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Congestion in a Switching Network with 
Rearrangement 
James C. Boyd and John M. Hunter 
University of Strathclyde, Glasg·ow, U.K. 

~BSTRACT 

This paper extends the work of Akiyama and Ershov to deter
mine the probability of blocking for several rearrangement 
algorithms . Point to route congestion, but ~oint to 
point rearrangement is considered in a three stage Clos 
network. The distribution over the route is obtained by 
the use of a loss function . Simulation and analytical 
results are given for each case over a range of traffic. 

1. I NTRODUCTION 

In any switching network in which there is a choice of 
paths the possibility exists that calls may be reswitched 
via alternative paths and thus enable a blocked call to be 
set u9. This property which has been referred to as 
rearrangement has been investigated extensively with 
respect to three stage Clos1 networks. There are strong 
links between packing and rearrangement. Packing is 
normally used to reduce the probability that a new call 
will encounter blocking. Rearrangement is a repacking 
of the network, or part of the network, in an attempt to 
allow a particular blocked call to be set up. 

2. REARRANGEMENT IN A THREE STAGE CLOS NETWO~K 

Fig. 1 Three Stage Clos network 

The original application of rearrangement was to make the 
network of Fig. 1 nonblocking. Slepian2 showed that any 
set of assignments (calls) could exist when m = n. As a 
result, with rearrangement, only n second stage switches 
are required for nonblocking whereas Clos had proved that 
2n - 1 were necessary for strict sense nonblocking. 

Any pair of second stage switches, which are involved in 
the mismatch of links, may be considered to form a Clos 
network with m = n = 2. By a further application of 
Slepian's result it must be possible to unblock the part
icular call by reswitching only those calls associated 
with this suitable pair of switches . If m < n then 
rearrangement may still be used to unblock the network 
provided a suitable pair of second stage switches exists. 

Slepian also attempted to determine an upper bound for the 
number of reswitchings. Paul13 extended this approach, 
and still only using a suitable pair of switches, 
illustrated how the upper bound could be reduced. This 
approach forms the basis of Algorithm 1. 

Both Paull and Bassalygo4 considered the use of a third 

second stage switch to reduce the number of reswitchings. 
In general the upper bound will remain the same and to 
illustrate the improvement it is necessary to introduce 
another factor. Paull considered the number of calls in 
progress and Bassalygo the occupancy of the lightest 
loaded second stage switch, sex). He produced a new 
bound in terms of s(x) but gave no general proof and he 
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cannot produce an example in which the limit was reached. 
~~e possible use of a third second stage switch forms the 
basis of Algorithm 2 . 

Akiyama5 considered all pairs of second stage switches and 
this forms the basis of Algorithm 3. 

3. STUDY UNDERTAKEN 

The network is assumed to have point to route selection, 
there being one route circuit connected to each third 
stage switch. Rearrangement takes place to one free 
route circuit selected at random, if all the paths from 
the · selected first stage switch to all the free route 
circuits are busy. The object is to determine the 
probability of loss for Algorithm 3 and the loss as a 
function of the number of reswitchings for Algorithms 1 
and 2. The analysis is based on the Jacobaeus6 approach 
using the refinement of a loss function as proposed by 
Wallstrom7 . In Appendix 1 it is shown how the loss 
function for the network without rearrangement may be 
derived . The appropriate additional term for each 
algorithm is determined and the reSUltant link call 
congestion compared with that obtained by simulation . 

4. ALGORITHM 1 
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Fig. 2 Algorithm 1 

The use of Algorithm 1 is illustrated in Fig. 2, by the 
Pau11 matrix and also by the chain pair notation used by 
Bassalygo and Ershov8 . In the Paull matrix each row 
corresponds to a first stage switch, each column to a 
third stage switch and the letters denote which first 
stage switches are connected to which third stage switches 

and via which second stage switches. Blocking occurs 
at the intersection of a row and column which between 
them contain all the letters and is normally indicated 
by·. 

The network may be reswitched and the blocked call set up 
via either the A or B second stage switch. 
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4.1 NUMBER OF RESWITCHINGS 

The chain pair notation may be used to indicate the 
number of reswitchings ~,required. Since the letters 
must alternate the length of the chain . will be fixed by 
the lighter loaded switch . If the shorter of either side 
may be used then 

~ ~ (S(A)S(B»minimum (1) 

where s(A) and s(B) denote the occupancies. 

In the worst case 

s(A) = s(B) r - 1 

and ~ ~ r - 1 (2) 

This result was produced by Paull for the case when there 
were n first stage switches - a similar network was 
considered by Slepian. 

A similar approach may be used to determine the upper 
bound when only one side of the chain may be considered. 
Since there must be at least one reswitching to the other 
side for the network to be blocked. 

