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ABSTRACT 

In this paper an analytical method of calculating the 
waiting time distribution in a multi-stage link system is 
presented. 

The paper treats a multi-stage link system with condi
tional selection. The arrival of calls is assumed to be 
of either the Poisson or Engset-Bernoulli type. The calls 
finding congestion wait in a queue, for which several 
alternative disciplines can be defined. 

The calculation method is applied to two practical cases 
with 3 and 4 switching stages respectively and the numeri
cal results obtained are compared with simulation results. 

1 . INTRODUCTION 

In most telephone switching systems, the switching network 
or part of it is operated on a combined loss and delay 
basis. Therefore, the need existn to estimate waiting time 
distributions for connections established according to a 
waiting selection process. 

There are already some papers treating this subject. Refs. 
1,2 and 3 study a two-stage link system with delay; of 
these, Refs. 2 and 3 provide formulas for the waiting time 
distribution. Refs. 4 and 5 cover the general case of 
multi-stage link systems, giving the probability of delay 
and the average waiting time. 

This paper constitutes a new approach to the problem and 
presents a method of calculating the waiting time distribu
tion in a multi-stage link system. 

2. SYSTEM CHARACTERISTICS 

Let us consider a multi-stage link system with the follow
ing characteristics: 

a) Conditional selection procedure when searching for a 
path. 

b) Random hunting for the seizure of devices and paths. 

c) At the beginning it will be assumed that all the outleG 
of the network's final stage are connected to the same 
destination. Later on, in section 6, the method will 
be extended to cover the case of several destinations. 

d) The system works as a delay system, so calls finding 
congestion wait in a queue for which several alterna
tive disciplines can be defined. 

When due to a release, only one call in the queue finds 
a path, it is carried even in the case that it is not 
in the preferred position of the queue; but when due to 
a release, several calls in the queue may find paths, 
the priority to be carried is established aaoording to · 

the queueing discipline. 

3. BASIC TRAFFIC ASSUMPTIONS 

The main basic traffic assumptions are as follows I 

a) The call arrival process is of the Poisson or Engset
Bernoulli types. 

b) The holding times for calls are mutually independent 
and follow a negative exponential distribution. 
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c) Only delays due to blocking in the switching network 
are considered; hence a call which has a free path and 
no competition is immediately carried. 

Some other assumptions, more closely related to the calcu~ 
lation procedure, will be introduced during the development 
of the method. 

4. DEVELOPMENT OF THE CALCULATION METHOD 

The waiting time distribution is calculated by the general 
formula: 

E G (x) H (x,t) 
'\fx 

(4.1) 

where: 
x is a state of the network in which a call 

appearing at a certain input line is blocked; 

G(x) is the probability of a call finding state x 
at arrival; 

H(X,t) is the conditional probability that a call waits 
more than a time t when it has found the state 
x at arrival. 

G(x) is calculated by assuming independence between stages, 
and therefore the derivation i s done following the Jacabaeus 
methodology [6]. 

To calculate H(x,t) two cases will be distinguished depend
ing upon the nature of the blocking found by the call. 
Blocking can occur either when there is simultaneous occupa- . 
tion of all the accessible links of a certain stage or when, 
although there are free accessible links in each stage, 
there is a mismatch between the free links in Qifferent 
stages. Let us consider both cases separately. 

4.1 CALCULATION OF H(x,t) : Case a 

This case corresponds to any state x in which all theacces
sible links of one or several sta<}:s are busy. 

In this situation, the blocking can affect a large number 
of input lines. As a consequence the influence that other 
calls in the queue and the queue discipline can have on the 
waiting time distribution must be included. 

Consider a state x and the pa'rt of the network between a 
given input line and the first stage of the network which 
is blocked in this state. If a release affects the acces
sible links of this stage, the probability of handling a 
call will depend not only on the position of the call in 
the queue, but also on the probability of finding a free 
path in the network once the call has been chosen. 

