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ABSTRACT 

This paper presents a mathematical model for the long-term 
planning of a telephone junction network. The use of 
this model to minimize the cost of a network whilst main
taining grade of service requirements at each time period 
results in a large non-linear programming problem. A 
dynamic programming algorithm to solve this problem is 
presented and applied to a practical problem. 

1. INTRODUCTION 

This paper presents a mathematical model for the planning 
of a telephone junction network over a number of time per
iods. The model is based on a model for a single period 
developed by Berry [1,2]. The network has alternative 
routing and full availability conditions. The model 
results in a large mathematical programme with a non
linear, non-differentiable objective function. In the 
case of the Adelaide telephone network for five time per
iods the programme involves over 17,000 variables and over 
22,000 constraints. 

In order to overcome the difficulty of size, the problem 
was formulated as a dynamic programming problem and an 
algorithm which reduces the problem to a series of smaller 
subproblems was developed. This algorithm is based on 
the Progressive Optimality Algorithm developed by Howson 
and Sancho [4], which iteratively applies a general two
stage solution to successive overlapping stages of the 
problem. During the calculation of any two-stage solu
tion, the variables for the other stages are not required 
and hence need not be stored in core storage. Thus the 
size of the problem which can be handled on a given com
puter is limited by the size of the two-stage problem, not 
by the size of the overall problem. 

The two-stage problem which arises in the dynamic pro
gramming algorithm, although much smaller than the main 
problem, is still a large problem, with over 3,000 vari
ables for the Adelaide network. Berry [1,3] obtained a 
solution to a similar problem using a modified form of 
Rosen's gradient projection method. In the long term 
planning problem however, while the constraints have the 
same form as in Berry's problem, the objective function 
is not differentiable everywhere and hence the gradient 
may not exist at a given point. A subgradient exists 
at all points and this is used if the gradient does not 
exist. 

The algorithm has been tested using the Adelaide telephone 
network and the results of these tests are discussed in 
section 4. 

2 . MATHEMATICAL MODEL 

2.1 BACKGROUND 

An alternative routing telephone network can be represent
ed by a directed graph with the nodes representing ex
changes and the links representing the junctions between 
them. A pair of exchanges, one originating traffic and 
the other terminating traffic is called an origin
destination pair or, more concisely, an O-D pair. There 
are two types of links which should be distinguished. 
Those links which carry traffic directly between O-D 
pairs are called direct links. Links connecting O-D 
pairs via tandem exchanges carry traffic which overflows 
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from direct links and are called overflow links. The di
rect links are labelled, in some order, by the integers 
1,2, ... ,k, ... ,N and the overflow links by 1,2, ... ,i, .. ,N. 
The O-D pairs are labelled to correspond with the direct 
links between them. In some cases the traffic offered 
to an O-D pair is too small to justify provision of a di
rect link and when this occurs the direct link is still 
allowed to exist but is considered to have zero junctions. 

Between each O-D pair there is a number of permissible 
routes or chains connecting them . These chains are 
denoted by R~,~, ... ,Rr (k) where R~ is the direct link, 
k, and j(k) is the total number of permissible chains 
between O-D pair k. The traffic carried on chain I{, 
between O-D pair k is called a chain flow and is denoted 
by ~. The total traffic offered to O-D pair k, meas
ured in erlangs, is denoted by tk . This traffic is 
first offered to the direct link R~ which carries h~. 
The remainder is offered to R!1 which carries ~ and so 
forth. The fractio n of the total traffic offered to O-D 
pair k which overflows from the last chain is called the 
traffic congestion and is denoted by Jj< . 

Given a chain flow pattern for the whole network, the num
ber of junctions on each link can be calculated using the 
following dimensioning formula developed by Berry [1,2] 
using an equivalent random approach. 

n = f+Ar (M-f) M 1 
L(M-f-l) (M-f)+v - (M-l)M+VJ 

(1) 

where M is the mean of the traffic offered to the link 
V is the variance of the traffic offered to the 

link 
f is the traffic carried on the link 
v is the variance of the traffic overflowing from 

the link 
A is the equivalent random traffic which produces 

overflow traffic with mean M and variance V. 

The total junction cost for the n~twork is given by 
N N 

C = 2 Ck l\ + 2 C j I\ (2) 
k=l i = 1 

where <;:k is the cost per junction on direct link k. 
Cl is the cost per junction on overflow link i. 

The following constraints are placed on the chain flows 
by conservation considerations. 

j (k) 

2 h: = bk for all k . (3) 
j = 1 

where bk = t k (I- if ) (4) 

rt ~ 0 for all j ,k. 

