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ABSTRACT 

The use of test calling as a means of esti
mating the probability of call completion be
tween a given pair of points is examined. 
Starting from an investigation of data obtained 
during a 1971 field experiment, a significant 
test calling bias error is shown to exist. The 
presence of this bias is established, verified 
by simulation, and then confirmed by analysis. 
A test calling technique which mitigates this 
effect is developed and an implementation 
described. With this procedure the bias error 
is shown to be insignificant at least for 
those cases amenable to analysis. 
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1. INTRODUCT10N 

A basic and useful indicator of one quality of 
telephone service is the probability of call 
blocking between a given pair of points. A 
method to measure such a point-pair grade of 
service would be helpful to ensure adequacy and 
uniformity of telephone service in general. 

In a large telephone network it is fundamentally 
difficult to estimate point-to-point blocking 
analytically from link blockings available from 
standard traffic measurements. Therefore, it 
may be desirable to determine point-to-point 
blocking directly by measurment in the operating 
network. Test calling is a procedure which can 
provide such a measurement of point-to-point 
blocking, but significant inaccuracies may re
sult in many cases. The source and elimination ' 
of a major error will be described. 

2. TEST CALLING 

Basically, test calling involves placing a 
number of calls between the desired points 
during the period that service is to be measure~ 
The calls may be placed manually or automati
cally and typically from a single source to a 
termination with automatic answering or a known 
response. The probability of test call blocking, 
BT, is then simply calculated as: 

BT = NF/NT 

where NT is the total number of test calls 
placed and NF is the number of test calls which 
fail to obtain the predetermined. response for 
any reason. In addition information is usually 
collected concerning the disposition of failed 
calls to aid in problem diagnosis. For pur
poses of this paper, however, test calling is 
treated primarily from a traffic measurement 
viewpoint rather than as a maintenance t .ool. 

As a measure of customer blocking, BC' the 
test call blocking result may be subject to 
the following errors: 

The distortion of ' BC as a result of 
additional usage and attempts generated 
by test calls, 

The sampling error as a result of the 
limited number of measurements com-

. posing BT' 

These errors may be reduced, the first by 
minimizing the test calling rate and the sec
ond by increasing the number of test calls. 
Unfortunately these two goals tend to be 
incompatible necessitating compromise in an 
actual test call procedure. 

In addition a source of error not usually 
considered arises due to: 

A bias in the measurement of BT resulting 
from the dissimilarity between the test 
call and cuatomer trarfic statistics. 
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This paper will consider the identification 
and quantification of this bias and will 
describe a practical method for minimizing such 
error. 

3. - TEST CALL BIAS 

It is typically assumed in a test calling 
experiment that the calls represent a "sample" 
of the behavior of the customer calls being 
carried between the points under test. Since 
it is known for Poisson arrivals that the call 
congestion is equal to the time congestion, 
one might assume that a periodic sequence of 
test calls gives a sample of the time conges
tion and hence the customer blocking probabi
lity. However, it should be clear that the 
statistical properties of a single source test 
call stream of repetitive short-holding-time 
calls might differ from those of a random 
stream generated by telephone customers. It is 
well known that a non-Poisson parcel of traffic 
will not in general experience the same pro
bability of blocking as a Poisson stream when 
competing for service on the same network.[1,2] 
Thus the test call blocking may not in general 
be a valid estimate of the customer experience 
between the test points. 

Results from a ' point-to-point blocking study 
conducted in 1971 in a large United States 
metropolitan area gave an indication of just 
such a discrepancy. In this study simultaneous 
test calls and traffic measurements were made 
over a multiplicity of routes in an effort to 
determine the usability of component measure
ments to ascertain the point-to-point blocking 
experienced by customers. The test calls were 
placed manually by operators with instructions 
to place as many calls a~ possible during the 
one hour test period to a given test termina
tion. The results showed some cases where 
large discrepancies apparently exist between 
test call blocking and customer blocking calcu
lated from register data as exemplified by the 
data of Table 1. 

fTRAFFIC MEASUREMENTS TEST CALLS 

ATTEMPTS OVERFLOW %BLOCKED CALLS %FAILING 

1) 151 13 8.5 73 0 

2) 200 17 8.5 100 3 
3) 146 19 13.0 100 0 

TABLE 1 - FIELD STUDY RESULTS 

It is difficult to ascribe these discrepancies 
to measurement inaccuracies. In all cases the 
routing is of the simplest variety (a single 
direct trunk group with no alternate route); 
the register readings are reasonable and self
consistent and the few test call failures would 
appear to rule out misinterpretations of the 
test call dispositions. 