From a traffic viewpoint this part of the network can be 
made equivalent ~o a full availability group composed of 
a number of devices equal to the number of links of the 
corresponding stage accessible from the given input line, 
and a number of sources equal to the number of input lines 
with access to these links. Moreover, in order to take 
into account the effect of blocking in the remaining stages, 
a probability f of a call not be~g carried once the call 
has been chosen is associated with each call in the queue. 
For simplicity, we assume statistical independence between 
tbese prcbabilities for different calls in the queue . 
Furthermore, it is assumed that for a given waiting call, 
this probabilitY. f does not depend upon the previous 
history of the network. Therefore, if at the time that a 
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release occurs, there are j calls in the queue the proba
bility of none being carried is fj. In this case it is 
assumed that the system behaves as if no release had occur
red. 

If there is FIFO (first-in, first-out) queue discipline, 
the probability that the call which , occupied the ith posi
tion is served after a release is f~-1(1-f). If random 
queue discipline is assumed this probability is (1-fJ )/ j , 
where j is the number of calls in the queue. 

A numerical method to solve this problem for the M/M/R and 
M/M/R/N waiting systems is given in the appendix, 

Because of the single destination assumption, the probabi
lity f equals the point to point blocking probability 
between the input line and a link of the nearest blocked 
stage. 

4.2 CALCULATION OF H(x,t) : Case b 

This case corresponds to any state of the network not 
covered under case ai thus, the blocking in state x is 
only due to mismatches between the free links of different 
stages. 

In the majority of these states, the number of input lines 
affected by blocking will be small compared with the number 
of these calls that if released would f~ee a path for a 
given call. As a consequence, if any of these calls re
lease, the number of other calls in the queue competing 
for this path is assumed to be small enough to be ignored. 

Let vex) be the number of calls in progress whose release 
would open a path for the given call. Since only one desti
nation is considered, vex) equals the number of distinct 
calls carried by the outlets of all switches (in every 
stage) available from the given input line. 

During the given call's waiting period, the unavailable 
switches remain unavailable and the busy outlets of the 
available switches remain busy, because any release which 
would change this situation would open a path to this call 
and since by assumption there is no competition from other 
calls in the queue for this path, its waiting period would 
finish. 

Moreover, the available switches remain available during 
the waiting period, and the free outlets of these switches 
remain free, because if any other call can find a path 
through these switches, then this call can also find a 
path. 

As a consequence, vex) is constant, and, since holding 
times are negative exponentially distributed H(x,t) can be 
expressed by 

H(x,t) 
e -vex) . t/h 

(4.2.1) 

In link systems where only one path exists between each 
input and each output line, vex) equals the total number 
of busy outlets of switches available from the input line. 
If more than one path exists this formulation of vex) is 
not applicable since two busy outlets of two available 
switches of different stages can be occupied by one single 
call. An approximate value of vex) is given by the total 
number of busy links connecting available switches of the 
ith stage with unavailable switches of the (i+1)th stage 
plus the number of busy outlets of the available switches 
of the last stage. With this calculation of vex), a call 
occupying two busy outlets of two available switches of 
two consecutive stages is properly considered. However, 
if a call occupies two busy outlets in two non-consecutive 
stages, the calculated vex) can exceed its actual value. 
This can be taken into account by calculating the approxi
mate average number of calls in this situation and subs
tracting this value from the previously calculated vex) • 

5. APPLICATIONS 

5.1 THREE-STAGE NETWORK 

Let us consider the signalling network w.hose trunking 
diagram and graph of the paths are shown in Fig.1. The 
input lines correspond to trunks of several incoming 
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routes, each one of those being uniformly distributed 
among the A-switches, The output lines correspond to 
receivers within -the same pool of receivers. 

f •. t-T,...... ............ f tile ....... of. 3· .... "I' •. 
Assume each incoming route offers Poissonian traffic, and 
that all the free lines of each incoming route have the 
same chance of generating calls. Queue discipline is ran
dt:>m; 

The total signalling traffic of all the incoming routes is 
A, and a=A/qpn is the signalling traffic per trunk. 

