the expressions 
given in a previous paper.4 

3. SIMULATIONS 

Since every failure probability is estimated from the 
ratio of MDT to MTBF, and the Erlang B formula is appli
cable to both time and traffic congestion,S (1) may be 
considered to be based on definition a) of the unservice
able probability. From (1), it is seen that changes of 
MDT and MTBF have no effect on the unserviceable 
probability provided that the ratio between the two 
remains constant. As statistical equilibrium conditions 
exist during the busy hour, 3 traffic measurements are 
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usually made at this time. If failures occur during the 
busy hour, the statistical equilibrium conditions may be 
upset. Therefore, before making use of (1) for practical 
applications, it is essential to investigate whether there 
is a significant difference 

a) between the unserviceable probability 
based on definition a) and that based 
on definition b), 

b) between the unserviceable probability 
based on one pair of MDT and MTBF, and 
that based on another pair of MDT and 
MTBF having the same ratio, and 

c) between the results under statistical 
equilibrium conditions only and those 
including nonstatistical equilibrium 
conditions. 

To carry out such an investigation, simulations are made 
for a simple case where the transmission facility is a 
cable and the trunks never fail. In this case, (1) or 
(2) reduces to 

P X,A (0,0,0,0 ,w) = w + (l-w)BX(A) . (3) 

To simplify the process of simulations, 20 000 message
attempts are simulated for every set of traffic, MDT, and 
MTBF. The corresponding number of simulated failures 
varies between 0 and 6000. The message service time is 
assumed to be 180 seconds. 

The simulated and calculated results are shown in Figures 
2 and 3. From these figures, it appears that 

a) 

b) 

c) 

There is no significant difference between 
the unserviceable probability developed 
based on definition a), and that simulated 
which is based on definition b); 
Changes in MDT and MTBF have no effect on 
the unserviceable probability, provided 
that the ratio between the two remains 
constant; 
The calculated results are in better agree-
ment with the simulated results under 
statistical equilibrium conditions than those 
including nonstatistical equilibrium conditions; 
however, both simulated results generally center 
around the calculated values. 

0.5r-~r-----~------~------T-------~--__ ~ __ ~ 
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STATISTICAL 0 
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STATISTICAL AND X 
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FIGURE 2. Simulation vs Calculation 
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FIGURE 3. Effect of Changes in MDT and MTBF on Unserviceable Probability 
for Values 

4. GENERAL INVESTIGATIONS 

The following questions are of general interest: 

a) What failure probabilities have a negligible 
effect upon the unserviceable probability 
of an interoffice trunk group? 

b) Is it possible to trade-off between service 
reliability and traffic capacity of an 
interoffice trunk group for a given 
value of unserviceable probability? 

c) How much of an improvement is there by 
arranging the trunks of an interoffice 
trunk group over the transmission facility 
in certain manner? 

d) How much more influence on service does 
a complete failure have in comparison with 
a partial failure of an interoffice trunk 
group? 

To answer these questions for a particular interoffice 
trunk group, (1) may be used. However, many of the 
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existing interoffice trunk groups distribute trunks over 
a carrier system in the form as shown in Figure 4. There 
are m mastergroups and, excepting the mth mastergroup, 
every mastergroup has 8 supergroups; each supergroup has 
e groups; and each group has t trunks. In the mth master
group, there are 8' supergroups and, excepting the 8'th 
supergroup, every supergroup has e groups; and each group 
has t trunks. In the 8'th supergroup, there are e' groups 
and, excepting the e'th group which has t' trunks, every 
group has t trunks. Therefore, it is useful to derive the 
unserviceable probability of an interoffice trunk group 
with trunks distributed over the carrier system as shown 
in Figure 4. 

