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ABSTRACT 

A method is developed by which it is possible 
to calculate the most probable traffic flow 
within a network of exchanges, these being 
treated as sources and/or sinks of traffic. 
The basis of the calculations is the total 
traffic generated and terminated in each ex= 
change area. The important case of a parti= 
ally known traffic matrix is considered, and 
an outline of the calculating procedure for 
a network with transit exchanges is offered. 
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1 INTRODUCTION 

The purpose of this paper is to show that it is 
possible, from purely fundamental assumptions, 
to formulate a general principle of distribution, 
whereby the traffic from a specific number of 
sources is distributed to a specific number of 
sinks, when the total traffic generated by each 
source and the total traffic received by each 
sink is known, in addition to other possible 
constraints. 

Traffic - or rather the intensity of traffic- in 
a specific direction is defined as the number of 
message units that originates in a specific 
source and which is directed towards a specific 
sink during a unit interval of time. 

The problem which is discussed claims special 
interest in connection with the study of poss= 
ible traffic distributions in a telephone net= 
work, consisting of several subscriber exchanges 
that are connected to each other, either dir= 
ectly, or through transit exchanges, and where 
the total traffic generated in each subscriber 
exchange area, as well as the traffic termina= 
ting in each of these areas, is known. 

2 THE BASIC MODEL 

In the source with the index i, traffic (con= 
versations, message units) is-generated with 
the intensity At. In the sink (or destination) 
with the index~, traffic is received with the 
intensi ty B j" 

Under the condition that all possible sources 
and sinks are taken into account, and that it 
is possible to characterize the system as closed, 
conservative or loss-free, the following equ= 
ality must be true: 

N 

L A. 
~ 

M 

[ T (2.1) 

j=l 

where N is equal to the total number of sources, 
and H is equal to the total number of sinks in 
the system. The quantity T is then equal to the 
totally generated - and thereby received -
traffic in the system. 

The part of the traffic A. terminating in the 
sink 1, is designated witfi a . .• The elements 
a ij constitutes a traffic ma!~ix: {aij 3. 
The rows and the columns in this matrix add up 
to, respectively: 
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3 THE PERMUTABILITY OF STATES 

The permutability o~ a state will be de~ined as 
the total number o~ possible ways by which the 
state can be realized. 

An example will illustrate what is meant by this. 
Assume that there are N elements to be distri= 
buted among&t ~1 recipients. I~ the elements 
are equally pre~erable, a certain distribution 
o~ the elements, characterized by the allocation 
o~ n. elements to recipient j in such a way 
that¥ 

N 

can be realized in a total number o~ Z di~~erent 
ways, where: 

z Nl (3. 2 ) 
n j 1 •• n M 1 

Z is then the permutability o~ this speci~ic 
distribution or state. 

I~ no ~urther restrictions are imposed on the 
distribution o~ the elements amongst the rec 
cipients, it is easy to demonstrate that the 
most probable distribution - that is, the~s= 
tribution ~or which the permutability is greater 
than ~or any other possible distribution - is 
represented by the equal distribution, a dis= 
tribution where the recipients are allocated 
an equal number o~ elements. 

This constitutes in reality the principle o~ 
maximum entropy. 

4 THE PRINCIPLE OF MAXH1UM PERMUTABILITY AND 
ITS APPLICATION 

It is natural to assume that the state ~or 
which the permutability, under-the pertinent 
constraints, is a maximum, will be the one 
having the best chance of being realized. 

This principle will be applied in tm e~~orts to 
determine the tra~~ic distribution in a closed 
network, characterized by the tra~~ic matrix 

{ a .. } • The extremal condi tion and the 0 b= 
vioU~ constraints then takes the ~ollowing 
aspect: 

z Tt max (4.1) 
a .. 

l.J 

lTe 7 143/2 

M 

[ a
ij i=1,2, •• ,N 

j=l 

N 

B. 
J [ a .. 

l.J 
j=1,2, •• ,M (4.3) 

i=l 

By means o~ the technique o~ Lagrangian multi= 
pliers, it is possible to include the constraints 
(4.2) and (4.3) into a new extremal condition: 

M N 
L Z + / Aj [ a

ij + 
j=l i=l 

N M 

+[ Pi 
\ a

ij extr (4.4) L .-
i=l j=l 

a
ij 

where Aj and 
Fi 

are the Lagrangian multi= 
pliers. 

