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ABSTRACT 

Two techniques that are applicable in simulation of 
loss systems are described. The first consists of an 
application of statistical sequential analysis by 
which the observed blocking of the simulation is 
directed towards a given value. The second technique 
is the use of regression analysis in compiling 
dimensioning tables for gradings. 

1. INTRODUCTION 

When simulating loss systems on digital computers it 
is desirable to divide the total number of simulated 
calls into a number of epochs. The initial conditions 
for the first epoch are generated by simulating an 
appropriate long epoch starting with an empty system. 
Each epoch following the first uses the state of the 
system at the end of the preceding epoch as initial 
conditions. For each epoch various carried traffics 
and blocking probabilities can be estimated. When the 
simulation is completed one is often faced with a 
statistical testing situation, where it is desirable 
to distinguish between various hypothesis regarding 
some unknown blocking probability, E. The recorded 
blocking probabilities, E1 ,E2 , ••• ,E are then usually 
treated as independent observationsnof a nearly 
normally distributed random variable. If the purpose 
of the simulation is to establish how much traffic the 
system can carry at a given loss, E , it may often 
happen that several simulations hav~ to be done before 
the desired accuracy has been achieved. In a situa
tion like this computer time may be saved by applica
tion of Sequential Probability Ratio (SPR) tests. 

2. SEQUENTIAL ANALYSIS IN SIMULATION 

For details about the SPR-test we refer to [1]. The 
application of SPR to simulation is done in the 
following way. 

m 
Let S -~ E. 

m 1 ~ 

be the cumulated blocking probabilities of the m first 
epochs with a given offered load. A combined test of 
the SPR testing: 

with the SPR testing: 

would consist of the following rule: 

Continue to generate Em+1 as long as 

0 2 ~1 (1+h1 )EO 0 2 1-132 
T(~1-~h~1~)~E~OlO~m 2 cSm«h2-1)EoIO~+ 

( 1+h2)EO 
+m 2 (1) 
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holds true. When the left inequality is violated H21 
is 'accepted' and vhen the Tight inequality is 
violated H1Q is 'accepted'. In these tvo cases the 
offered traTfic is changed according to the method 
described belov and the simulation starts anev. The 
simulation is stopped vhen a predescribed number of 
epochs, n., have been generated vithout any change 
in offereti traffic or vhen the total number of 
epochs generated exceeds some given limit. (See fig). 

Satisfactory precision 
obtained 

~--~~--------------------------~ 
m 

In formula (1) a2 a~pears as an unknown parameter. In 
order to estimate a one can either generate say k 
epochs and use the sample variance of the E.:s or try 
to find an approximation using the result or the 
first epoch. We have adopted the latter approach and 
argue as follovs: 

Let A1 be the calculated offered traffic of the first 
epoch and E1 be the corresponding observed blocking. 
The system could be approximated by a full available 
group of size N vhere N is the largest integer satis
fying 

For such a group ve find in [2 J 

2 

vhere 

2 aN 
a ----r

l~ 

I-number of calls in the epoch 

{ 

1 
~. -1+"A""1J.A • 1 l. 1 l.-

CL-+-<A
1 

a. 1+2~.~. 1) "' l. 1 l.- l. l.-

(2) 

The expression on the right hand side of (2) is 
e2aluated and the result is used as an estimation of 
a • The special caSe vhen E1-O is treated as if the 
traffic vas too small and a nev offered traffic is 
calculated according to paragraph 3 below. 
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3. ERLANG EXTRAPOLATION 

The method by vhich the nev offered traffic is calcu
lated depends on vhat ma~ be called the Equivalent 
full available Group (EG) concept. By this is meant 
that given the calculated offered traffic, A, and the 
observed blocking, E, of a system it can be represen
ted in a neighbourhood of A by a fictitious full 
available group of size X. X vhich not necessarily is 
an integer is obtained by solving 

vith respect to X (see APPENDIX A). 

Whenever a simulation has been interrupted by the 
above mentioned SPR test the folloving steps are 
taken. Suppose the simulation was number k that is 
k-2 new traffics have already been calculated. 

1. ~, the mean over the epochs of the calculated 
otfered traffics and ~_, the corresponding 
mean of the observed btockings are recorded 
together with Nk , the number of epochs in the 
k:th simulation. 

2. ~, the EG, is calculated 
3. A linear function aA+~ is fitted to the X:s by 

minimizing the sum of weighted squares 

k 2.2 
r (X.-aA . -~) l. IN: 

i-1 l. l. l. 