From (1) and using the re1ation 3 

(4) 

the unserviceable probability of an interoffice trunk group 
with trunks distributed over the carrier system as shown 
in Figure 4 is as follows: 

• 
• 

• 
• 



• 
• 

•• 

• 

PX,A(a,8,y,Q,w) 

m . 
w + (l-w) L (l-a ) ~ am- i 

i =O 

(i -l) s +s ' . 
+ <i=i) .L (1-8)J 8 (i -l) S+S '-j 

J=O 

x [( i -l) ~+ S "-I) Y (l_y )k yjo- k 
J k=O 

. kt 
x (J{ ) L (l -q )n qkt-n (~ ) Bn (A) 

n=O 

( 
.) ') (j -1) 0+0 ' k' (.) , k + ~ -l .~+ S -1 L (l-y ) y J -l o+c -

J 1 k=O 

(
.) ') (k-l) t +t ' + J -l 0+0 - 1 L (l -q)n q (k-l) t +t '-n 

k-l n=O 

D MASTER GROUP 

6 SUPER GROUP 

o GROUP 

o TRUNK 

1t 1t 1t 1t 1t 1t 1t 1t 1t 1t 1t 

FIGURE 4. A Scheme of Distributing Trunks over 
a Carrier System 

Although (5) appears to be more lengthy than (1), it is 
easier to use on the computer. If it is defined that 

~) -I 
M! 

N! (M-N)! 

1 
o 

for M D 0, 1, 2, 
and N = 0, 1, 2, 

for M .. N = -1 
otherwise. 

••• , M 

(S ) 
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then (S) can be used for computing the unserviceable 
probabilities of cases where there is no mastergroup, 
supergroup, and/or group. Indeed, if there is no master
group, 

m = S = O. 

If there are no mastergroups and supergorups, 

m = s = s' = 0 - O. 

If there are no mastergroups, supergroups, and groups, 

m = s = s' = 0 - 0' .. t - 0 

and t' .. X. 

Thus, for practical use, (5) remains general, and is used 
for the following general investigations. 

NEGLIGIBLE FAILURE PROBABILITIES. To illustrate solutions 
to question a), the following three schemes are considered: 

Scheme No. X m s s' 0 0' t t ' 

I 2 1 0 1 0 1 0 2 
Il 41 1 0 1 0 4 12 5 
III 180 1 0 3 5 5 12 12 

When the interoffice trunk group is 100% reliable, i.e., 
no equipment failure, the number of trunks provided i s 
usually based on a 1% unserviceable probability, i .e., 

The results for this usual case are shown in Figure 5. It 
is seen that, independent of the interoffice trunk-group 
size, failure probabilities in the order of 10-4 may be 
considered to have negligible effect on an unserviceable 
probability of about 1%. It should be noted that other 

0.1 r---'T"""-r"'T'""T""T"T'TTT"'--"'--'r-"1-rT'T'TTT--r--'T"'"-r-"~rrn 

'3 
rr 
~ 
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« 
x' 0.01 --------

Cl.. 

W 
..J> 
ID~ 
c(-
w:! 
(..)ID SCHEME I 
>~ SCHEME 11 eE: o weE: SCHEME III 
~CI.. 
::) 

0.001 
10.5 10-4 

X A PX.A (0, 0, 0, 0, 0) 

2 ' 0.15 0.009688 

41 30.0 0.010433 
180 160.0 0.009461 

10-3 

FAILURE PROBABILITY a= (3 = r = q = w 

FIGURE S. Unserviceable Probability of Various 
Interoffice Trunk Group Sizes 

unserviceable probabilities may require different values 
of failure probabilities for negligible effect on the 
unserviceable probability. 

10-2 

SERVICE RELIABILITY AND TRAFFIC CAPACITY. To illustrate 
solutions to question b), scheme 11 is used. Figure 6 
shows that the traffic capacity of the interoffice trunk 
group is about 30 erlangs at 1% unserviceable probability 
if the interoffice trunk group is perfectly reliable or 
has negligible failure probabilities. Suppose that all 
the failure probabilities are not negligible, but equal to 
0.003. The interoffice trunk group can still maintain the 
level of no more than 1% unserviceable probability if the 
traffic offered i s no greater than 24 er1angs. Thus, it 
is possible to trade-off between service reliability and 
traf f ic capacity. 

