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A NUMERICAL SOLUTION METHOD OF SIMPLIFIED EQUATIONS OF STATE 
AND ITS APPLICATION TO GRADING GROUPS 
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ABSTRACT 

A method to obtai~ numerical results directly by 
solving simplified equations of state, which uttlize 
the uniform structure of subgroups in grading groups 
or link systems, is presented. It is shown that 
this method becomes a good praotioal approximation 
for a simple loss system grading group 'of both 
sequential and random hunting and also for a del~ 
system. Computation time and programming are 
ascertained to be fairly reduoed in oomparison with 
simulations by use of the usual linear equation 
syste·m solution program and iterations. 

Tokyo, Japan 

1. INTRODUCTION 

Equations of state are well known as one of the most 
useful means for obtaining exact solution in traffic 
theory. However, when they are applied to practical 
systems other than full availability, e.g. grading 
groups or link systems, the equations could not be 
solved numerically beoause of the enormous number of 
states, even for the simplest cases, such as Poisson 
input and exponential holding time. 

Those systems are generally composed of a number· of 
subgroups and, in many cases, those subgroups are 
symmetrical in structure and uniformly loaded. The 
simplified equations of state method is devised to 
apply to those cases, utilizing the above-mentioned 
characteristics. 

In this paper, this method is described by an 
application to a simple grading group. A great many 
works have already been published perla~ning to 
solving the problem of grading groups{l). In 
comparison with those works, intentions of this 
method are as follows: 

(1) To obtain numerical results directly by a digital 
computer, rather than analytical expression or 
manipUlation. 

(2) Gene r al applioation to both sequential and random 
hunting, also to del~ systems, not oonfining 
to suoh grading patterns as ideal gradings, but 
suitable for simple progressive gradings. 

(3) Less oomputation time and programming than 
s imula tions, in tending direo t oaloula tion o.f 
traffic capacity tables. 

2. PRINCIPLE AND CHARACTERISTICS 

This method can be charaoterized by the following items. 

(1) In usual equations of state, the state probabilities 
are obtained, taking into aooount the whole system 
oonoerned. However, in suoh a oase with symmetrioal 
and uniform subgroups, it is suffioient to evaluate 
oongestion funotions for an arbitrary subgroup. 
Therefore, the state probabilities m~ also be 
obtained by merely oonsidering the state of this 
subgroup. Consequently, the variables (number of 
states) are remarkably reduced and the numerioal 
results oan easily be computed. 

(2) In order to express transition probabilities (birth · 
or death coeffioients) for equations of state 
exactly, the states corresponding to the parts 
out of oonsideration m~ generally be required e 

However, if the above uniformity (symmetry) is 
utilized, they oan be expressed by the state 
probabilities (or the information obtained from · 
those probabilities) of the part under consideration. 
As a result, some approximations ~ usually be 
introduced. 

(3) The equations of state must be solved simultaneously 
with the above relation introduced in the above 
process (2). Therefore, they do not beoome a 
linear equation system in general (even for 
stationary solutions which are exclusively 
concerned in this paper). Consequently, some 



devices such as iteration m~ be required for the 
numerical solution method. 

It must be remarked th~t the individual i4e~s m~ntioned 
in (1) and (3) have already been utilized(2),(3). 
Therefore, i;he feature of this method ~ be .the idea 
in (2) combined with the following numerioal solution 
metho.d. 

3. APPLICATION TO LOSS SYSTEM GRADING GROUP 

3.1 TRAFFIC MODEL 

The model treated in this paper is a simple grading 
group, as shown in Fig. 1, whioh m~ be suffioient 
to illustrate the oaloulation principle. (This model 
really ocoured in coastal radio telephone service, 
where traffio capacity for random hunting and the 
difference between sequential and random hunting 
beoame in question.) The consideration can be 
oonfined to the inside of the frame shown in Fig. 1, 
in order to obtain state probabilities. 
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Fig. 1 Gl'aciing model and oonsidered part. 

Let t i,j) be the state probability that i 
i ndividual trunks are ocoupied among n and 
j common trunks among m. Then, 

probabili ty of loss is expressed by (n,m) for the 
considering subgroup, provided that Poisson input 
i s assumed . Each state probability (i,j] and also 
(n,m) are the same for every subgroup because of 

t he uniformity of model. 

