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ABSTRACT 

The non-stochastic traffic variations and the failures of 
lines make it necessary to deal with congestion as a 
stochastic process. Methods for calculation of the 
congestion for different systems with dependences are 
discussed. As examples there are studied a transmission 
system, a link system and a route with several stages. 

1 • INTRODUCTION 

Time congestion is the probability that at time tall 
devices in a group of devices are engaged. 

This can be written 

B(T) 

N 
I: 

i=O 

T 

where N is the number of congestion events, tb the 
duration of the i'th congestion event and i 

, T the observation period. We may dimension a fully 
available route for a predetermined time congestion by 
the Erlang formula /1/ or by the normal distribution 
formula /3/. 
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Time congestion can be measured. Because of the finite T, 
the measured congestion is a stochastic process. In 
real traffic also non-stochastic variations can be found, 
which have an effect on the congestion value. 

The variance of the time congestion can be written /3/ 

2 
V(T) = N • StB (2) 

where N is the number of congestion events and St the 
dispersion of the duration of one congestion even~. 

On the basis of the central-limit theorem and taking into 
acount what has been presented above it is possible to 
define the confidence limits of the congestion. 

B(T) = (N • tB ± A StBIN' ) /T 
m 

where A is the test quantity of the normal distribution 
and tB the mean duration of the congestion states. 

m 
Example. If A = 1, then according to a result of 
measurement B(T) = 2 : 0.3 % with a probability of 68 % 
when the number of lines is 10. Observation time T is 
60 h. 

In the foregoing we have assumed the number of lines is 
constant, but it may vary owing to faults or other 
reasons /4/, /5/ and /6/. 
In-Annex 1 some faults established in telephone exchanges 
are listed. It is possible with the aid of such data to 
estimate the availability of the different devices. 

2. THE AVAILABILITY OF A FULLY AVAILABLE ROUTE 

As was shown above, congestion in a real system is a 
stochastic process having a mean value and a variance. 
It may be redefined by the aid of a conditional proba
bility and with the number of lines as an argument /10/. 

B(n(t), t) = p{! (t) = Q(t) I!! (t) = n (t)} (4) 

where Q(t) is the number of fault-free lines and !(t) is 
the number of occupied lines. Substituting in equation 
(4) for n(t) a stochastic process n(t), we obtain 
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~(t) = B(!! (t), t) 

We may further study the distribution functiqn of the 
congestion and find the expected value E{~(t)}. 

N 
E{~(t)} L B(n, t) p{!! (t) = n} (6) 

n=O 

where N is the maximum number of lines in the route 
under study. Substitution of B(n(t), t) from (4) gives 

E{~ (t)} = p{! (t) = !! (t)} 

The availability K(t) and reliability R(t) can be defined 

< N 
K(t) = p{~(t) - Bo} = L p{!!(t) = n} (8) 

n=W(t) 

where W(t) is the required minimum number of channels 
to satisfy the condition B(W (t), t) ~ Bo' 

R(t) = P {~>t} 

where ~ is the moment when the system does not operate 
satisfactorily. 

In the case of several independent channels (N) and 
independent failures and repairs, the availability is 

K(t) ~ (:) k(t)n (l_k(t»N-n (10) 
n=W(t) 

where k(t) is the availability of the individual channel. 

3. THE AVAILABILITY OF SEVERAL CONSECUTIVE STAGES 

We study a system with v consecutive connecting stages 
and a number of lines N1"'~vin the differen~ stages. 
The sta~es are of~ered the 1ndependent traff1cs A

1 
••• Av, 

respect1vely (F1g. 1.). 

A, ~1 A2 ~2 Ay ~y 
0 0 0 0 0 00 0 

1 2 3 V 

Fig. 1- ,A route with V consecutive stages 

The probability that 
in the i'th step is 

N. 

there are in ~i fault-free lines 

P{~., i} = (l') 
1 1 

~. N.-~ . 
q 1( l-q) 1 1 (11 ) 

where N. is the number of lines and q .the unfault 
probability. For the whole system we obtain owing to the 
indepen'dence 

P {~, v} = p{~, 1}' p{ ~, 2} ... P{~, V} ( 12) 
1 2 V 

The congestion is also a function of traffic. Under the 
condition A = (Al ... Av )' ~ = (~ ... ~) the congestion of 
the whole route 1S 1 v 

B(A, ~) = 1-.~ (l-B (A~ , ~) 1=1 ...... 