Figure 6 also shows an interesting observation. The 
unserviceable probabilities differ greatly for various 
failure probabilities when the offered traffic is small, 
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FIGURE 6. Traffic Capacity for an Interoffice 
Trunk Group 

40 

and differ very little when the offered traffic is large. 
This phenomenon results since the unserviceable probability 
is mainly due to failure for small traffic offered, and 
mainly due to traffic congestion for large traffic 
offered. 

DISTRIBUTION OF TRUNKS. To illustrate solutions to 
question c), the following two schemes are compared: 

Scheme No. X m 8 8' a a' t t' 

II 41 1 0 1 0 4 12 5 
IV 41 3 2 1 3 2 3 2 

Both schemes have the same number of trunks. Scheme 11 is 
narrowly distributed over the transmission facility whereas 
scheme IV is widely distributed. Figure 7 shows the case 
where the failure probabilities are small (0.0001), and 
Figure 8 shows the case where the failure probabilities are 
high (0.005). It is seen that both schemes give the same 
traffic capacity at 1% unserviceable probability when 
failure probabilities are 0.0001, and that the traffic 
capacity for scheme IV is much better than that for scheme 
11 at 1% level unserviceable probability when failure 
probabilities are 0.005. 

SENSITIVITY OF UNSERVICEABLE PROBABILITY DUE TO FAILURE. 
To illustrate solutions to question d), scheme 11 is used. 
Figure 9 shows the difference in unserviceable probabilities 
for complete failure and partial failure, assuming that 
the traffic offered is 30 er1angs. For example, 1% 
failure probability of cables results in an unserviceable 
probability of 2.1%, whereas 1% failure probability of a 
trunk gives an unserviceable probability of only 1.25%. 

5. CONCLUSIONS 

The unserviceable probability of an interoffice trunk 
group has been developed to take into account both 
reliability and traffic. Besides being used for computing 

, the unserviceable probability of an interoffice trunk 
group, the unserviceable probability developed is shown to 
be useful, at least, in 

a) determining the failure probabilities which 
have negligible effect on the unserviceable 
probability, 

b) evaluating the trade-off between service 
reliability and traffic capacity for a 
given value of unserviceable probability, 
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FIGURE 7. Effect of Scheme at Low 
Failure Probabilities 

0.1 r---'---..,...--~----,-----T""--:::IO--:_-" 

0.01 

0.001 
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FIGURE 8. Effect of Scheme at High 
Failure Probabilities 

c) comparing arrangements of trunks over 
the transmission facility, and 

d) estimating the effect on service of 
complete failure as compared to partial 
failure. 

The results of simu1ations indicate that 

a) The two definitions of unserviceable 
probability are consistent, 
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FIGURE 9. Sensitivity of Unserviceable Probability 
due to Failures for Scheme 11 

b) changes in MDT and MTBF have no effect on the 
unserviceable probability if the ratio between 
the two is kept constant, and 

c) simulated results under statistical equili
brium conditions and those including non
statistical equilibrium conditions center 
around the corresponding values calculated 
from the unserviceable probability developed. 

Some logically expected results drawn from the general 
investigations are 

a) any failure probability of 10- 4 or less has 
no significant effect on an unserviceable 
probability of 1%, 

b) traffic capacity of the interoffice trunk 
group decreases coincident with lower 
reliability for a specified unserviceable 
probabili ty, 

c) failure probabilities affect the unservice
able probability more for low traffic than for 
high traffic offered to the interoffice trunk 
group, 

d) transmission schemes with trunks of the 
interoffice trunk group widely distributed 
have lower unserviceable probabilities 
than those which have narrowly distributed 
trunks, and 

e) complete failure of the interoffice trunk 
group influences the unserviceable probability 
more than partial failure. 

0.1 

These results, together with the indications from the 
simulated results, lead to the conclusion that the values 
obtained from the unserviceable probability developed are 
reasonable. 
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