As the numbers of junctions, ~,~, can be expre~sed as 
non-linear functions of the chain flows, the problem, min
~1ze C subject to the constraints given by (3), (4) and 
(5), is a non-linear programming problem with linear con
straints . 

A solution to this large non-linear programme was obtained 
by Berry [1,3] using a modified form of Rosen ' s gradient 
projection method which used the special properties of the 
constraint equations to obtain an explicit form for the 
gradient projection. 
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2.2 THE LONG-TERM PLANNING PROBLEM 

Consider a series of time periods, denoted by 
0,1,2, ... ,p, ... ,T with an existing telephone network at 
period p=O. The notation described above will be used 
with the addition of an extra subscript, p, denoting the 
time period, where necessary e.g. ~kp is the flow carr
ied on the jth choice route between O-D pair k at time 
period p. 

The cost of changing the number of junctions on a link 
from time period p=O to the time period p=l is simply 
the increase in number of junctions multiplied by the cost 
per junction at p=l. It is assumed that a decrease in 
the number of junctions results in zero cost. The in
cremental cost of changing the whole network from its 
state at p=O to its state at p=l is given by 

N N 
Cl = L Ck I [max(I1to ,I1t I )-I1to]+ L cl I [max(~ o,~ I )-~ 0] (6) 

k=1 I = I 

Similarly, from p=l to p=2 the increment cost is 
N 

C2 = L Ck2 [max(Ilko ,Ilk 1 ,Ilk2 )-max(nkO ,Ilk I)] 
k=1 

N 

+ L CI2 [max(n. 0 ,n. I ,n; 2 )-max(IlI 0 ,n. 1 )] 
1=1 

In general, 
N N 

Cp = L Ckp [max(nkq )-max(Ilkq )]+ L ~I p [max(Ilj q )-max(IlI q )] . 
k=1 q<p q<p 1=1 q<p q<p 

(8) 

The total incremental cost over all time periods is then 
T 

C = L Cp. 
p=1 

If at each time period, the network must satisfy grade of 
service requirements then the long term planning problem 
becomes the following mathematical programme. 

T 

Minimize C = L Cp (10) 
p= I 

j (k) k k 
subject to L b;p bp for all k,p (ll) 

j = I 

bJ'p ~ 0 for all j,k,p (12) 

2.3 DYNAMIC PROGRAMMING FORMULATION 

Consider a sequential decision process with input state at 
stage p given by vector 

Xp =(xlp , ... ,~p , ..• ,~p '~+Ip'··· ,xN+I p, .•. x N+~P) 

where 

The decision variables are given by the vector 

where XP+I is the output state. 

The return function for stage p is 

i.e. gp (Xp ,Xp + 1 ) 

N N 

I Ckp [max(Ilkq )-max(~q)+ I Cl p [max(r\ q )-max(nl q)] 
k = 1 q <p q <p I = I q <p q <p 

If the decision process is considered to have additive 
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returns and the Xp lie in a bounded domain implicitly 
given by equations (11) and (12), then the solution of 
the dynamic program 

T 

Minimize L gp (xp ,~+ 1 ) 

p= 1 

is identical to the solution of the programme given by 
equations (10), (11) and (12). 

3. SOLUTION OF THE MATHEMATICAL PROGRAMME 

3.1 A DYNAMIC PROGRAMMING ALGORITHM 

The algorithm to be described iteratively solves the 
following two-stage problem. 

N 

Minimize Gp = L Ckp [max Okq -max Okq] 
k= 1 q<p q <p 

N N 

+ L Cl p [max Di q -mq <axp ~ q ] + L Ck P + I [ max I1t q - max Ilk q ] 
1=1 q<p k=1 q<p+1 q<p+l 

N 

+ L Cl p + I [ max ~ q - max i\ q ] 
I = I q <p + I q <p + 1 

(14) 

while holding I1to,Di 0, ••• ,~p. I,Di p_1 ,~p+l ,nl p+1 con
stant for all k and i 

i.e. minimize with respect to ~p and nl p. 
j (k) 

k 
subject to L b; p =~ for all k (15) 

j = 1 

k 
(16) b;p ~ 0 for all j,k 

The algorithm is started by assigning an initial chain 
flow pattern to each time period and proceeds as illustra
ted in Fig.1. 