5.1.1 CLASSIFICATION OF THE BLOCKING STATES 

The blocking states corresponding to the occupation of all 
the accessible links of a stage fall into one of the follow
ing types: 

The m A-B links are busy 

The m·r B-C links are busy and there are free 
links in the first stage. 

The R receivers are busy and there are free links 
in the first and second stage. 

The rationale for this grouping of the blocking states is 
simply that all the states belonging to hbe same type have 
the same H(x,t) . -

In a similar way the blocking states corresponding to mis
matches between the free links of the different stages can 
be classified into types, each type being defined by the 
variables i and j, where: 

i = numbe-r of free outlets of the A-switch connected to 
the incoming trunk. 1~i~m 

number of free outlets of the B-switches available 
from the incoming trunk. O~j~ir 

Therefore, the general formula (4.1) can be e xpressed as 
follows: 

m ir 
Pr {tw> t} =i~j r=oG(i,j). H(i,j,t) + G(x1)· H(x 1 ,t) + 

(5.1.1) 

where G represents here the probability of a call finding 
any blocking state of the corresponding type at arrival. 

5.1.2 CALCULATION OF G(x) 

To calculate G(x), the occupation distributions correspond
ing to the following models will be used: 

- M/M/R/N, with n sources and m devices, in the first 
stage [8) 
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- M/M/R/N, with p·n sources and m.r devices, in the 
second stage [aJ, 

- M/M/R, with R devices,in the third stage [71. 

Therefore: 

G(i,'j.) 
r= 

1= 

F (n,m,a,m-i)- ~(ir,ir)-l1'(pn,~ ,a,mr)]'I1-E (R,A,R)I 

if ' j = 0 

F(n,m, a,m-i) • B(ir,ir-j) • [cc (jg)-E (R,A,R)] 

if j" 0 (5.1,2.1) 

where: 

B(k,l) is the p-robability tha~, for any k specific links of 
the mr B-C links,lare busy and k-l are free, regardless of 
the state of the remaining mr-k links: and C(k) is the 
probability that k specific receivers are busy regardless 
of the state of the remaining R-k receivers. 

These probabilities are given by: 
mr-k+l (~) (~:'ik) 

B(k,l) - 1: F(pn,mr,a,5) mr 
sal ( s ) 

R 
C(k) - 1: E(R,A,S) 

s-k 

(5.1.2.2) 

(5.1.2.3) 

~ere F and E are the occupation state probabilities at the 
arrival of a call for the M/M/R/N and M/M/R models. They 
are given by the following expressions: 

(N-:-1) (~~i 
~ 1-15 

1-1 N-1 B ~ N-1 N-1 sI B 5 
s~ ( R)(1=i" + s~l( s )l!is- J (N) 

F(N,l,B,i) 
(i-a, 1 ••• 1) 

E(l,B,i) 
(i-0,1, .. ~) , 

lE1 
5=0 

lf1 
s-O 

Bi 

-rr 
as Bl 
--+-

a! 11 

Bl 1 
If I=i 
as a 1 
sr+1J 

if i < 1 

if i - 1 

1 if i<l 

1-B 
(5.1.2.5) 

1 
I=i 

G(x,), G(x2) and G(x3) are given by the following formulas: 

G(x1) - F(n,~,a,~) 

G(x2) - [1-G(X1)] 

G(x3) - [1-G(x1) 

F(pn,mr,a,mr) 

- G(x
2
)] • E (R,A,R) 

5,'.3 CALCULATION OF H(X,t)l 

(5.1.2.6) 

(5.1.2.7) 

(5.1.' 2.8) 

When x belongs to one of the already defined types x1,x2 
or Xl' H(x,t) can be calculated by means of the procedure 
given in the appendix for rando~ queue. For the states of 
type x" the M/M/R/N model is used with n sources, m de
vices, traffic per source a and blocking probability f,- 0 • 