4. A new offered traffic, A, is calculated as the 
solution of the equation 

This equation can be solved by the Newton-Raphson 
method (see APPENDIX A). 

There are some special cases when steps 1-4 do not 
work. The first is when by some chance a>1-EO or ~<O 
and the second is after t~e first Simulation. In 
these cases a simple Erlang extrapolation is done 
using the mean X of the Xi:s and solving 

with respect to A. A third special case appears when 
no blocking at all is observed in the first epoch of 
a simulation. In all cases the simulation is then 
interrupted and if the simulation is the very first 
the offered traffic is doubled. If however the simula
tion in question is not the first the mean blocking of 
the simulation is put to 1/(number of calls/epoch) 
and the calculation of a new traffic is done according 
to steps 1-4. 

The SPR test and the traffic adjustment rules have 
been combined into a FORTRAN subroutine which is 
called after each epoch. The argument list of the 
subroutine contains among other h1' h" a1 , e1 , a2 , 
p , ~ and ~_. The former six of thes~ parameters 
hive to be c~osen prior to the generation of the 
first epoch. Experience from the rather extensive use 
of the subroutine shows that in most cases h1-.8, 
h2-1.25, a1-.9, P1-.05, a 2-.05, P2-. 9 are resonable 
values. From relation (1) we see that h1 and h 
determine the slopes of the rejection ll.nes, wfiile 
the ordinates in origo depends on both the h:s and 
the risks. It is also seen that the more accurate 
result is requested (hi and h2 close to 1) the closer 
must S1/(1-a1) and (1-~2)/a2 ne to 1 if a sensitive 
test is to be obtained. 

If A is the input offered traffic or the result of an 
adjustment there will always be some difference 
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between A and the observed offered traffic of epoch 
no k, ~. Because of the theoretically monDtone rela
tionship between A and E it might be useful to make 
the following transformation of the Ek:s. First 
solve 

for X and then calculate a new ~ as 

* and use A and this new Ek when calling the sub-
routine. 

Using (2) when estimating the variance of the ob
served blocking have experimentically been found to 
yieli a slight overestimation when (~'~r) or 
(A'~r) are used. It has also been found that it is 
impolsible to use the corresponding offered loads 
because the variance will then be considerabl~ under
estimated. We thus recommend the use of (A,~) in the 
first place. 

The method described above has been applied to the 
simulation of gradings and full availability groups. 
The results are summarized in APPENDIX B. The final 
results of the simulation, 

were corrected by calculating the EG, X, of (X,E) and 
solving 

* AD was used as estimator of AD, the desired traffic. 
Tlie standard deviation, SA' of the ~:s was used to 
form an approximate confinence interval for AD. 

4. PLANNING OF STUDIES ON GRADINGS 

The investigation by simulation of gradings for a 
given exchange generally consists of two phases. 
First the main type of grading is determined by 
comparative studies. During this phase a limited 
number of combinations groups/devices are simulated 
at one level of blocking. The sequential method 
described above can be used to keep the cost of this 
part of the investigation at a low level. The second 
part of the study is devoted to the construction of 
dimensioning tables at various blocking levels. The 
rest of this paper contains a description of what we 
think is a systematic and economical way of producing 
dimensioning tables. 

When planning the simulations consideration should be 
given to the following points. 

• Determination of the appropriate factors 
(number of groups, number of devices, blocking 
level) to be Yaried. 

• Determination of the levels of the various 
factors. 

• Determination of the total number of calls for 
each simulation. 

If for example the number of groups, G, the number of 
devices, N, and the blocking, E, have been chosen as 
factors a resonable size of the experiment may be N 
at 4 levels, N/G at 3 levels and E at 3 levels. It is 
however not necessary to simulate all 36 combinations. 
Furthermore it is not so critical for the following 
analysis to keep E exactly at the determined level. 
This means that simulations may be carried out with
out using the sequential method of paragraphs 2 and 3. 
The total number of calls in each simulation is 

determined according to the economy of the whole in
vestigation. The size of the epochs should be such 
that at the very least 30 blocked calls are generated 
on the average in each epoch. 