This algorithm is based largely on the Progressive Optim
ality Algorithm described by Howson and Sancho [4]. 
There is, however one major difference between the 
algorithms and that is in the two-stage problem which is 
solved in each iteration. The Progressive Optimality 
Algorithm requires that the initial and terminal states 
of the two-st~e problem, i.e. ~a:: I'1kq , ~~ III q and 

q~gfl ~q , q~gfl Di q' remain fixed . Forcing q~gfl ~q 

and to remain constant would add non-linear 

constraints to the problem and hence make it much more 
difficult to solve. The numbers of junctions at period 
p+l, i.e. ~P+I and i\ p+I' can be kept constant with-

out affecting the constraints because the chain flows at 
one period are independent of those at another period. 
This difference from the Progressive Optimality Algorithm 
means that Howson and Sancho's proof of convergence of 
the algorithm is not valid in this case even if the stage 
return function gp is differentiable. A proof of con
vergence has not yet been developed however computational 
evidence, which is described in the next section, supp
orts the validity of the algorithm. 

The algorithm requires the terminal state to be fixed and 
to achieve this an artificial terminal state is added. 
This extra stage has all link costs set to zero so as to 
have no effect on the total cost and to ensure that 
q ~ff 1 ~ q and q ~¥i'. III q do not vary. ~ T+ I and Di T+ I 

are set at very large values. 

3.2 A SOLUTION OF THE TWO-STAGE PROBLEM 

The mathematical programme given by equations (14), (15) 
and (16) has constraints of a form identical to those of 
the mathematical programme given by equations (2), (3) 
and (6). This suggests the use of a similar method to 
that described by Berry [1,3]. However, the gradient 
projection method requires the objective function to have 
continuous first derivatives and equation (14) is not 
differentiable with respect to the chain flow variables 
at period p, when Ilkp is equal to 
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1. 

1=1+1 

P"':O 2. 

6=0 

3. 

4. 

5 . 

6. 

7 . 

1. Set initial values of the chain flows. 
I is a control count of the number of iterations. 

2. Start a new iteration at stage O. 
Delta is a control variable. 

3. Store ~.n.l (chain flow pattern for the network at 
period p after the n-lth iteration) until calcul
ation of delta below. 

4. Solve the two-stage problem. 

5. Calculate delta. 

6. Advance another stage until final stage is reached. 

7. If delta is less than the accuracy limit or "if the 
maximum number of iterations have been completed 
then STOP. 

Fig. 1. Dynamic Programming Algorithm 

lTea 

~~ nkq or Dkp+l, similarly for I1i p' Considering 

just one link, the following possibilities arise, 

1. max nkq < max nkq < max ~q 
q < p q .. P q <p + 1 

2. 

3. 

4. 

Case 1. The two-stage cost associated with the link is 

GkP = ( Ck p - Ck p + 1 ) IlJt p + Ckp+1Dkp+l - Ckp ~~Dkq 

and the general partial derivative is 

~= (Ckp-Ckp+l ) ~ ah" ah 
J p j p 

Case 2. The two-stage cost associated with the link is 

~p = Ck p + 1 Dk p + 1 - Ckp+ 1 ~~ nkq 

If Dkp < ~~ ~q, then t he general partial derivative 

is 

If nk p = ~~ nk q , 

does not exist. 

then the general partial derivative 

Case 3. The two-stage cost associated with the link is 

If nkp > IlJt p+l' then the general partial derivative is 

If IlJtp = IlJtp+l then the general partial derivative does " 
not exist. 

Case 4. The two-stage cost associated with the link is 

If 
tive is 

then the general partial deriva-

If IlJt p = ~~ IlJtq then the general partial derivative 

does not exist. 

A vector 
a point 

Y is a subgradient of a convex function 
z if 

for all ~ 

f at 

If f is differentiable and finite at ~ then y is 
unique and is the gradient, Vf(z), of f at z. More 
detailed information about the theory of subgradients can 
be found in Rockafellar [5]. 

The optimization of the two-stage problem is carried out 
us i ng the gradient projection method which is"modified 
by using a subgradient when the gradient does not exist . 
The subgradients, of the various components of the ob
jective ~ction, which are used are the partial deriv
atives, where they exist and elsewhere the following, 

Cas e 2. If nkp = W~ Dkq , 

~ ahR -a- ckp+l 
j p 

then the subgradi ent is 
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Case 3. If nkp = ~P+l' then the subgradient is 

Yk Ckp ~ - Ckp+ 1 .£EluL a o ~ a ~ 1 
ah~ ah~ ) p ) p 

Case 4. If nkp = max ~q then the subgradient is q<p 

Yk Ckp ...E!<JL 'a - Ckp+ 1 
2!uL ·e 0 ~ a,e ~ 1 

h2 h~ 
j p ) p 

The partial derivatives, ~~P are calculated, with 
) p 

some slight modifications, as in Berry [1]. 