~e mean congestion can be written 

Nl 
B(A) = L 

N2 Nv 
L ..... L B(A,~) P{~, v} ( 14) 

J,I=O 
1 

~=O ~=O 
2 v 

The sta~~s ~ fullfilling the condition B(A, ~)~BO for 
a given A are denoted with ~.We now find the ava1la
bility K(t) 

K(t) = P{B(A, ~) < Ba at time t} 
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4. A SYSTEM WITH DEPENDENT FAULT PROBABILITIES 

In the foregoing we assumed that the fault probabilities 
of the lines and of the routes Were independent. Next 
we consider a system with dependent probabilities /6/, 
/10/. Such is a route consisting of channel, subgroup, 
base group and rOute equipment. 

The probability of exactly n fault-free channels p{!!(t) = 
n} is 

n} 

where K1 ••• K4 are the availabilities of the channels, 
subgroups, base groups and route equipment, respectively. 

n = 

number of channels in a subgroup 
number of subgroup in a base group 
number of base groups in a route 
number of groups (v =2,3) wi thout faulty 
equipment 
n,' n2 ' n3 a total number of channels 

group 

The availability of the system is given by equation (8). 

5. LINK SYSTEM 

As above, we may study the dimensioning of link systems. 
In a two-stage system (Fig. 2) th~ total congestion B 
can be written in the general form /7/ 

M 
B L G(p)H(M-p) (17) 

p=(M-N) 6(M-N) 

where M and N are the numbers of lines (Fig. 2), G(p) is 
the probability of p b~sy devices in the C stage and 
H(M-p) the probability of (M-p) particular busy devices 
in the B stage. 6 (x) = 1 when x > 0, otherwise O. 

.. :}p C>-

B r 0 c 
M-p : 0 

0 

6 

A & 
N 

• 

Fig. 2. Part of link system 

Taking into account the fault probabilities for each 
stage, the number of un faulty incoming lines, links and 
outgoing lines is n(t)£{O,l ... N}, l(t)£{O,' ... L}and 
m(t)£{O,l ... M},respectively. 

We may write the probabilities for different conditions 
if we denote with q, ql and ~ the unfault probabilities 
for incoming lines, ~inks and outgoing lines, respectively. 

First, we assume that in the system one stage at most 
at a time may become faulty. Then we have 

P(n, 1, m) = P(n)·P(l)·P(m) ( ,8) 

wherein always P(n, 1, m)£{P(N,L,n).,P(N,l,M), P(n,L,M)},and 

M) m ( )M-m 
P(m) = (m ~ '-~ 

( T9) 
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(20) 

(21-) 

If there are faults in two or in all three stages 
simultaneously, the situation is more complicated 
because of the correlation between the B and C stages. 
P(m, 1, M) and P(n, L, m) have to be calculated from 
(18), but the other cases should be separetely con
sidered. 

The congestion in different cases can be calculated. 
There will be a number of states with equal congestion, 
and combinations are possible. Taking into acount 
what has been said above, we find for the mean 
congestion 

B(t) ~ t r B(n, 1, m)·P(n, 1, m) (22) 
n=O 1=0 m=O 

6. DISCUSSION 

The congestion has been studied from a new point of 
view. When we treat the congestion as a stochastic 
process, it is possible to d:fine t~e ava~lab~lity 
and reliability for consecut~ve dev~ces w~th ~ndependent 
fault probabilities and also for a simple. dependent 
system. Link systems have also been · stud~ed on the 
same basis. 
The study is still only at an early stage. However, 
we have shown that the congestion should be examined 
as a variable, and this concept shoul d be adppted as 
a basis when examining systems in which the number of 
switching devices may vary. The theory could be 
extended to the realm of non-blocking and nearly non
blocking networks. 
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ANNEX I 

Coordinate Two-motion 
and motor selector 
selector exchanges 
exchanges 

Number of lines 130000 27720 

Junction line faults 1124 174 
~.l. faults per line 0.0086 0. 0063 
Availability: 

Repairs once a year 0.9914 0 .9937 
Repairs once a week 0.9998 0·9999 

Selector faults 268 1196 
S. faults per line 0. 0021 0. 0431 

Other fault s 2010 446 
Total of faults 3402 1816 
Faults per line 0.0262 0 . 0655 
~ .l. faults, fraction of total 33 % 9.5 % 
Selector faults, fraction of 8 % 65 % 
itotal 

~aults in coaxial cables 3.25 per 100 km 
~vailability for a 100 km cablE 

Repairs once a year 0.0388 
Repairs once a week 0.9394 

Table 1. Number of faults in telephone exchanges and 
cables during one year / 11/. _ 

As can be seen, faults occur in the devices observed 
in such number that a study of their effects on traffic 
is well motivated. We have not yet devised a formula 
for dimensioning on this basis, because data measured 
are not specific enough so far. 