When all the planned simulations have been carried out, 
a blocking function of the type 

E ( ) (A) fA,N,G, •• 

is fitted to the observation. The procedure used here 
is the stepwise regression procedure, [3], applied to 
the EG:s X as dependent variable. In our ' cases we have 
used a version of the program BMD02R [4] , where the 
transformation 

X .. EG(A,E) 

has been added. Before starting the stepwise regression 
procedure a number of independent variables are added 
to A, Nand G by means of transformations. All quoti
ents A/N, A/G, G/N together with all third degree 
variables of type ANG, AAN, AAN/G, ••• are included in 
the set of independent variables. The program is then 
run with the maximum number of steps set to about 
10-15. After the computation the residual sum of 
squares at the various steps are investigated. As the 
objective of the run is to arrive at a good approxima
tion rather than a theoretically motivated blocking 
function, some function f(A,N,G, ••• ) is chosen when 
most of the reduction in the residual sum of squares 
has taken place. 

Once the function f(A,N,G, ••• ) approximating the EG of 
the gradings has been determined, dimensioning tables 
for E.E O is easily compiled by solving 

by the Newton-Raphson method. The starting value is 
obtained in the following way 

is solved for X and the initial value of A will be 

The procedure has been applied for two cases in the 
Swedish Administration, one concerning high loss 
routes for a link system exchange, and one concerning 
register selectors. In both cases the method 
has been found to work very well and examnles of 
the approximating functions and dimensioning 
tables are given in APPENDIX C. 
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APPENDIX A 

On the calculation of Erla~ formula and its 
derivatives 

Erlangs formula in the general case 

where 

( )
: x-1 -t r x,A .~t e dt 

A 

and its partial derivative with respect to x 

l E (A) 
--f-----E (A)H(x+1,A) 

oX x 

where 

H( A) hogr(x,A) 1 A ,x, - ax - og 

can be calculated by using the recurrence relations 

r 
AE 1(A) 

Ex(A)·x+~X_1(A) 

llH(X+1,A)-(1-Ex(A))(H(x,A)+1/X) 

if only E (A) and H(x,A) are known for x<1. I~ the 
part of tRe (x,A)-plane where ~5/x+5 five s~gnifi
cant figures can be obtained by using 

as starting values. When A>1 and A<5/x+5 the same 
accuracy is obtained by using Gauss-Laguerre 
quadrature with five abscissas. When A~1 rapidly 
convergent series expansions for direct calculation 
of E and H can be found. 

The partial derivative of E with respect to A is 
simply 

The solution of the equation 

with respect to x is easily obtained by solving 

by the Newton-Raphson method. The solution of the 
same equation with respect to x is done by using 
Regula Falsi. 
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The derivative dEf(A,(A)/dA where f(A) is some given 
function of A is ort~n required when using the 
Newton-Raphson iteration formula. The derivative is 
given by 

+ [,:t)~ x=f(A) 

APPENDIX B 

Example of the use of SPR-test in simulation 

In order to test the applicability of the sequential 
method of paragraphs 2 and }, the case of gradings 
with skipping in systems with k-20 and no internal 
congestion was chosen. The gradings investigated are 
those used by the Swedish Telecommunications Admini
stration for congestion levels .002 to .O}. The size 
of the epochs was chosen so that 40 blocked calls 
were to be expected at nominal congestion, E • 
Furthermore n-number of epochs at which the §PR-test 
is truncated was chosen so that these n epochs would 
contain 24000 calls. The table below gives apart from 
N, G and E the total number of calls needed in each 
case dividea by 24000, half the length of the confi
dence i~terval for A in percent of its point esti
mate, A and the quo~ient between the starting and 
the fin~l value of the offered traffic. 

Gradings with skipping. k.20. 
40 expected blocked calls/epoch. 

IN lG 
i 

21 4 

}O 4 

41 4 

60 8 

70 10 

80 ; 16 

.01 

.05 

.10 

:Tot no 
I of calls 
:24000 
1 
' 1.0 
1 .1 
1.6 

.01 1.8 

.05 ;2.0 

.10 \1.2 

.01 1.0 
1.051.2 
i .10 1.6 

.01 1.8 

.05 : 1.6 

.10 ' 1.2 

.01 1.7 

.05 1.0 

.10 1.1 

.01 1.8 

.05 1.7 

.10 1.} 

90 i 1 2 • 01 1 .} 
.05 2.0 
.10 L4 

120 16 .01 1.} 
.05 1.7 
.10 1.1 

1 60 1 6 • 01 1 • 5 
.05 1.1 
.10 1.1 

Re 1 p~~~i~ i~~~ta;1;i-ng value 
in traffic of A ~/ 
% inal value of 

2.4 1 .99 
2.1 1.04 
1.9 11.18 

2.7 11.02 
2.1 1.02 
1.8 11.O} 
1.7 .99 
2.0 I .96 
2.0 I .91 

1.7 11.09 
1.2 !1.05 
2.0 ~ 1.07 

2.1 
1.9 
2.1 

1.2 
1.8 
1.8 

.97 

.99 
1.01 

1.02 
1.05 
1.08 

1.09 
1.09 
1.09 

1.1} 
1.12 
1.09 

.95 

.90 
~86 

The case of a full available group was simulated for 
control purpose. It was found, that the proposed 
'confidence' interval of paragraph 3, when construc
ted at confidence level, .95, contained the tn2value 
of Ao in 4} cases out of 45. 
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APPENDIX C 