Extremum is realized by the condition: 

o (4.5) 

~or all the elements a ..• 
l.J 

Then the ~ollowing expression has to be eval= 
uated: 

62 Z 1 
d(a

iJ
l) 

,;)aij 
- ~ daij l.J 

Z 
d 

log(aijl) (4.6) - da .. 
l.J 

When a .. is a "large" number, tha' is, when a 
large fitlmber o~ message units are to be dis= 
tributed, Stirlingsl approximation is valid, 
whereby: 

With this approximation, (4.6) becomes: 

~ -oaij 
- Z log a ij (4.8) 

Hence, the condition (4.4) will be met when: 

Z log a .. + "j + f"i 
0 (4.9) l.J 

or, in general when: 

a . . Pi qj (4.10) 
l.J 

where the ~actor Pi is a ~unction o~ i only, 
and qj o£ i only. 

It will be demonstrated that these ~actors 

are uniquely determined by the conditions 
( 4 • 2 ) and (4 • J) • 

Summation of (4.10) over the index j, gives: 

A. l. i=1,2, •• ,N (4.11) 
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while, summation over the index i, g ives: 

j=1,2, •• ,M ( 4 .12) B. 
J 

Summation over both indices, g ives: 
N M N t-'1 

[ Pi 'L qj L A. L B . T 
:L J 

i=l j=l i=l j=l 

(4.13) 

The traffic distribution fulfilling the con= 
dition of maximum permutability, that is, the 
most probable distribution, is therefore given 
by the expression: 

a .. 
:LJ 

A. B . 
~ 

T ( 4 .14) 

This expression is seen tobe symmetrical in 
such a way that the direction of the traffic 
is reversible. As to the justification of 
arbitrarily adding together several sources 
or sinks, in order to obtain larger units, it 
also satisfies the necessary additive cond= 
itions. 

5 TID':: CASE OF A PARTIALLY KNO\VN TRAFFIC 
MATRIX 

Following the principle of maximum permuta= 
bility, it is, according to (4.14), possible 
to determine every element in the traffic 
matrix, if only the sums of the rows and the 
columns - that is, the traffic g enerated and 
received - are known. 

However, in several cases, certain elements 
in the traffic matrix will be known before= 
hand, either by direct measurement or by cal= 
culations based upon other information. These 
elements, say ia.?, will most probably differ 
from the corresptlnding calculated values 
according to (4.14): 

a .. 
:LJ 

A. B. 
2..-J. 

T (5.1) 

Thus, if a? > a .. , the sum of the other 
elements b~tongifi~ to the same row or column 
must become less than the corresponding sum 
calculated according to (5.1). Conversely, 
the same sum must become greater in the case 
of al? < a . . • If not, the normalizing con= 
diti5rts go~~rning the sum of all the elements 
in a row or a column will be violated. 

The value of the unknown elements of the 
matrix will still be governed by the extremal 
condition (4.4), which leads to a solution of 
the form: 

a . . 
:LJ (S.2) 

where Pi is a f~ctor peculiar to every row 
and q . :LS pecul:Lar to every column belonging 
to thd matrix. 

The normalizing conditions will in this case 
dif£er £rom (4.11) and (4.12), and will not 
allow a solution as simple as (4.14). 

The new conditions are the following: 
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i=l 

The expression: 

as in (S.3), is to be understood as the sum of 
all the q-factors in row~, excluding those 
connected with known elements a?. A! repre= 
sents the reduced sum: :LJ:L 

, 
A . :L 

A . _ ) a O 

:L L ij 
j 

Correspondingly, 

(5.5) 

as in (5.4), 

represents the sum of all the p-factors in 
c?lumn 1 not connected with known elements. 
Bj is the reduced sum. 

, 
B. (S. 6 ) 

J 

Note that the set of equations (5.3) ' + (S.4) 
is undetermined: the value of one of the 
factors p . and q . can be chosen at will, except 
from zero: ThisJis only to be expected, as 
these factors only enter the solution in pro= 
ducts of two. 