To ascertain whether the discrepancies might be 
explicable by the nature of the test call 
stream, a simulation was constructed. The exact 
nature of the test call stream in the experiment 
is not known since the test calling was not per
formed under the direct supervision of the 
experimenters. However, a model may be inferred 
from the known parameters. The placement of 
about 100 calls during the hour results in a 
periodic test call stream with a rate of one 
call every 36 seconds. Since the test calls 
required seven digit rotary dialing, 10 seconds 
was assumed to represent the time from the start 
of test call dialing to trunk seizure; the re
maining 26 seconds was assumed to be the nominal 
trunk holding time. The offered test call load 
is therefore 0.72 erlangs. Sensitivity to the 
holding time assumption was examined by addi
tionally calculating blocking for 16 and 31 
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second test call holding times. The customer 
traffic was simulated as Poisson with a 100 
call/hour mean arrival rate and a 4 minute mean 
exponentially distributed holding time yielding 
a 6.67 erlang customer offered load. 

The result of the simultaneous application of 
these two call streams to a single-lost-calls 
cleared trunk group of from 9 to 13 trunks is 
shown in Table 2. 

PERCENT B~OCKING 
TEST CALLS 

TRUNKS CUSTOMER HOLD ;f ;f s) CALLS TIME(16 s) (26 s) (31 

9 14.1 8.0 5.2 3.1 

10 9.2 5.0 3.3 1.9 
11 5.7 2'.9 1.9 1.1 

12 3.3 1.6 1.1 0.6 

13 1.8 0.8 0.5 0.3 

TABLE 2 - CALCULATED BLOCKING 

It is quite obvious that fo~ the situations 
shown, the test call blocking seriously under
estimates the actual customer blocking. (Values 
tabulated are for customer blocking in the 
presence of the 26 s holding time test call 
stream.) Shorter test call holding times are . 
seen to reduce the bias error although it is 
still large for realistic values. Clearly the 
error is zero for the null holding time case as 
a periodic sample of a Poisson process yields 
the value of the call congestion. 

The relationship of the bias error to the two 
other known sources of test call errors - the 
loading error and the sampling error - is shown 
in Figure 1. This figure shows simulation 
results where the number of test calls is 
varied, but the test call holding time is held 
constant at 26 seconds for the 9 trunk case of 
Table 2. 
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FIGURE 1 - TEST CALL ERRORS 

These results show that although the bias error 
is reduced by placing fewer test calls, the 
measurement error increases as shown by the 80% 
measurement limits (the bounds between which 80% 
of the hourly measurements lay in a 1000 hour 
sample). The effect of the added test call load 
is seen in the increasing customer blocking as 
a function of the number of test calls placed. 
Although the loading and measurement errors are 
a problem in any test calling experiment, they 
can usually be controlled by careful design of 
the test call experiment. Where trunk groups 
in the network under test are small, a low 
hourly test call rate should be employed to 
minimize the loading error and a sufficient 
number of hours of data collected to achieve an 
acceptable measurement variance. For networks 
with large trunk groups a higher hourly test 
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call rate may be employed with small resultant 
loading error. A methodology for dealing with 
that bias error due to unsatisfactory test call 
traffic statistics will be described in the 
following sections. 

4. TEST CALL PEAKED NESS 

Since it is known that the peakedness (variance 
to mean ratio of offered load) of competing 
parcels of traffic is a determinant of the 
blocking encountered by each parcel, it will be 
instructive to examine the test calling problem 
from this point of view. The significant para
meter in the analysis is the fraction of time a 
successful test call holds a trunk during the 
interval between successive test call attempts. 
Denoting this parameter as K, it is related for 
a uniform test calling rate N and fixed test 
call holding time H as 

K = NH where 0 < K < 1. 