Example 1 
Gradings for high usage routes in a two-stage 
link selector 

The result of this study is dimensioning tables for 
high congestion levels. The tables contain for a 
certain grade of service the highest permissible 
traffic offered for every used combination of number 
of grading groups and number of devices. The points 
to be simulated are chosen so that they cover the 
whole investigated area. At each point one or more 
congestion levels are simulated. 

The 45 simulations are displayed in fig 1. 

The curve fitted to the EG:s of the simulations is 

f(A,N,G)a-2.78849+1.2379-N-A.(0.0010051.N+ 

G N
2 

2 
+0.28265.~0.000076008'a-)+A ·0.0000069041·N+ 

f(A,N,G) is the number of devices in an equivalent 
full available group. 

A is traffic offered to the grading 
N is number of devices in the grading 
G is number of grading groups. 

The sum of squares in this fitting is 11.785. 

To check the adequacy of the dimensioning tables 
some arbitrarily picked out values have been simu
lated. These simulations show a deviation of less 
than about 1 % in the capacity of the traffic 
offered. 

The numbers in the table at each mark stand for 
: the simulated levels of congestions (%) 

N 

20 ... 

40 

60 ~ 

80 _ 

-
~ 

120 .,.. 

x 3,30 

x 10 
x 5,20 

\ \ x 3.30 ~ 
x 10,20~ 

x 3. 10 
x 5,10,20 

x 1.3,30 x 3~ 

x 1,40 , 

\ x 10 

\ 

x 3,30 

x 3,15 

~,20 
x x 2,10,30 

----------------------~--.----.-. 

Fig 1. The distribution of the 45 simulations. 
Example 2 
Register selector with overflow stage 

In this two-stage selector each register has two in
lets one connected to high usage outlets in the first 
stage and the other to low usage outlets in the 
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second stage. The high usage outlets to registers and 
the link outlets to the second stage are graded. A 
unit of this selector has 40 high usage outlets and 40 
outlets in the overflow stage. Up to three units can be 
interconnected. The connected register is of local 
type and the two inlets can if necessary be connected 
to an external type register. If one inlet is occupied 
by an external call in this way the local register is 
free to handle a new call via the other inlet. Also 
this inlet can be connected to an external register. 
If both inlets are occupied by external calls the 
local register is free but cannot be reached by any 
new call. The local registers can with this type of 
selector be very heavily loaded under norma~ conaitions 
(E=.005), therefore the congestion at 10 % overload 
has to be checked against the condition that this con
gestion is allowed to be at most E-.015. 

The result of this study is dimensioning tables one 
for each number of interconnected units, containing 
for each combination of external traffic ratio 
(0,.1,.2"r8) and number of registers the highest per
missible traffic offered. The simulated points are 
chosen so that they cover the whole investigated area. 
At each point one or more external traffic ratios are 
simulated both at normal and overload conditions. 

The 44 simulations are displayed in fig 2. 

The curve fitted to the EG:s of the simulations is 

2 
f(A,N,U,P)~2.28022+.12654·N.U.P-.0041626N .p+ 

P 2 1 
+A(2.6690-.52224·P+.29585·G)-A (.000025152·U-1.9079·w) 

r(A,N,U,P) is the number of devices in an equivalent 
full available group. 

A is traffic offered to the selector 
N is number of registers 
U is number of interconnected units 
P is external traffic ratio 

The sum of squares in this fitting is 15.806. 

; Number of interconnected units 

-f _ .k .. 2 .3 

-- ... -; 

p 
Number' 
01- reg 

.0 .2. __ . _5._ . _._._~. ___ ~~_~3 . __ ~. 5. __ ._~ _~ ' __ !.<2-_ .!_?_ .. _~.? __ ~?.....: 
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10 "if ._--------, 

15 x 

20 

30 x x x x 

40 x x 

45 x x x X 
t!l 

Q' 
60 x x 

~ 
~ 

80 : x ._----_ ._ -

90 x 

Fig 2. The distribution of the 44 simulations 
At each marked combination both normal and overload 
conditions are simulated. 
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