For the type x2 ' the M/M/R/N model is also used wi th p. n 
sources, ~. r devices, traffic per source '\ and blocking 
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,Probability, 
(n-1) a 

(5.1.3.1) 
m 

For the type x3 ' the M/M/R model is used with R devices, 
total traffic A and blocking probability 

(pn .. 1)a (5.1.3.2) 
m'r 

When x is a mismatch state, H(x,t) is calculated using 
formula (4.2.1) where: 

v(i,j) = (m-i) + (i·r - j) + jg (5.1.3.3) 

5 .2 FOUR STAGE NETWORK 

In this application a four .. stage link system will be con
sidered. The trunking diagram and graph of paths are shown 
in Fig. 2. 

FI8.2.-T--. ............ 1It till ..... If. 4-_ .. .,... 
The input lines are incoming lines with the same charac
teristics as in 5.1. The output lines are receiverswithin 
the same pool. Queue discipline is FIFO. 

Traffic per input line is a and the total traffic is 

Only the key points of this application will be mentioned, 
since the method is applied in a similar way to the case of 
the three-stage network. 

The occupancy distributions used are the M/M/R/N distribu
tion for the m outlets of an A-switch and for the m'r out
lets of an A-a plane. Bernouilli distribution for the C-D 
links and the M/M/R distribution for the receivers. 

The blocking states corresponding to mismatches between the 
free links of the different stages are clasaified into 
types, according to the value of the following variables: 

i a number of free outlets of the A-switch connected to 
the incoming trunk (' 'i'm) I 

jz· number of C-switches of the zth C-D plane available 
from the incoming trunk (O~j ,z <i) I 

kz• number of D-switches of the zth C-D plane available 
frail the incoming trunk (O'kz' q) • 

For a mismatch state, vex) is obtained by the following 
formulal 

v(i,j"k" ... ,jr,kr ) .. (m-i) \~, [ (i-jz) + jz (q-kz) + 

+F'F ·s, kzJ z _ (5.2.1) 

,where the factors F and F z are used to take into account 
the average number pf receiVers (among the s~kz available) 
b,uilied by calls that occupy one of the m ... i links of the ' 
first stage or one of the i-jz links of the second stage, 
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respectively. F and Fz are obtained by the formulasl 

F , - m-i 
A 

Fz= , _ i~~~ 

(5.2.2) 

(5.2.3) 

6. EXTENSION OF THE METHOD TO THE CASE OF SEVERAL 
DESTINATIONS 

6.' GENERAL 

Two aspects modify the application of the method to this 
case. 

On the one hand, when there are several destinations the 
release of a busy outlet of an available switch does not 
always open a path to the given call, because the call 
occupying that outlet may have a destination different 
from that of the waiting call. 

On the other hand if the duration of the calls for eacn 
destination is assumed to be negative exponentially dis
tributed with different mean values for each one, the total 
distribution for all the calls will not be exponentially 
distributed. Nevertheless, if the total distribution of 
call durations can be approximated by the negative expo
nential one, the method can be applied. The error intro
duced by this approximation depends on how far the actual 
distribution is from the negative exponential distribution. 

To take into account these effects the calculation of 
H(x,t) must be modified. Here again, two different cases 
will be considered depending of the reason of blocking. 

If the blocking is due to the fact that all the accessible 
links· of a stage are busy,H(x,t) will be calculated 
following the same procedure that was explained in para
graph 4.'; nevertheless, f will be modified in order to in
troduce the blocking that might be produced by the part of 
the network which is beyond the considered stage. Then, f 
will be given by the formula 

f= P(x) + [,-P(X) J di Qi(x) (6.1.' ) 

where x represents the occupation of all the accessible 
links of a certain stage i and: 

P(x) is the point to point blocking probability between 
the input line and a link of the i th stage; 

is the probability that a link of the ith stage is 
occupied by a call with a different destination; 

Qi(x) is the conditional probability of blocking between 
the link of the ith stage and the output lines of 
the destination of the waiting tall, given that a 
call of different destination has been released. 