Referring to Figure 2a, the peakedness of such 
a test call stream may be calculated as follows. 
K is the fraction of time that the periodic 
sequence of test calls, if all successful, 
would occupy a trunk. Thus the offered load 
in erlangs is simply 

p = K. 

The variance of the offered load is calculated 
as 

0
2 = K(1_p)2 + (1-K)(0-p)2 = K(l-K). 
P 

Hence, the variance to mean ratio or peakedness 
for the sequence is 

' Z = 02jp = l-K. 
P 

Therefore, the peakedness of the single source 
regular test calling stream is always less than 
the unity peakedness of the assumed Poisson 
customer calling stream. In fact, in practice 
it is frequently much less than unity. Since 
the minimum test call holding time is determined 
by the time required to recognize success or 
failure of the test attempt particularly in an 
automatic device where sufficient time must 
always be provided to detect a potential "high 
and dry", K may approach unity at high test 
calling rates. This results in a test call 
stream with a peakedness approaching zero. Such 
a "smooth" stream of traffic might be expected 
to see a lower blocking over a given route when 
applied in conjunction with "more peaked" 
Poisson traffic.* 

An approach to eliminate the bias error would be 
to provide a test calling scheme which achieved 
a peakedness of one, that of Poisson customers. 
For the previously described test call sequence 
a Z of 1 can be approached by reducing the duty 
factor K. However, as the holding time is 
bounded in practice, the duty factor can only 
be reduced by decreasing the test calling rate. 
From the results of Figure 1 it is seen, for 
that case at least, that a reasonable trade off 
between measurement and bias error does not 
exist. 

In considering design of a test calling proce
dure capable of matching the customer blocking, 
it should ' be appreciated that peakedness alone 
does not control the blocking seen by a given 
parcel of traffic. For the case of the periodic 
test call model Just described, the correlation 
between call termination and subsequent call 

* It should also be noted that the customer 
blocking in the presence of such "smooth" 
test traffic will be less than if the load 
orrered by the test stream were Poisson. 

144/3 

initiation results in lower test call blocking 
by virtue of placing test calls at "preferred" 
times . That is, each new test call, placed 
shortly after the termination of the previous 
test call, has a higher probability of seizing 
the previously freed 'circuit than the random 
customer. The basic criterion for measuring 
the success of a test call design is the simi
larity of test call and customer blocking 
experience. However, a consideration of peaked-, 
ness alone does provide the basis for a design 
technique to minimize the test call bias error. 

To increase the peakedness of the test call 
stream several approaches come to mind. For 
example, emulation of the random character of 
the customer stream may be considered. A number 
of independent call sources appears to be re
quired to achieve sufficient randomness, and 
test call blocking will only approach that of 
the true Poisson customers as the number of 
sources is increased. Furthermore, the genera
tion of such random calls is more difficult to 
achieve either manually or automatically than 
a strictly periodic sequence of calls. However, 
the insight that the interference of multiple 
sources produces a more peaked call stream 
leads to the following approach. 
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FIGURE 2 - TEST CALL SEQUENCES 

5. A SYNCHRONIZED SOURCE TEST CALLING MODEL 

Exploiting the fact that overlapping holding 
periods will increase the peakedness of a call 
stream suggests synchronizing streams of calls 
from separate generators. Consider the simplest 
case first, that of two periodic generators 
operated synchronously, in phase, with identical 
holding times (Figure 2b). 

Here the average offered load p is 2K (note that 
2K=2NH where N is defined as the call rate per 
source), the variance is 4K(1-K) and so Z is 
2(1-K). Thus for K = 0.5, Z = 1. So it is seen 
that a peakedness of one is achievable with two 
synchronized test call sources. In fact, a 
o < Z < 2 is obtainable as a function of the 
holding time fraction. 

An additional degree of freedom can be intro
duced by allowing for a phasing difference 
between the two streams (See Figure 2c), If Lis 
defined as the fractional cycle offset of the 
second generator with respect to the first such 
that 
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L NS where 0 < L < K 
and L +" K < 1 

given S as the offset time, then as previously 

p = 2K. 

However, as seen in Figure 2c, the total offered 
load now varies in a stepwise manner between 
zero and two calls. 

Now 

cr~ 4K(1-K) - 2L 

and 

Z = 2(1-K) - L/K. 