~ ~ r - 1 + r - 1 - 1 

10; 2r - 3 (3) 

This result contradicts the much quoted result of Slepian 

~ ~ 2n - 2 (4) 

He failed to take into account that there had to be at 
least one reswitching to the other side. What is 
particularly unfortunate is that Benes9 reinforces this 
wrong result by what he refers to as a new method. He 
makes a similar slip to Slepian. 

If s(A) 1 s(B) then the situation is slightly more 
complicated than for the case when either side may be 
used. The number of reswitchings again will be largely 
dependan t upon the occupan.cy of the 1 ighter loaded swi tch 
but there may be a difference of l,dependant upon whether 
s(A) > s(B) and the reswitching is to the right or left. 

4.2 LOSS FUNCTION 

The loss function is developed by estimating 

(i) the probability that it is not possible to unblock 
the network with ~ reswitchings given the occupancy 
of the two second stage switches 

(ii) the distribution for the occupancy of the two 
sui table second stage switches,' selected at random. 

and then summin0 over all possible occupancies of the 
selected pair of switches. 

4.2.1 PROBABILITY AND NUMBER OF RESWITCHINGS 

-41 .. t-

~ 

A B 
A 8 

8 
Fig. 3 ~ Res~itchings Not Sufficient 

The probabi1ity that the network cannot be unb10cked with 
~ reswitchings to either side will be given by the 
probability that there is one of the remaining j - 1 B's 
in ~ particular rows and one o£ the i-I A's in ~ 
particular columns. 

P(~) 

~ 
1T 

K=l 

(j-K) (.i-:K) 

(r-K)2 
(5) 

Expression 5 can be determined in a similar manner if only 
one side can be considered or one side up to ~ and then 
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the other side. 

Ershov attempted to obtain an expression for P(~) but his 
approach appears to be wrong as it does not take into 
account the dimension of the Paul 1 matrix. 

The following results were obtained for the mean number of 
reswitchings, r = 20 

i = j 12 16 18 

one side 2.32 4.38 7.89 

both sides 4.43 2.21 3.06 

The mean number is very much less than the upper bound 
for the particular occupancy and the use of both sides 
reduces the number of reswitchings considerably. 

4.2.2 DISTRIBUTION OF OCCUPANCY 

For the traffic process envisaged the distribution over 
the second stage switches would be assumed to be Bernoulli. 
When rearrangement takes place this must be modified to 
take into account that 

(i) r - v particular outlets are busy and at least one 
other outlet is free in the A switch. 

(ii) one particular inlet is busy and at least one other 
inlet is free in the B switch. 

In general where q particular positions are busy and one 
free at random. 

(6) 

= 0 p < q, p = r 

The loss function for the network with rearrangement using 
algorithm 1 both sides may be obtained by multiplying the 
loss function without rearrangement obtained in the 
appendix 1 by terms Wl(v,~) obtained from the above 
analysis 

r-l 
E 

i-n 

r-l ~ 

L (j]h 1T 
j=liJ+l K=l 

n is the greater of r-v and ~+l. 

5. ALGORTHIM 2 
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(j-K) (i-K) 

(r-l)2 

(7) 

In algorithm 2 the rearrangement may be terminated by 
replacing any of the letters A or B by a third letter. 
This will be possible if blocking does not exist between 
the row and column associated with the particular A or B. 
This is equivalent to point to point blocking in a three 
stage network. 

The Jacobaeus expression for this, assuming Bernoulli 
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distribution over the s econ,d stage switch inlets and out
lets, a load a, and m second stage switches, will be given 
by 

E 
L 

(8) 

The situation is more complicated than indicated by 
equation 8. 

(i) the two switches A and B are already involved in 
the rearrangement process. 

(ii) it is known that point to route congestion exists. 

(iii) blocking has to exist, on the Paull matrix, between 
a row and column given that the row is already 
blocked to another column or vice versa. The 
state of certain devices is known. 

Expressions for the blocking between a row or column 
given the above conditions may be derived. They consist 
of a term from 8 with the appropriate value of m and a 
term giving the probability that a particular number of 
devices are busy. 
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In Fig. 5a the chicken diagram representation is given. 
The process can be more clearly illustrated by the use of 
the modified diagram in Fig. Sb. This diagram illust
rates the order in which the columns of the B and C 
matrix are considered. There are two versions of this 
diagram one for reswitching to the left as in Fig. Sb 
and the other for reswitching to the r ight. 

Fig. Sb is constructed as follows . 

Column 1 = column of the C matrix which corresponds to the 
desired free circuit of the route. 

Column 2 column of the B matrix from which the blocking 
call originated - call 1 in Fig. Sa. 