Moreover, it is necessary to keep in mind that the average 
occupation time of the links belonging to the ith stage 
does not necessarily correspond to the average holding 
time of the calls at the considered destination. 

If the blocking is due to mismatch between free links of 
different stages, the method explained in section 4.2 is 
modified in order to introduce the probability that a 
release of the outlets belonging to the available switches 
does not open a path for the waiting call. This is made 
following the same assumptions that was made to introduce 
probabili ty f in section 4.'; ·viz., when a release does 
not open a path for the waiting call, it will be assumed 
that the state of the network remains as if no release had 
been produced. Under this assumption H(x,t) is calculated 
by means of the following formula: 

n vi (x) ('-di Qi (x) ) ) t 

H(x,t) =e-(i£' hi (6.1.2) 

• 
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In this paragraph the words "links","switches" and 
"outlets" refer to those links, switches and outlets 
appearing in the graph corresponding to the given 
destination. 

where: 

n is the number of stages; 

vi(x) is the number of busy links which connect available 
switches of the ith stage with unavailable switches 
of the (i+')th stage. (For i=n, it is the number of 
busy outlets of available switches of the last stage); 

d i and Qi(x) have the same meaning as above; 

hi is the mean occupation time of the links of the ith 
stage. 

6.2 APPLICATION 

Let us apply this extension of the basic method to the link 
system of section 5.' 

Let us assume several pools of receivers. The traffic 
offered to a certain pool is A, and the average hol~ing 
time of these calls is h,. The total traffic offered to 
the remaining pools is A2 with average holding time h2. 
The traffic per input line is Cl =(A,i A2 ) I qpn. 

Also it will be assumed that all the A-switches offer the 
same proportion of traffic to each pool of devices. 

There are R, receivers of the given pool and R2 of the 
remaining pools (R,=mrg" R2=mrg2)' 

To calculate the waiting time distribution for a call whose 
destination is the mentioned pool, the formulas of section 
5.' can be used with the following modifications: 

(a) 

(b) 

(c). 

(d) 

g must be replaced by g" R by R, and A by A,. 

in the calculation of H(x"t), H(X
2
,t) and H(x3,t~ 

h must be replaced l¥ h ,h and h, respectively; 
hmbeing given by the f~rm~la: 

f, and 

h = 
m 

f2 must be 

f, = d 

f2 (n;l)a + [, 

f3 does not change 

replaced by 

Y (0,0) 

(n:')a J d . Z(O) 

H(i,j ,t) is calculated by the following 

H(i,j ,t) e -Yt 

(6.2.1) 

(6.2.2) 

(6.2.3) 

formula: 

(6.2.4) 

where: (6.2.5) 
(m.,..i) [1-d Y(i,j) ] + (ir-j) [(1-d Z(j)] jg, 

y= +--

d == 
~2 I h2 

A I hm 

h 
m 

h, 

(6.2.6) 

r-, [ - (11;') (r) [ ] 
E B (i+1)r, (i+1)r-j-sl ~ C (j+s+1)g, 

s=O J«1+1) r .) 
j+s 

Y(i,j) - ---------------------------------------------
B(ir,ir~j) . C(jg,) 

Z (j) 
C[ (j+1) g1 J 
C (j 9,) 

(6.2.7) 

(6.2.8) 

A better approximation can be obtained if hm and dare 
calculated taking into account that the source which pro
duce the call was free. In this case, hm and d take 
different values in the first and in the second stages . 

t. COMPARISON WITH SIMULATION 

In order to check the results obtained by the application 
of the analytical method, time true simulations have been 
performed based on the assumptions given in section 3. 
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Simulations have been carried out for the two following 
networks, for which general formulas have been given in 
Sections 5 and 6. 