For L=O this reduces to the earlier case of 
synchronous, in_phase generators. To obtain 
Z = 1, the relationship between Land K is 

L = K(1-2K) 

Thus for a given holding time fraction (so long 
as K < 0.5) a value of L exists which will pro
vide a test call stream peakedness of unity. 

The relationship between the timing parameters 
K and L, and the peakedness of the resultant 
test call offered load is plotted in Figure 3 
for several values of Z. The curves also 
indicate the sensitivity of Z to perturbations 
in K or L. 

This analysis can be extended to the case of an 
arbitrary number of generators. Considering 
M test call generators identically offset by 
the fraction L, and with equal duty factors K 
results in peakedness 

Z = M(l-K) - L(M2-1)/3K. 

For producing a test call stream ~ith a peaked
ness of one there appears to be no advantage to 
using more than two generators. While not 
considered further in this paper, the potential 
advantage of additional generators is an ability 
to match higher order moments of the customer 
stream or to ' obtain higher peakedness factor 
test call streams (two generators are limited to 
a Z < 2). The latter could be of importance in 
overflow traffic studies or in cases where 
offered loads were known not to be Poisson. 
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FIGURE 3 - TEST CALL PEAKEDNESS 
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6. ANALYSIS OF BLOCKING 

The dual-synchronized-source test calling tech
nique just described, although providing a 
unity offered load peakedness might not 
necessarily provide a good customer blocking 
match due to its non-random timing character
istics. Simulation results show this not to be 
the case, and indicate a very good blocking 
match. However, the results are not perfect and 
in addition the goodness of the match does not 
vary with the timing parameters K and L in the 
manner one would expect from the peakedness 
analysis results displayed in Figure 3. In fac~ 
the blocking turns out to be quite insensitive 
to relatively large variations in both K and L, 
so long as the holding time periods overlap. 

In order to gain additional insigqt an exact 
formulation of the test call and customer call 
blocking was undertaken for the case of a lost
calls-cleared trunk group. The details of this 
analysis are contained in the Appendix. Using 
a computer, solutions to the derived equations 
were obtained for a wide variety of offered 
lo~ds, trunk group sizes, and test call timing 
parameters. From these data it was found that 
the results were indeed largely insensitive 
to changes in K and L. This appears due to 
the fact that the most important property of 
the dual-source test call stream is the effec
tive removal of one trunk from the system seen 
by the delayed test call when the two sources 
have overlapping holding times. Howeyer, from 
the analytic data it is possible to construct 
a "best" call sequence which achieves the 
closest match between test and customer call 
blocking over the range of trunk group sizes 
and loads considered. 

An offset time equal to the holding time value 
of 1/3 the duty cycle (H=S=24 s) provided the 
best blocking match for loads from 4 to 48 
erlangs and groups of 10 to 40 trunks. These 
results along with calculations for a dual 
source with Z=l (L=0.08, K=0.4) and a single 
source (H=26 s) are shown in Table 3. In all 
cases the total test call rate is lOO/hour. 

PERCENT BLOCKING 
SINGLE 

CUST. GENERATOR DUAL nFNF ~A'T'nR 

LOAD H=26 s Z - 1 H=S-2i s , 
TNKS _(ERL) CUST TEST CUST TEl)_T CUST TEST 

10 4.00 1. 09 0.24 1. 50 0,86 0.89 0.94 

10 6.67 9.22 3.25 10.1 8.18 8.30 8.61 

10 10.0 25.0 12.1 25.4 24.5 23.7 24.2 
20 12.0 1. 43 0.58 1. 64 1. 32 1. 31 1. 31 
20 16.0 7.82 3.98 8.24 7.67 7.46 7.47 

20 22.0 22.7 14.3 22.9 23.6 22.2 22.2 
40 30.0 1. 77 1. 03 1. 90 1. 77 1. 71 1. 68 

40 38.0 9.85 6.65 10.1 10.2 9.68 9.58 
40 48.0 23.4 17.9 23.5 24.8 23.2 23.0 

TABLE 3 - BLOCKING ANALYSIS 

From the table it is clear that for any practi
cal use where sampling er~ors limit the accuracy 
of the result, either case of the dual test call 
generator provides the necessary improvement 

' over the single generator case. 