4 . COMPUTATIONAL RESULTS 

The mathematical program was applied to the Adelaide tel
ephone network. Traffic dispersions and junction costs 
were supplied by the Australian Telecommunications Comm
ission in Adelaide for 5 time periods, viz. 1975, 1980, 
1985, 1990, 1995 . The junction costs for 1975 were based 
on capital costs and those for 1980, 1985, 1990, 1995 were 
calculated by discounting the 1975 costs by factors of 
0 . 650, 0 . 275 , 0.075, 0.013, respectively. The network 
consists of 32 exchanges which both originate and termin
ate traffic, 5 exchanges which terminate traffic only, 
and 4 tandem exchanges. There are 1141 O-D pairs w~th 
each pair having 2 overflow routes and, unless the offered 
traffic is below an arbitrary cut-off figure (1.85 er
langs in 1980), a direct route is also provided. 

In order to obtain a fixed initial state for the algorithm, 
the network was optimized for 1975 using the method de
scribed by Berry [1,3] . The algorithm was tested with 
3 different starting points. The first starting point 
was obtained by optimizing the network for each time per
iod as was done for 1975. The second starting point was 
obtained by assigning the chain flows so that for each 
O- D pair, at each time period, the proportion of flow on 
each route was the same as in 1975. The third point was 
obtained by assigning traffic for each O-D pair in the 
ratio to offered traffic of .6, .2, .18 to the first, 
second and third choice routes respectively, or, if no 
direct link is provided, in the ratio .6 and .38. In all 
cases the congestion for every O-D pair was set at 0.02. 
The main algorithm was limited to 5 complete iterations 
and the algorithm for finding the solution of the two
stage problem was limited to 100 iterations. The main 
algorithm was terminated if, after any complete iteration, 
the maximum change in any chain flow variable was less ' 
than 0.5 erlangs . The two-stage algorithm was terminated 
if the two- stage cost decreased by less than one dollar 
in successive iterations. 

Initial Point Initial Cost Final Cost c.p.time (sec) 

1 $1,336 , 662 $1,326,658 13,610 
2 $1,340,740 $1,325,052 8,085 
3 $1,986,960 $1,409,105 12,276 

Table 1. 

Table 1 shows the decrease in cost for each starting point 
after 5 iterations and the central processor time taken on 
a CDC 6400 computer. The time taken for the first start
ing point includes the time taken to set up the starting 
point. The number of junctions on each link was rounded 
up to the nearest integer and a count was taken of the 
number of links which had a decrease in the number of 
junctions between successive time periods. This gives 
the number of links which have unused junctions at any 
time period . These numbers were obtained for each 
starting point and their respective final points obtained 
after 5 iterations of the algorithm, and are given in 
Table 2. 
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No .of links with decrease in junctions 
Initial Point 

Initial Point Final Point 

1 31 5 
2 13 10 
3 229 82 

Table 2 . 

Table 3 gives the total cost of the network at each time 
period for the first and second starting points at both 
the initial and final points of the algorithm . 

First Starting Point Second Starting Point 
Year 

Initial Final Initial Final 

1980 2,894,588 2,887,102 2,895,958 2 , 885,172 
1985 1,591,185 1,586,457 1,594 , 815 1 , 585,242 
1990 532,693 531,299 535,449 531 , 288 
1995 108,960 108,667 109,7907 108 , 937 

Table 3. 

These results show that as well as decreasing the cost of 
the long-term problem, the algorithm also decreases the 
total cost at each time period. This suggests that , for 
the Adelaide network at least, a near optimal solution to 
the long-term problem will result in chain flow patterns 
which give near optimal solutions to the single period 
problems . 

The traffic dispersion forecasts used in these tests have 
the property that the offered traffic increases with the 
time period for almost every O-D pair. In order to test 
the algorithm with data which did not have this structure, 
traffic dispersion figures were obtained by using a set of 
random numbers, uniformly distributed between 0 and 40 . 
The algorithm still gave a reduction in cost at every it
eration and after 5 iterations the cost had been reduced 
from $5,107,530 to $4,486,487. This shows that the 
algorithm is not dependent on link junction numbers in
creasing with time and can deal with problems having a 
large number of links where max q <p nk q = ~~ Ilk q • 

5 . CONCLUSION 

A mathematical model for the long-term planning of a tel
ephone junction network and an algorithm for obtaining the 
minimum cost for the network have been developed. The 
algorithm solves the problems of having a large non- linear 
mathematical programme and a non-differentiable objective 
function. Tests on a practical network have shown that 
the algorithm does reduce the cost of the network but that 
it needs a large amount of computer processing time . 
Further work needs to be done in an attempt to accelerate 
the convergence of the algorithm and hence reduce the 
processing time. 
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