3.2 STATE TRANSITIONS FOR SEQUENTIAL HUNTING 

If exponential holding time is assumed in addition to 
Pois s on ·input , and if mean holding time is taken as a 
uni t ' of t i me , t he transition rates (birth or death 
coefficients) between states become as shown in Fig. 2. 
I t should be noticed that unknown Bj is introduced, 
where Bj is t he oonditional probability that a11 n 
individual trunks are busy when j common trunks are 
occupied among m. ' 

In sequent i al hunting, oa11s are offered to the oommon 
trunks only from those subgroups wherein the 
indi vidual trunks are ' all ocoupied. Therefore, the 
exact birth coefficient corresponding to transition 
(j~j+1) is expressed by 

where 

k 
1: a 6(ru=n), 

u=l 

6(ru=n) ::: {l.' 
0, 
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Fig. 2 state transi ticna tcr sequential hunting • . 

if the number of ocoupied individual trunks for each 
subgroup ru (u =1, 2, •• ,k) is given. Then, the 
equations of state become exact. 

Therefore, birth coefficients in Fig. 2 are an 
approximation, where 6(i = n) is exactly expressed 
for the subgroup under consideration (because ~=i 
is given) and, for the other subgroups, the mean value 
of 6 (ru=n) is approximately substitut ed for on 
condition that j common trunks are occupied (i.e. 
Bj ). 

It will be evident from the above-mentioned uniformity 
that Bj is the same for every subgroup and that Bj 
can be expressed by the state probability (i,j] of 
the subgroup under oonsideration, as follows. 

n 
Bj=(n,j]/E (i,j) 

i=O 
(2) 

The solution is obtained by solving the equations of 
state determined from the coefficients in Fig. 2 and 
Eq.(2) simultaneously. Details of the equations 
are omitted, because they are not necessary to be 
written down in the following numerical solution method. 

3.3 STATE TRANSITIONS FOR RANDOM HUNTING 

The transition rates (birth or death coefficients) 
between states are as shown in Fig. 3, if the same 
traffic model and assumptions are used as before. 
Rj in Fig. 3 represents mean oocupied individual 
trunks among n on oondition that j oommon trunks 
are ocoupied among m. 

In random hunting, an arbitrary free trunk oan be chosen 
and ocoupied with equal probability among all free 
trunks (regardless of individual or common) in a 
subgroup. Therefore, exact birth coefficient 
corresponding to transition (j~j+l.) is expressed by 

k 
E 

u=l 

a (m-j) 
n-ru + m-j 

(3) 

if the number of occupied individual trunks for each 
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Fig. 3 state transitions tor .random hunting. 

subgroup ru (u = 1, 2, •• ,k) is given. Then, the 
equations ot state beoome exact. 

Birth coefficie~ts in Fig. 3 are also an approximation, 
because ~=i 1S exactly expressed for merely the 
subgroup under oonsideration, while, for the other 
subgroups, the mean value of ru is approximately 
substituted for on oondi~ion that j common trunks 
are ocoupied (i.e. Rj ). 

It is also evident as before ' that Rj is' identioal 
for every ,subgroup, and that Rj can be expressed 
by the state probability (i,j) of the subgroup 
under oonsideration as follows. 

n n 
Rj = 1: i (i,jJ / 1: (i,j] 

i=O i=O 

3.4 SIMPLIFICATION EFFECT 

The main purpose of simplified equations of state 
is to reduoe the number of states (variables) and 
to make the oalculation feasible for cases wherein 
calculation is impossible by the exact method. 
The total number of states beoomes as follows for 
the model in Fig. 1. ' 

(1) Exact equations of state (general case with 
unequal subgroup traffic; where different 
probabilities of loss oan be obtained for 
each subgroup) 

(5) 

(2) Exact equations of state ·(speoial case with 
equal subgroup traftic; where the number of 
states is reduced, taking into acoount the fact that 
probabili ties of states obtained by any 
interchange of subgroups beoome equal) 

n+lHk (m+l) = (nik) (,,*1) 

(3) Simpli~ied equations o~ state 

(n+l)(mtl) 

(6) 

Examples of their comparison are ' shown in Table 1. 
The effects of the simplification are evident. 
Consequently, it is oonfirmed that a linear equation 
system solution program in hand, whioh can handle 
about 200 unknowns without special modification 
is sufficient even for the largest oase required. 

