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ABSTRACT 

We present some preliminary results of a long-term 
investigation into the day by day behaviour of telephone 
traffic in the UK. In particular, we introduce a new 
method for describing and parametrising the all-day 
traffic profile. 

I. INTRODUCTION 

No realistic model of the behaviour of a telephone 
network or switching system can ignore the diurnal 
variations in intensity of the offered traffic. The 
network manager and the planner re~uire e~ually a 
knowledge of the daily fluctuations, as does the 
marketing department of the likely response to tariff 
changes. It is interesting too that many admin
istrations choose to dimension on the basis of 
information from some restricted part of the day, yet 
include among their service objectives performance 
criteria for the whole day. On the other hand, it is 
not exaggerating to say that there is at present 
virtually no detailed information on this subject. 
(See, however, [1]-[4].) 

The BPO has therefore initiated a series of long-term 
experiments designed to yield data in this field, and 
we present here some interim results and methods of 
analysis that are being developed. The experiments 
fall into two main categories. The first, which is 
now largely complete, involves the study of a large 
number of different routes over the relatively short 
period of 4 weeks, and the second, which is only now 
starting, is a long-term (that is, a 4-5 year) intensive 
study of selected routes upon two exchanges only. All 
the exchanges involved were chosen on a basis of their 
representative character and operational suitability, 
including in particular their planned freedom from 
gross change during the period of the experiment: no 
attempt was made to construct a pseudo-random sample 
by statistical methods. 

For the first section of the experiment, the study of 
route-variation as opposed to time-variation, the data 
analysed consisted of 15-minute records of carried 
traffic, taken over the time interval of 0800-2245 on 
every weekday for four weeks; and each record consisted 
of the mean of the circuit-group occupancies recorded 
in the 5 consecutive 3-minute scans starting at that 
time. The generosity of circuit provision in these 
exchanges was such that but few routes had to be 
rejected as noticeably congested, and no significant 
error is introduced into these studies by ignoring the 
distinction between the traffic carried by and that 
offered to the remaining routes, which number 
approximately 420 and form the data-base for the 
analysis we present here. 

The first section of the paper gives some preliminary 
results which ignore or do not re~uire a knowledge of 
the traffic variation over the day; and the remainder 
is devoted to presenting a method of stUdying the 
profile in the large, through a standardised curve
fitting procedure combined with appropriate statistical 
analysis. The data to be represented consist of a 
number of readings taken at e~uidistant points of time, 
and it is therefore sensible to choose our basis 
functions to be a set of functions of a discrete 
variable. For reasons of numerical stability these 
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should be orthogonal, and in the absence of any obvious 
contra-indications it is simplest to take them to be 
polynomials. Since there is , initially at any rate, no 
part of the day to which we wish to give more weight than 
another (unless, of course, we choose to ignore it 
entirely), the measure in the orthogonality relations will 
be constant. We therefore start by describing the data by 
means of the uni~ue set of functions satisfying these 
criteria: the Tchebicheff polynomials of a discrete 
variable, t~ (x) [5]. 

The need for a flexible procedure is evidenced by the two 
sample profiles of Fig 1.1, which are absolutely typical 
examples of "pure" morning and evening busy-hours. The 
data included routes varying upwards in size from an 
arbitrarily chosen lower cut-off corresponding to an 
all-day mean traffic level of one erlang - ie, a route 
busy hour (RBH) figure of about 2 erlangs. Approximately 
30% of these had busy-hours in the evening, and the 
remainder in the morning: at the time that the data were 
gathered, afternoon busy-hours were most uncommon in the 
UK, though there is some evidence that this situation may 
now be changing. The importance of the evening RBH 
routes can perhaps best be exemplified by the fact that 
the largest route of all those studied carried 98 erlangs 
in the morning but no less than 137 in the evening • 

II. PRELIMINARY OBSERVATIONS 

A large number of statistical tests were performed on the 
data in order to investigate different aspects of 
stationarity of the traffic. Their results may be 
summarized briefly as follows. 

1. The variability of the traffic in the (post-selected) 
time-consistent route busy hour (RBH) is consistently 
higher than expected on the basis of Olsson's formula, 
(Fig 2.1), although for an individual route this is 
seldom statistically significant • 

2. The busy period does not generally last as long as 
two hours. On many routes there is a highly significant 
variation in traffic from one week to another and from 
one week-day to another: the genuine nature of this 
effect being clear from the fact that the number of 
routes showing variation significant at the 99% level is 
greater than that showing it at levels between 95 and 99%. 