THREE-STAGE NETWORK: 

Three cases have been simulated with the following common 
data: 

n=8, m=4, p=8, r=4, q=16 

2 pools of receivers: 

1st. pool: R
1
=80, A

1
=654a , h

1
=' 8 secs. 

2nd. pool: R
2
=48, A2=370 a , h2=12 secs. 

The three cases correspond to three different values of 
the traffic per incoming line: 

Case I 

Case II 

Case III 

0.090 

0.095 

0.100 

FOUR-STAGE NETWORK: 

In the same manner, three cases have been run, with the 
following common data: 

n=8, m=4, p=8, r=4, q=8, w=4 

2 pools of receivers: 

1st. pool: R
1
=160, A

1
=:l308a, h1=12 secs. 

1nd. pool: R
2

=.96, A2= 74Qa, h2= 8 secs. 

The values of a which distinguish the three cases are the 
following ones: 

Case I 

Case II 

Case III 

0.100 

0.105 

0.110 

In all the runs, the duration of the calls for each desti
nation have been negative exponentially distributed. 
Figs. 3 to 6 compare the analytical and simulation results. 

u 

III 

0.01 

D.OO2 

D.OO1 

O.GaOl 
D 
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u 

.... :. I ·1:· .... .. : ....... 
AI :Ii4'O( 

1.5 

1:0(=0.010 

J[ : e( = D.OII 

Ill: et: 0.100 

FIG.3:Wliting time distribution 
ill I 3- stlg. n.twork: Pool 1. 

1( .... ., 

The confidence interval of the simulation points has been 
computed with a 95% of confidence . 

8. CONCLUS IONS 

A method of calculating the waiting time distribution in 
a multistage link system has been presented. The method 
has been applied to two networks of three and four stages 
respectively. The results obtained by means of the analy
tical method show close agreement with these obtained by 
simulation. Nevertheless, the analytical results for the 
waiting time distribution of the delayed calls in the case 
of the three-stage network are somewhat optimistic. This 
effect is a consequence of the assumption concerning 
queueing during the blocking states due to mismatch, as 
given in section 4.~. The same effect does not appear in 
the four-stage network because the blocking due to mis~ 
match is relatively smaller than in the three-stage net
work for the same total blocking in both networks. 

For the cases that have been studied the method has proved 
to give a satisfactory approximation for the waiting time 
distribution. Furthermore the method can be readily 
applied to link systems with any practical number of stages, 
and seems to be a useful tool for dimensioning link sys
tems with delay. 
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APPENDIX: 

NUMERICAL ALGORITHM FOR DERIVING DELAY DISTRIBUTIONS IN 
THE M/M/R AND M/M/R/N WAITING SYSTEMS 

Several authors have treated the M/M/R system with FIFO 
r 7 J and random [ 9 , 10, 11 J queue dis ciplines. The WWR/N 
has been treated in Refs. Band 12 for FIFO and random 
disciplines respectively. 

Here a numerical algorithm that can be adapted to several 
queue disciplines, and which allows an easier calculation 
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for the case of random discipline, will be presented . 

Let us consider a full availability group with R=m devices 

The waiting process is of birth and death type with A (c). 
and ~(c) being the birth and death rates of calls wnen 
there are ~ calls in the system, respectively. The problem 
is to obtain Pr{tw>Kto} for the delayed calls (K= 1,2,3 .. ) 

The algorithm is given here for the random and FIFO queue 
disciplines. Note that the algorithm is essentially the 
same for the M/M/R and M/M/R/N systems; the only difference 
being in the analytical expression for A(C). 

(A) RANDOM QUEUE DISCIPLINE 

The following notation is used: 

D(i,t) is the probability that at time t following the 
arrival of an arbitrary call at the queue, this 
call will be waiting with another i calls in the 
queue. 

S(i,j~)is the conditional probability that an arbitrary 
call is waiting with another j calls in the queue, 
given that a time t before the same call was wait
ing with another i calls in the queue. 