Column 3 if one reswitching is not sufficient this will 
be the column in the C matrix in which the 
blocking call terminates. 

The other columns will be obtained alternatively from the 
Band C matrix in a similar fashion. 

The diagram for rearrangement to the right will be deter
mined in a similar manner with the first column corres
ponding to the originating column in the B matrix. 

One reswitching to either side is a special case and will 
be conSidered first. 

5.1 ONE RESWITCHING TO THE LEFT 

If a third switch is requested this will involve setting 
up the call 1 via another second stage switch. From the 
use of equation 8 the probability of blocking will be 
given by 

(9) 

S.2 ONE RESWITCHING TO THE RIGHT 

Reswitching to the right involves the movement of call 2 
in Fig. Sa to another switch. 

There are two possible cases to be considered: 

(i) the call terminates on a column which has access to 
a free circuit in the desired route, e.g. 2. in 
Fig. Sa . It will not be possible to move this 
call since the originating column is blocked to 
the route. 

(ii) the call terminates on a column which does not have 
access to a free circuit. In this case there will 
be m-p-l possible switches. 

The probability that the call terminates on a column 
corresponding to a busy circuit and that blocking exists 
between the m-p-1 switches will be given by 

v/(r-1~.(2a _ a 2 )m-p-l (10) 

For the particular network under consideration it can be 
assumed that the majority of the link congestion occurs 
when there is only one free ciruit in the route . 
Expression 10 now becomes 

(2a _ a 2 )m-p -1 (11) 

S.3 BOTH SIDES ONE RESWITCHING 

The probability that no third switch will be available on 
either side will be given by the product of 11 and 9 i.e. 

(2& ~ a 2 )m-p -1 x (2a _ a 2 )P-1 (12) 

5.4 ~ RESWITCHINGS TO THE LEFT 

If two reswitchings are not to be sufficient it implies 
that in Fig. 5b column 2 must be blocked to column 3 . 
Since column 2 is blocked to column 1 it is known with 
reference to column 2 that 

(i) m-p-1 positions may be busy or free 
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(ii) p-1 positions are blocked to column 1. It is 
necessary to estimate the mean number of these 
positions which are free since for blocking the 
corresponding particular positions in column 3 
must be busy. 

The probability that a position is busy given that 
it is blocked to another position is 

P r 
a 2 + a(l-a) 

a 2 + 2a(1-a) 
(13) 

The mean number of free devices will be given by 

(p-1)(1-P ) (14) 
r 

Hence two reswitchings will not be sufficient provided 
(m-p-1) switches are blocked and (p-1) (l-P ) particular 
devices in column 3 are busy. r 

Continuing the above argument on each successive 
reswitching, table 1 may be derived where Ak gives the 
number of switches which must be blocked ana Bk the 
number of particular positions which require to be busy 
for k reswitchings not to be sufficient. 

K 
Rc!;wilchtng 

nllmhC'r 

n 

A 
No of swi tches 

blocked 

(p-l) 

(m-p-l) 

(p-l)P r 

(m-p-l)pr+(p-l) (l-P r ) 

(p-l)p/t(m-p-l) (l-Pr ) 

5.5 ~ RESWITCHINGS TO THE RIGHT 

D 
No of pact.icular 
posit ion!:: busy 

(p-l) (l-P
r

) 

(m-p-l) (l-P
r

) 

(p-l) Pr (l-p r) 

~m-p-l)Prt(p-l) (l-P1,)](l-P r ) 

Table 2 for reswitching to the right has been derived in 
a similar manner as for the left case. 

K A D 
Re-switching No of switches No of particular 

m:mbC!r blocked oo5ition5 busy 

(m-p-l) 

(p-l) (m-p-l) (l-P
r

) 

(m-p-l)Pr (p.l) O-P
r

) 

(m-p-l) O-Pr)t(p-l)Pr (m-p-l)Pr(l-P
r

) 

(m-p-l)P/~,(P-l) (l-Pr ) [(m-p-l) (l-Pr)f(P-l)pJ(l'P r ) 

n 

Table 2 T('rms r('swi lching to the right 

5.6 LOSS FUNCTION - ~ RESWITCHINGS BOTH SIDES 

Table 3 was derived by combining the appropriate terms 
from tables 1 and 2. 

K A 
Resw i Lch i ng No of sw i Lchcs 
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number blocked 

(m-2) 

(m-2) 

(m-2)Pr 

(m-2) Pr
f(m-2) (l-Pr ) 

B 
No of particular 
positions busy 

(m-2) (l-P
r

) 

(m-2) (I-Pr) 

(m-2)Pr (l-Pr) 

As for algorithm 1, the loss function for algorithm 2 may 
be obtained by multiplying the loss function without 
rearrangement by a function, W

2
(v, ~, p) in this case. 