In Table 1. we may observe that in coordinate and 
motor selector exchanges junction line faults per line 
are on the same order as in two-motion selector exchanges . 
On the other hand, selector faults per line are less in 
coordinate and motor selector exchanges than in two
motion selector exchanges. The availabilities for 
junction lines, and for 100 km of coaxial cable have 
also been calculated. 
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ANNEX II 

Analysis of a link system 

Below is shown the procedure for calculating the mean 
blocking for a simple link system (Fig. , a, b) wherein 
the incoming lines, links and outgoing lines may become 
faulty. 

1 0-

2 0-

1 6 

2 6 

o 1 

o 2 

0) 

Fig. , a, b. A simple link system 

The system under study has N = 2 incoming lines (n, and n2 ), 
L = 2 links (1, and 12 ) and M = 2 outgoing lines (m, and 
m). Taking into account the ~robability of faults, 
t~e link system can be in 22.2 '2~ = 64 different states . 
The states are (m, 1, n), where ndO, n" n2, N), Ido,l" 
12, L) and m((0, m" ~,M), In the state (0,1" M) 
both incoming lines are faulty and link (1,) and both 
outgoing lines fault-free. 
The unfaulty probabilities of incoming lines, links 
and outgoing lines are denoted with qn, ql and ~, 
respectively. The _system is first studied on the 
assumption that the incoming lines are fault-free and, 
next, their fault-probability is taken into account. 

,. N is constant = 2; fault(s) in other stages 
,., One connection possible via Band C stages, 

State 

(N, L, m,) 

(N, L, m2 ) 

(N, 1" m,) 

(N, 1
2

, m2 ) 

(N, 1" M) 

(N, 1
2

, M) 

1. 2 No connection 

State 

(N, 0, 0) 

(N, 0, m,) 

(N , 0 , m
2

) 

(N, 0 , M) 

(N , 11 ' 0) 

(N , 12 , 0) 

(N , L, 0) 

Ile 7 

Probability 

2 2 
~ ql ~ ('-~) 

2 
qn ql ~ (,-ql)('-~) 

~ ql ~ (,-ql)('-~) 

possible via Band C stages. 

Probab i li ty 

2 (,_q )2 . 2 
qn 1 ('-~) 

2 2 
qn . ~ . ('-ql) ('-~) 

2 2 
(1 - ql )2 ~ ~ 

2 2 
~ ql ( 1- ql ) ( 1-~) 

2 2 2 
~ q1 (1-~) 
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m, 

n, 
b) 

" 

No connection is possible with probability P
2

(0). 

2. Whole system 

2.' Two unfaulty connections in the whole system 

State 

(N, L, M) 

Probability 

222 
qn . ql . ~ = P,(2) 

Two connections are possible with probability P,(2), and 
the corresponding congestion is B( 2) . . 

2.2.' No Expansion; no concentration 

State of 
A stage 

Probability 

~('-~) P2 (, ,2) 

~('-~) • P2(' ,2) 

The corresponding congestions are 
B(',., 1) and B(',', 2).P,("" ,) is the probability of 
the event "one fault-free incoming and outgoing link and 
one or two fault-free links". 

2.2.2 Expansion 

State of 
A stage 

Probabili ty' 

The congestion corresponding with this event is B(', 2, 2). 

• 
• 

• 
• 
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2.2.3 Concentration 

State of 
A stage 

N 

N 

Probability 

2 
~P(.,,) =P,(2,., 1) 

2 
~ P2 (', 2) = P,(2, ',2) 

The corresponding congestion are 

B ( 2, ., 1) and B ( 2, " 2) 

2.3. No fault-free connection 

State of Probability 
A stage 

N 2 
~ 

n, ~( '-Cln) 

n2 
_"-

0 ( '-Cln) 2 

The probability for no connection can be written: 

4. ~ea.n:: congestion B: 

N L M 
B = L LLB (n, 1, m) EO( n, 1, m) 

n 1 m 

where B(n,l,m) is the blocking probability of the state 
(n, 1, m) at the traffic conditions under study. 
~n, 1, m) is the probability of the state (n, 1, m). 
With the ·aid of the blocking probabilities and state 
probabilities defined for the simple link system of 
Fig. " we obtain the following expression for the mean 
congestion: 

B(2, ,) + B(2, ',2) P,(2, ',2) 

2.5 The distribution of blocking and the availability 
can be calculated from the formulae given above and in 
the text. 
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