The set of equations (5.3) + (5.4) is most 
conveniently solved by iterative numerical 
methods. The expression (5.1) will do when 
looking for starting values. 

6 THE CASE OF A KNOWN RATIO BETWEEN MATRIX 
ELEMENTS 

In this case the ratio between two - or more -
elements of t h e matrix are assumed to be known, 
but not their individual values. 

Let this ratio be given as: 

~l 
a 

nm 
r ( 6 .1) 

This constraint i s taken care of by adding to 
the extremal condition (4.4) the expression : 

with v as a Lagrangian multiplier, thereby 
obtaining the new extremal condit i on. 

L + := extr ( 6 .2) 

The extremal condition ( 6 .2), leads to the 
£ollowing equations, in accordance with the 
procedure and terminology of part 4: 
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o ij :# kl,nm (6.3) 

o (6.4) 

- Z log anm + \ m + fn - r V o (6.5) 

where, additionally: 

~l r a nm (6.6) 

It is possible to write the solution ~or the 
values o~ a

kl 
and a in the above set o~ 

equations in terms g~ the corresponding un
constrained solution, that is, the solution 
~or the case where the ratio is unknown, as 
in part 4, or as above, with V = O. 

The solution ~or a
kl 

and a nm can be shown to 
be: 

r 1 

( * )l+r 
~l • (r a* )l+r 

nm 

1 r 

a nm 
(a* )l+r . (.! * )l+r 

~l 
(6.8) 

nm r 

where . ~l and a~m represen~s values ~ro~ the 
solut~on o~ the correspond~ng unconstra~ned 
problem. 

The remaining elements may then be calculated 
by introducing the above values o~ ~ and 
a as known, and proceeding in accoraance 
w~If1h part 5. 

In the special case: r = 1 , that is, the 
elements a 1 and a are considered to be 
equal, theKsolutioRmbecomes identical with 
the geometrical mean value: 

a* 
nm 

7 N8TlVORKS IVITH TRANSIT ~XCHANGES 

The knowledge o~ the amount o~ tra~~ic 
handled by transit exchanges, implies the 
knowledge o~ partial sums o~ certain groups 
o~ elements within the tra~~ic matrix. 

A practical ,,,ay o~ dealing with more complex 
networks containing transit exchanges, will 
be to utilize the principles set ~orth hitherc 
to in a sequential manner within the network. 

First the network is treated as i~ the transit 
exchanges represents real sources and/or 
sinks. Tra~~ic is only considered distri= 
buted between exchanges in direct connection 
with each other. This procedure will estab= 
lish the magnitude of the traffic flow be= 
tween subscriber exchanges and transit ex= 
chang es and betl"een the transit exchang es 
themselves. 

This in:formation is necessary ~or the :further 
calculation o:f an estimate o~ the tra~~ic 
:flow between the subscriber exchange areas. 
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Let a ik r 7present the tra~~ic o~~ered by the 
exchange ~ to the transit exchange k, and 
let a k . represent the tra~~ic o~~ered by the 
trans1t exchange to the exchange 1. 

An expression ~or the part o~ the tra~~ic ~low 
originating in exchange! and terminating in 1 
that is distrib~ted via the transit exchange 
~, can then be given as: 

where the normalizing sum in the denominator 
is to be taken over all destinations, 1, re= 
ceiving tra~~ic ~rom i via k. 

The actual order in which the sequence o~ cal= 
culations has to be per~ormed, is dependent on 
the network structure under consideration. 

8 CONCLUSION 

It has been demonstrated that it is possible, 
~rom purely theoretical considerations, to ob= 
tain an estimate o~ the tra~~ic ~low in a net= 
work, taking into account di~~erent types o~ 
constraints, by calculating "the most probable" 
solution • 

Apart ~rom restrictions dictated by the network 
structure itsel~, no attempt has been made to 
take care o~ spurious in~ormation relating to 
speci~ic and di~~erent tra~~ic interest ~actors 
within the network, which consequently are 
treated as completely homogenous in this 
respect. 

It is there~ore to be surmised that the method 
outlined above is applicable only to those 
parts o~ the actual network where the assump= 
tions o~ homogenity are ~ul~illed. 
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