~ 
1T 

k=l 

(j-k) (i-k) 

(r_k)2 

6. ALGORITHM 3 
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Fig. 6 Algorithm 3 

(15) 

The chicken diagram Fig. 6 illustrates the state of the 
network when this algorithm will not be successful. The 
dimensions of the sections in the Band C matrix in which 
all the particular devices must be busy can be determined 
as follows. The mean values will be used. 

6.1 AREA IN B MATRIX 

This area re~uires to be busy to prevent the new call 
being set up via one of the m-p free pos'i tions in the 
originating B matrix column. This is equivalent to 
reswitching to the left, which would involve moving one 
of the m-p busy positions associated with the selected 
C c 'olumn upwards into a free position. The number of 
columns with which the rn-p busy positions are associated 
and the number of free positions in the C column defines 
the area in the B matrix. 

The mean number of columns Y will be given by 

r-2 m-p 
(r-1) (1-(-) ) 

r-1 

The mean number of rows R will be given by 

R = p(l-a) 

6.2 AREA IN C MATRIX 

(16) 

(17) 

This area must be busy to prevent the new call being set 

Up via a free position in the selected C column. The 
number of free positions is given by equation 17, i.e. R. 
Hence out of the p busy pOSitions in the originating B 
column only R need to be considered further. Out of R, 
those calls which terminate on C columns associated with 
free circuits in the route cannot be used. 

The mean number of columns over which the remaining 
devices are distributed, and the number of free devices 
in the originating B column defines the area in the C 
matrix. 
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The mean ~umber of columns T, will be given by 

where 

R 
v(l _ (r-2) ) 

r-1 

R p(l-a) 

The number of rows will be given by 

(m-p) 

6.3 LOSS FUNCTION ALGORITHM 3 

(18) 

(19) 

The total number of devices which require to be busy is 
the sum of the areas in the Band C matrix, i.e. the 
product of 16 and 17 plus the product of 18 and 19. The 
loss function for this algorithm will be given by the loss 
function without rearrangement times W

2
(v, p), where 

aYR + T. (m-p) 
,(20) 

7. RESULTS AND CONCLUSIONS Fig. 7a, b, c, d 

The analysis and simulation were performed for a network 
with m=n=lB, and r=20 . The 95% confidence intervals were 
derived from the Students t test. 

The results can Le considered from two aspects. Is there 
satisfactory ~~reement between the analysis and the 
simulation? Is rearrangement a useful tool? 

It has been shown10 that the theoretical loss function 
overestimates the loss as a function of the occupancy. 
This is particularly evident when the route is about three 
quarters full. This will tend to cause the analysis to 
overestimate the link blocking. Since the loss function 
for each of the algorithms considered is derived from the 
loss function without rearrangement this ove.restimation 
will be a factor in all the analysis. The results for 
Algorithm 1 and 2 illus~rate this point. It would appear 
that the effect of rearrangement was being fairly 
accurately modelled. For Algorithm 3 the agreement 
between simulation and analysis is fairly good. The 
analysis not now giving an overestimate would tend to 
indicate an overestimation of the effect of the reduction 
in the blocking as a result of the use of this algorithm. 
This could perhaps be caused in 9art by the use of mean 
values to represent the number of devices which require 
to be busy. 

If better agreement were required a starting point would 
be to investigate the loss function without rearrangement. 

To comment upon the use of rearrangement without a part
icular application in mind is rather difficult. For the 
particular network under consideration the reduction in 
link blocking as a result of rearrangement is fairly 
significant. The number of reswitchings required to 
reduce the blocking to a minimal value would be much less 
than the upper bound for nonblocking. 

It would appear that the mathematical techniques discussed 
can be used to determine the probability of blocking 
with rearrangement. From the background given in this 
chapter it should be possible to apply these techniques 
to other network configurations. 
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When link congestion becomes appreciable the assumption 
that the outgoing route performs even approximately as a 
full availability group ceases to be valid. Following 
the method of Wallstrom7 , it is assumed that the probab
ility that a call arrival for a given route is lost is a 
function of the number of busy circuits in the route, W(p). 
The resultant equilibrium distribution over the route is 
now given by a modified Erlang formula where the probab
ility of p circuits out of r are busy when offered traffic 
A is 

AP p-l 

p! 
1T (l-W(s» 

[p] 
8=0 

r n-l 
1. 

L An 1T (l-W(t» 
n=O 

In! 
t=O 

The total call congestion 

r 

B L W(p) [p] 2. 
p=o 

Route call congestion 

B [rl r 
3. 

and link call congestion 

BL B - [r] 4. 

For the network under consideration assuming Bernoulli 
over the first and second stage switches and a load per 
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