The analytical expression for D(i,o) can be derived from 
the solutions obtained by solving the corresponding system 
of state's equations: 

D(i,o) 
(O~i~oo ) 

m+i-l ~ 
A (m+i) cMo ~ (c+1) 

D> [ m+l-l....Li£L:, 
1: A (m+l) n 1l(c+1)_ 

1=0 c=O 

(1) 

We neglect the probability of there being more than p calls 
in the queue, for the smallest value of p that satisfies: 

£ = 1: D(i,O) < 10-2 
i=p+l 

(2) 

To compensate for this neglected probability, Eis added 
toD(p,o). 
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From the definition of D(i,t), it follows that: 
p 

Pr: { tw>t} E D (i, t) 
i=O 

(3) 

From the Markovian nature of the process, the following 
formulas are derived: 

S (i,k, t 1+t
2

) 
(o~i,k~p) 

D(j ,t
1
+t

2
) 

(O~j~p) 

p 

z: S(i,j,t1} • S(j,k,t2} 
j=O 

P 

E D(i,t
1

) • S(i,j,t2) 
i=O 

(4) 

(5) 

We choose a small time, =2-q . to, where q is an integer, 
such that, for all i>m, 

-3 
A (i)' ,< 10 jJ (i) • , < 10- 3 

(6) 

To a close approximation, S(i,j" ) can be obtained by the 
following formulas (taking into account that jJ{c) = jJ(m) 
if c >m). 

5(i,i-1,,) i jJ (m), (7) 
(1~i~p) 

= i+1 

S (i,i,,) 1- A (m+i+1) , - jJ(m), (8) 
(O ~ i:::p- · ' ) 

S(p,p,,) = 1 - jJ(m), (9) 

S (i,i+1 ,,) A (m+i+1) , (10) 
(O~i~p-1) 

S (i ,j) = 0 if I i-j I > 1 ( 11) 
(O~i,j~) 

Applying formula (12) which is a particular case of 
formula (4), iteratively q times, S(i,j,to) is obtained. 

-1 
S (i,k, 2 to) 

P 
I S (i , j , 2- ( 1+ 1) to) . S (j , k , 2 - ( 1+1 ) to) 

(O~i,k~p) j=O 
(12) 

Using formula (5), D(j,k·to) is obtained from D(i, (k-1)to) 
and S(i,j,to), and using formula (3) we have the waiting 
time distribution. 

To introduce the blocking. probability f due to the remain
ing stages (see section 4.1), formulas (7),(8) and (9) 
must be replaced by the following ones: 

i i+1 
S(i,i-1,,) = i+1 (1-f ) )J(m), 
(1~i~p) 

( 13) 

S(i,i,,) 1 - >..(m+i+1) ,_(1_fi+1)jJ(m), (14) 
(0.:::i~p-1 ) 

S(p,p,,) = 1 - (1_fP+1) )J (mlL (15) 

(B) FIFO QUEUE DISCIPLINE 

The algorithm is similar to the case of the random queue, 
but in this case the varia~es i and j in H(i,t) and 
S(i,j,t) refer to the number of calls in the queue in 
front of the given call. 

The algorithm (A) above can be modified to suit the FIFO 
queue discipline by replacing formulas (7),(8),(9) and 
(10) with the following ones: 

S(i,i-1,T) = )J(m) T 
(1~i:::p) 

ITea 

( 16) 

S (i,i,,) 1- jJ (rol, ( 17) 
(O~i~p) 

S(i,i+1,,) 0 ( 18) 
(o~i~p-1) 

If the probability f is to be introduced (see section 4.1) 
the fo~las (16) and (17) should be replaced by the 
following ones: 

S (i,i-1 ,,) = (1_fi ) jJ (m)-:r 
(1~i~p) 

S (i,i,,) 
(O~i~p) 

(19) 

(20) 
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