Table 1 Simplifioation .Effeot 

C.ondition Exact Equations- of state Simp1ifi-ed 

k Speoial Equations 
n m General (Equal. Trafti.o) ot state 

2 2 5 129· 6~. 9 · 

2 4 9 98415 215 15 

18 4 12 i.10666xI016 4.32466X108 
(Largest Case) 95 

Notations are the same ·as in Fig. 1. 

4. NUMERICAL SOLUTION METHOD 

4.1 ITERATION (CORRESPONDING TO SIMPLIFICATION) 

It is seen from Seotions 3.2 and 3.3 that, as a result 
of Simplification, functions of state probabilities 
to be obtained .are introduced in coeffioients of 
equations of state. Therefore, the equation system 
do not beoome linear and, oonsequently, it is 
necessary to consider the oalculation procedure 
(programming) aooording to each problem, in order to 
solve the equations directly. . 

On the other hand, equations of state are usually 
a simultaneous linear equation system with ooefficients 
of definite regularity, and a general solution method 
utilizing this characteristics is prepared. If this 
solu~ion method is used, the procedure oan be cut 
down because of its generality. 

Therefore, an iteration method is employed, whioh 
assumes appropriate initial values for the unknowns 
that should be expressed by the relation of Eq.(2) 
or Eq.(4). Then, the simultaneous linear equation 
system is solved by the above-mentioned general 
solution method. The unknowns are modified by the 
ob~ained state probabilities (1st order approximations), 
US1ng Eq.(2) .or Eq.(4). Thus, by iterating the above 
prooedure, the higher order approximation of state 
probabilities can be obtained. 

4.2 INITIAL VALUES 

As the initial values of suoh unknowns seem to 
influence computation time (oonvergenoe speed) 
considerations in advance must be required for'each 
model. . 

For the sequential hunting model ot Seotion 3.2, the 
~ollowing value o~ BJ is used, assuming independenoe 
of j, beoause Bj 1S the probability that all n 
individual trunks are busy. 

Bj = En(a) (8) 

Where, En(a) is probability of loss by Erlang's 
B-formula in usual notation. 

For the random hunting model o'f Seotion 3.3 the 
following value of Rj is used, assuming i~dependenoe 
of j. Beoause Rj is mean oooupied individual 
trunks per subgroup, the corresponding values are 
obtained for sequential hunting from the individual 
trunk side (denoted by RI ) and ~rom the oommon trunk 
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side (denoted by RC ), respeotively, by Berkeley's 
method. 'rhey are averaged with weighting by number 
of individual ti-unks n and common trunks m, as an 
approximation of random hunting. 

where 

problem involve only about 50 steps in FORTRAN, which 
oan be completed immediately. 

5. COMPARISON WITH SIMULATION RESULTS 

Simulations have also been carried out for the same 
models as numerical calculations. Examples of their 
oomparison are shown in Figs. 5 and 6. Although 5th 
order apprQximations of numerioal oalculation are 
shown in the figures, the differenoes among more than 
2nd order approximations can soarcely be reoognized 
in these figures. Simulation values are obtained 
by offering 20,000 to 30,000 oalls. 

The problem in question was as mentioned in Section 3.1. 
It is found, from these oomparisons, that the simplified 

Table 2 Examples of Iteration for Loss System 

n=2 m=2 k=5 a=1.2 

Sequential Hunting 

Probability 
Initial Bj=0.2466 

O"rder of Loss BO :81 B2 

1 0.09341899 0.1927 0.2371 0.3105 
2 0.08181209 0.1915 0 .. 2441 - 0.3166 r 

3 0.08869554 0.1915 0.2442 0.3152 
.4 0.08811979 ·0.1915 0.?442 0.3152 
5 0.08872033 0.1915 0.2442 0.3152 . 

n, m, k, a I Th-e same as Fig. 1, 

Examples of iteration (oonvergenoe aspeot) are shown 
in Table 2. From those results, the initial value 
of Rj by Berkeley's method is found to be of 
fairly good acouraoy. Also, 2nd order approximation 
m~ be enough for capacity tables, if it is taken 
into aocount that simplification is itself only 
an approximation (for saving of computation time). 

4.3 COEFFICIENTS PREPARATION (CORRESPONDING 
TO EQUATIONS OF STATE CHARACTERISTICS) 

Solution methods for a simultaneous linear equation 
system have already been established, when the 
coeffioient matrix is given. In this paper, 
a succe~sive elimination method was used beoause of 
the programming simplioity. EqUations of state are 
a kind of simultaneous linear equation system with 
coefficients of definite rule. Therefore, necessary 
procedure ·(programming) for eaoh problem is to 
prepare the values of coeffioient matrix. 