7. OTHER CONSIDERATIONS 

In reality it is impossible to control K and L 
with great precision due to variations in post
dialing delay and non-simultaneous trunk sei
zures in a progressive multi-link network. 
Fortunately, the relative insensitivity of the 
results to such variation make practical the 
employment of such a dual test call sequence. 
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In practice a nominal overlap of holding time 
periods should be provided to preclude the 
possibility of non-overlapping test call pairs 
due to perturbations in trunk seizure times. 

The preceding analyses have considered quanti
tatively the case of a single direct trunk 
group. For an alternate routing network it 
has not yet been possible to produce an analy
tic solution. Simulation results have shown 
the single generator test call bias error to 
be very dependent upon the particular network 
configuration and ·other traffic parcels present 
in the network. In many cases the bias situa
tion appears to be ameliorated by the presence 
of alternate routing, but in others the error 
can be magnified or even reversed, that is the 
test calls might have a higher blocking 
probability than the customers. 

An exact analysis requires understanding the 
behavior of overflowed test calls. From the 
previous discussion it is clear that since 
test calls from a single source can only over
flow Singly, the overflow stream is an irregular 
single source stream. Although the peakedness 
of such a stream is greater than that of the 
offered test call load (due to a reduction in 
the average number of calls per unit time) it 
cannot be greater than one. However, it cannot 
be concluded from this fact that the test call 
overflow blocking must be less than the customer 
overflow blocking on the overflow group. These 
overflow parcels are correlated and thus the 
individual blockings are not easily ascertained. 
Simulation results show that the test call over
flow blocking tends to approach that of the 
customer overflow blocking at least for the 
examples investigated. 

However, even if the test call overflow block
ing should exactly match the customer overflow 
blocking, the basic error due to unequal block
ing on the first offered group would be 
reflected in the final network blocking result. 
As an example consider the netwo~k of Figure 4a. 

3 

(0) 

2 

2 

(b) 

FIGURE 4 - ALTERNATE ROUTING EXAMPLES 

Here the overall probability of blocking from 
node 1 to 2 is given by 

PB = P12(P13+P32-P13P32)' 

Thus the · error in the result PB will be directly 
proportional to the error in measuring blocking 
on the first offered route in the absence of 
any error on routes 1-3 and 3-2. A more complex 
although unusual situation is illustrated by 
Figure 4b. In this case the blocking from node 
1 to 2 is 
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If it is assumed that there is no error on the 
overflow route 1-2 and that the group from node 
2 to 3 is so large as to virtually eliminate the 
test call bias on that route, then the error 
on the first offered route 1-3 is controlling. 
Thus if P12 = P32' PB is insensitive to the 

error in P12' But if P~2 > Pli~' the under
estimate of P13 due to 't:he test call bias error 
will result in an overestimate of PB~ Converse
ly, if P32 < P12 an underestimate in P13 will 
result in an underestimate in PB' These errors 
are eliminated if equal test and customer 
blocking on the first offered route is achieved, 
a condition which is essentially met by the 
synchronized dual source test calling technique. 

Equality of test call and customer overflow 
on the first route does not, in itself, guar
antee equal point-to-point blocking in an 
alternate routing network. As stated previously 
it has not been shown analytically that the block
ing experienced by the dual source test call 
overflow traffic is equal to that experienced 
by customer overflow traffic. However, simu
lation shows these blockings for typical 
situations to be ~he same within the uncertainty 
inherent in call-by-call simulation. 

8. CONCLUSIONS 

It has been shown from experiment, simulation 
and analysis that the technique of estimating 
point-to-point blocking by placing sequential 
test calls is subject to a non-trivfal bias 
error due to the difference in the statistical 
properties of the test call stream as opposed 
to a Poisson customer stream. The error can be 
reduced by minimizing the individual test call 
holding times and the number of call·s attempted 
per unit time for the case· of sequential test 
calls. A method of effectively eliminating the 
error by initiating test calls fro~ independent
paired sources with overlapping holding times 
has been described. It should be remembered 
that the new technique is still subject to the 
same errors attributable to increased loading 
and limited sample sizes as the stanqard se
quential test calling technique. 
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APPENDIX 

In order to calculate the blocking experienced 
by a regular test call sequence and the block
ing of a Poisson stream when simultaneously 
offered to a single trunk group it is only 
necessary to . consider a single cycle of a 
repetitive test call sequence. If the system is 
to be in statistical equilibrium, the trunk 
state probab~l~ty d~strlbution must be the same 
at each cyclical point. Taking advantage of 
this fact allows the problem to be simply 
modeled. 