3. The distribution of the traffic at a given time of 
day, as calculated from one day to another and ignoring 
all 'systematic' variation as shown by any other 
statistical tests, is very approximately normal. We 
find in fact that (at any rate for r ~ 6). the r'th 
moment of the traffic A(t) at a given time about its 
mean A at that time is proportional to A'hr. The 
relationship is sufficiently stable to permit the 
evaluation of mean coefficients by the amalgamation of 
data from different routes, and Fig 2.2. is a histogram 
of the normalised mean differences 0, 

assembled for all the routes on one particular exchange 
in their individual RBH's. Its standard deviation is 
a = .69; the higher moments are 
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If the means A are scaled for each day by the all-day 
traffic level for that day cr decreases to .65. The 
reduced higher-order moments also decrease slightly, but 
this latter effect is not consist,ent from one exchange 
to another. 

4. The stability of the scanned traffic varies over 
the day. Whereas the form of the histogram given in 
Fig 2.2 remains generally unaltered, its width, as 
measured by its standard deviation, is considerably 
higher in the evening than the morning. For the same 
exchange as that used above, the figures are: 

Morning (0915-1200 inc) 

Afternoon (1415-1600 inc) 

Evening (1900-2100 inc) 

cr 

cr 

cr 

• 66 

.68 

.76 

These figures vary slightly from one exchange to another, 
but the general pattern does not. It will be noticed 
that in Fig 2.1 we have distinguished between routes 
with evening busy-hours and routes with morning, and that 
the variance of the former is higher than that of the 
latter. This difference is statistically significant at 
the 0.1% level, and corresponds to a variance for evening 
RBH - traffic of some 40% greater than for the morning. 

5. The (unweighted) mean ratio of the all-day to RBH 
traffics is of the order of 9.4, and its standard 
deviation from one route to another is approximately 
unity. This conceals a wide spectrum of values, 
depending very much on the shape of the all-day traffic 
profile concerned, and no noticeable clustering is 
present according to the position of the RBH. There are 
also quite wide variations between the mean values 
evaluated from different exchanges, depending on the 
dominant type of routes associated with them. We 
conclude that this ratio by itself is of small 
significance in the study of traffic profiles. 

III THE ALL-DAY TRAFFIC PROFILE 

111.1 INTRODUCTION 

Let {f(r), r 0 ••• N-l} be a sequence of obser-
vations of traffic at N equally spaced points of time. 
Then it is convenient to represent f by means of a 
profile function whose domain is the same set of 
integers; and we shall write 

M 

IN f I ((r) fk 
It=o 

where the Tk(r) are the (appropriately standardised) 
Tchebicheff polynomials of a discrete variable [5], and 
the index M, which represents the order of approximation, 
is less than N. The coefficients are then "given by 

N-! 
(2 k + 1) I 

f IN r = o 

where we have written f for the overall mean. 

To introduce a degree of smoothing, and reduce the 
number of coefficients to a manageable level, the order 
of approximation M should not be greater than ~ N, and 
we shall restrict ourselves to M ~ 20. Furthermore, 
since the traffic being modelled is always observed to 
fall off sharply at either end of the day, we shall in 
addition ignore the 4 data points at either extremity 
(ie, before 0900 and after 2145) and take N = 52 instead 
of 60. With this understanding, the superscript N will 
henceforth be suppressed. 

111.2 OBSERVATIONAL RESULTS 

To reduce somewhat further the quantity of data still 
needed to specify a profile, we have investigated the 
effect of the arbitrary criterion of accepting a given 
coefficient fit as being significantly non-zero for a 
particular route only if the absolute value of its 
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mean exceeds its standard deviation. The "significance" 
referred to here is rather pragmatic than statistical, 

. since it ignores entirely the non-zero correlation that 
exists between the coefficients even in the absence of 
genuine variations. Fig 3.1 shows how the number of 
coefficients required varies with the route size. The 
greater structure of traffic on trunk routes as opposed 
to local (as exemplified by the number of coefficients) 
is significant at the 0.1% level; it reflects not a basic 
difference in shape of profile but rather the fact that 
the trunk routes have sharper and more definite peaks 
and troughs than the local. Fig 3.2 illustrates this 
with a pair of typical and otherwise comparable profiles • 
Fig 3.3 is a histogram of the number of times a 
particular coefficient is adjudged significant; the much 
lower frequency of occurrence of the odd-order 
coefficients exemplifies the basically symmetric form of 
the traffic profiles under consideration. 