Moreover, those values are easily produced in a 
oomputer by a simple program, because the transition 
rates are very simple functions of state variables, 
e.g. i and j in Figs. 2 and 3, and the coefficient 
matrix is produced by the following plain rule. 

(1) A serial number is assigned to every state 
(from 1 to (n+l)(m+l) in Fig. 2 or Fig. 3). 

(2) The ooefficient in y-th row and x-th column 
is the transition rate in Fig. 2 or Fig. 3 
from state x to state y, if x~y. 
(A majority of them equals zero.) 

(3) The diagonal coefficient in y-th row and 
y-th column is the minus signed sum of 
transition rates from state y to every 
neighboring state. 

4.4 PROGRAM 

The flow chart of the program is as shown in Fig. 4. 
Necessary program to be written for individual 
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equations of state method shows a sufficiently good 
matching with simulation results for the purpose of 
oaloulating praotical traffic capaoit.y tables in 
every condition, and that the differences between 
random and sequential hunting can be estimated with 
sufficient aocuraoy. 

Moreover, numerical oalculations need only about 1/20 
the oomputation time of the simulations, even if the 
largest oase in Table .1 is included. Consequently, 
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the above-mentioned traffio oapaoit.y tables with a 
fixed probability of loss ' was direotly oalculated by 
the numerioal solutions of the simplified equations 
of state, inoluding the necessary interpolation 
processes. 

6. APPLICATION TO DELAY SYSTEM GRADING GROUP 

6.1 STATE TRANSITIONS FOR DELAY SYSTEM 

The same grading group as before, i.e. as shown in 
Fig. 1, is also considered. Del~ed calls, offered 
from a specific subgroup and encountered all n+m 
accessible trunks busy, are assumed to wait in front 
of this subgroup. Then, the state probability oan 
also be denoted by [i,j] , where i means the 
number of calls in the subgroup, occupying the 
individual trunks or waiting, and j is the same 
as loss system. 

Transitions between etates become as shown in Fig. 7, 
because wai ting calls can exis t only when all n + m 
trunks are busy. Thus, the number of waiting calls 
is i-n. It should be remarked that the transitions 
in the range 0 ~ i ~ n (of course 0 ~ j ~ m ) is quite 
the Same as the loss system. Therefore, any one of 
the transi tions corresponding to sequential hunting 
(Fig. 2) or random hunting (Fig. 3) can be substituted 
for in these range acoording to the hunting rule. 
(Consequently, details are omitted in Fig. 1.) 
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loss system 
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Fig. 7 state transitions for delay system. 

6.2 DEATH COEFFICIENT IN CONGESTION STATE 

The transi ton rate J.li from i (> n) to i-I in 
Fig. 7 is obtained by the following considerations, 
assuming random service for waiting calls. 

If the number of oalls in each subgroup ru' (the 
same meaning as above i) is given, then the exact 
death coefficient J.li (oorresponding to k-th subgroup) 
is expressed by 

1'k - n J.li = n + m -,:k::----=-----
1: raa.x( ru-n, 0 ) 

u=l 

(10) 

A waiting oall in the subgroup is surely served when 
a oa1l ocoupyimg an ind~vidual trunk in this subgroup 
terminates its holding time, while it oan be served 
when a oall ocoupying a oommon trunk terminates, 
provided that one of the waiting calls in the subgroup 
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Table 3 An Example of Iteration for Delay Sys-tom 

Sequential Bunting n=6 - m=4 k=2 a=5.0 Initial ~m=0.3197 13{0.1918 

Order M(O) w/h Lm :BO 11. B2 B3 B4 

1 6.07921401 - 0.01164461 0.6127 0.0992 0.1391 0.1956 0.2133 0.4140 
2 0.08314043 0.02021613 0..1256 0.0-985 0.1556 0.2150 0.2793 0.3912 

-3 0.08613774 0.02133010 Q.7294 0.0984 0.1553 0.2099- 0.2119 0.3856 
4 0.08586173 0~02113330 0.1337 0.0984 0.1554 0.2102 - 0.2734 -0-.3884 
5 0.-.08605-632 0.02119811 0.73-3~ 0.0984 0._1554 0.2;1.01 " 0.2733 0.3879 

n, -m, k, a : The same as Fig. 1; 

Bjl EQ.(2), - Lml EQ.(ll), _M(O): EQ.(14). w/hs EQ.(15). 