The system consists of a single trunk group of c 
trunks to which is offered a Poisson stream of 
p erlangs of exponential-halding-time traffic 
with mean holding time l/~ and, simultaneously 
two overlapping streams of test calls as shown 
in Figure lA. 

ITC 7 



FIGURE lA - TEST CALL SEQUENCE 

The two test call streams have parameters as 
follows: 

1) a constant pattern repetition interval 
2 ). constant holding times HI and H2, 

respectively, 
3) offset S of the second stream from the 

first, 
4) S .s. HI .s. S + H2 .s. T. 

T, 

The equilibrium probability of j trunks occupied 
at the cyclical points is denoted Pj. The 
transition-probability function for a c-trunk 

Erlang B system is denoted pi~l(t). (This is 
the conditional probability of j trunks occupied 
given there were i trunks occupied t units of 
time earlier). The system state equations are 
derived by considering the contribution to the 
state probability for each possible test call 
pair outcome appropriately weighted by its 
probability of occurrence as follows (the 
superscripts denote by 0 or 1 respectively the 
failure or success of each call of the test 
pair) : 

for i 0, ••• ,c 

where 

00 = p(c)(S)P(c~(T) 
Pi Pc C,C C,1 A 

c 1 c-2 ( ) c-2 ( ) c-l 
plil = I Pj L p c-l (s) L p c-2 (T) L 

j=O k=O j,k m=O k,m C n=O 

and 

TA = T - S 

TB = T - 8 -:- H2 

Tc = HI - S 

TD = H2 - Hl + S 

In addition the normalizing equation 
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must be satisfied. • 

c 
L P = 1 

i=O i 

An explicit solution for p(c)(t) is to be found 
in Riordan.[l] Thus, i,j 

where r k are the roots of 

~ (~) pc-ks(s+l) •.. (s+k) = 0 
k=O 

and Di(rk ) is given by the recurrence 

also 

2 
c j D c-~ (rk ) L p c(c-l) ... (c-j+l) D' r ) 

j=O c k 

The blocking probability for the dual test call 
stream, B~is calculated as the weighted sum of 
the blocking contribution for each test call 
pair outcome; 

where 

c-l ( ) 
BOl = L P P c-l (8)/2. 
T j=O j j,c-l 

Thus 

BT = [p + P p(c)(S) + Cfl pj pj(C-:l)(s>1/2. 
c c c,c j=O ,c 

The blocking of the Poisson traffic, Bp, in the 
presence of the test calls is calculated by use 
of the knowledge that this blocking is equal to 
the time congestion. Again the total blocking 
is calculated as the weighted sum of the con
tribution from each test call pair outcome, so 

EL = l/T( 00 + 01 + 11 + 10) -p Pp Pp Pp Pp 

• 
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where 

c-l ~s c-2 
pH = 1: p. p~C-I)(t)dt + 1: p~C-I)(S) 

P i=O ~ ~,c-l j=O ~,j 
o 

c-l [ITe c-l plO = 1: p.p~C-I) (s) p(c-l) (t)dt + 1: 
p i=O ~ ~,c-l c-l,c-l j=O 

o . 

The equation for the blocking of the Poisson 
traffic is soluble in closed form by writing 

where 

c 

1: 
j=O 
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The derived state equations have been numeri
cally solved with the aid of a computer. The 

transition probabilities pi~J(t) are calculated 

having found the roots, r
k

, of the polynominal 

c (c.) c-k . 1: k p s(s+l) .... (s+k) = 0 by the method of 
k=O 

Laguerre.[2] The state probabilities themselves ' 
are then solved for iteratively by employing the 
successive overrelaxation (also called extraPo-

lated Gauss-Seidel) technique.[3J Solutions 
for trunk group sizes up to and in excess of 50 
trunks have been obtained for a wide variety of 
offered loads. 
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