(numerator ot EQ.(10) ) is se1eoted with equal 
probabi1it.y among all ~aiting calls (denominator of 
EQ.(lO». ' 

When eaoh - l'u cannot be given exoluding lJc = i , 
it is reasonable to substitute its mean value, 
i.e. mean number of waiting calls per subgroup 
on oondition that all common trunks are oocupied ( Lm ), 
similarlY to the preceding oases. Thus, the death 
ooeffioient ~i in Fig. 1 is obtained, which is also 
an approximation. 

It will be evident as before that Lm is identical 
for every subgroup, - and that it -can be expressed 
by the state probabilities under oonsideration as 
follows. -

00 

Lm= t -( 
i=n 

00 

i- n ) [i,m) / t (i,m) 
i=O 

6.3 NUMERICAL CALCULATION 

(11) 

It is easily seen from state transitions in Fig. 7 
that state probabilit.y (i,m) can be expressed by 

a i - n 
( i , m] = ---,-;i=----

TT ~u 
u=n+l 

(n,m) • (i>n) (12) 

Consequently, it is sufficient to solve a simultaneous 
linear equation system only for the range 0 ~ i ~ n , 
O~j~m (i.e. equal in size to Section 3.4) by quite 
the same procedure as the loss system. Then, state 
probabilities (i,m) for i>n oan be calculated 
by Eq.(12). 

Those state probabilities are not normalized. 
Therefore, every state probability obtained above 
must be multiplied with the rollowing normalizing 
factor. 

{ I + ~ (i,m)}-l 
i=n+l 

(13) 

Probabilit.y of delay M(O) and mean waiting time W 
:8 obtained by those corrected probabilities, as 
follows. 

00 

M(O) = L (i,m) 
i=n 

h 00 
W = - L ( i-n ) (i,m) 

a. 1=n 

h : Mean holding time 

IIC 7 

(14) 
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If unlimited waiting tacilitie. are oonoerned, it ~ 
praotically be substituted for -by suffioiently large 
limitation, negleoting those probabilities (i,m) 
for larger value of i (as in simulation). 

It may be remarked that, in order to obtain higher 
order approximation, modifioation of the value Lm 
by EQ.(ll) is required together with Bj or Rj 
(of. Seotion. 3.2 or 3.3) which is neoessary to solve 
the linear equation system. Those Bj and Rj 
differ from the case of loss sys_tem when j = m • 
However, those values for _ j =m are not avai1ed for 
transition rates in the equation system. Therefore, 
oorrection is not needed • . 

As an initial value of Lm , the following expression 
is used for simplioit.y. 

Lm '= En(a) -n-+---:mj'Tk-_-- -a- (16) 

Therefore, oon~rgenoe is somewhat slower than the lOBS 
system, as seen from an example in Table 3. 
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60 4 COMPARISON WITH SIMULATION RESULTS 

The aocuraoy of this method has also been asoertained 
by comparing with a simulation result for sequential 
hunting random servioe delay system grading(~roup, 
whioh was published by Gambe at the 3rd lTe J. 
The results are shown in Figs. 8 and 9. ' 

The simulation values correspond to the average for 
20,000 oalls of each condition, where oonfidenoe 
intervals were not obtained. Numerioal oaloulation 
values correspond to 5th order approximation. It ~ 
be oonoluded from these figures that this method 
also shows a fairly good approximation for delay 
systems. 
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Fig.9 Comparison with simulation 
(mean waiting time). 

7. CONCLUSION 

A method to obtain numerioal results direotly from 
simplified equations of state applioable to gr~ding 
or link systems has been 'desoribed and proved to 
show a good practioal approximation for the ' simple 
grading groups (both lOBS and delay system). 
I t has been asoertained that computation time and 
programming are fairly reduoed in oomparison with 
simulations in these oases, and that traffic oapaoity 
tables with fixed probability of loss can direotly 
be calculated. 

This method can also be applied to other systems, 
provided that their structures are not so complioated 
and consist of uniform subgroups. However, further 
studies may ~ required conoerning generality of 
aocuraoy and numerical oaloulation problems, such 
as i~iti~l values and convergenoe speed of iterations. 
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