The agreement between the observed traffic patterns and 
the model profiles is generally good. Fig 3.4 shows a 
pair of these where 6 coefficients have been used; it 
is an atypical example since the agreement is con
siderably worse than usual, but we chose it in order that 
at the scale of the figure the differences might still be 
apparent. It should in any case be remembered when 
comparing the two curves that the method used to choose 
the coefficients used has the effect of smoothing out 
extreme variations in profile; and hence the true 
observed mean profile is not necessarily the curve which 
the' approximation is trying to fit. 

To provide a rather more quantitative estimate of the 
accuracy of this method of approximation, we can construct 
the histograms of normalised differences from the mean 
profiles, as in Fig 2.2, and compare them with the 
corresponding histograms of Section 11. This method 
has the additional benefit of avoiding giving a mis
leading over-emphasis to the mean profiles themselves. 
It is found that there is a quite negligible difference 
in the higher order moments, but that the variances are 
now slightly increased. This can be seen from Fig 3.5, 
in the column headed "Tchebicheff components". 

111.3 PRINCIPAL COMPONENTS ANALYSIS 

To remove the influence of the correlations between the 
~k' whether caused by the fact that the same data is 
needed to derive every coefficient or by some dynamical 
mechanism which influences the overall shape, it is 
convenient to re-express the profile in terms of its 
principal components - that is, to perform a rotation in 
k-space to diagonalise the variance-covariance matrix of 
fit [6]. When performed on the day-by-day traffic on a 
single route, this will provide a set of vectors which 
are genuinely uncorrelated, and of which those with the 
smallest eigenvalues represent those features of the 
data which remain constant - ie, the true mean profile. 
We have not been able to carry out this analysis because 
of the small duration of measurement to date. 

In the context of the present investigations however an 
equally important problem is that of determining the 
vectors which make the most important contributions to 
the variability of profile from one route to another, and 
this can be settled by performing such an analysis on 
the set of mean profiles (ie, the mean vectors r) for 
all the routes together. In contrast with the former 
problem, the interest now attaches to those vectors with 
the highest eigenvalues, as representing the most 
important features of the data, while the four with the 
lowest display those features which are essentially 
constant from one route to another. The intermediate 
components are generally greatly affected by numerical 
and statistical instabilities and are not susceptible 
either to accurate specification or to precise 
interpretation. 

We have therefore constructed the set of the 20 principal 
components of profile shape by analysing the mean profiles 
on all those routes on 7 exchanges whose all-day traffic 
level was greater than one erlang, which numbered over 
420. Fig 3.6 shows the percentage of the total variation 
accounted for by the different coefficients, and it will 
be seen that the first 4 terms or so absorb the vast bulk 
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Fig 1.1 Two typical traffic profiles 
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Fi6 2.1 Best straight line fits to standard 
deviations of RBH traffic on morning and evening BH 
routes separately, plotted against RBH traffic. 

Full line: theoretical curve 
Dashed line: morning RBH 
Dotted line: evening RBH 

Fig 2. 2 Histogram of normalised mean differences 
in individual RBH's 

2300 

tooE 

Fig 3.1 95% confidence bands for the number of 
coefficients 'significant' on a route, against 
RBH traffic in erlangs 
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Fig 3.2 Comparable profiles for trunk traffic (full 
line) and local (dashed). 
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Fig }.3 Percentage probability of 'significance' 
of first 20 tchebicheff coefficients. 
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of the variability. The directions of these 4 principal 
axes of the covariance matrix are in fact reasonably 
constant from one exchange to another: Fig 3.7(i) shows 
the first diagonal block of the mean of the matrices of 
direction cosines between the principal axes as 
calculated for each exchange's routes individually, and 
overall; and Fig 3.7(ii) shows the matrix of standard 
deviations of these direction cosines from one exchange 
to another. Examination of the entire 20 x 20 matrices 
of which the Figures are submatrices shows that the 
first 5 or so vectors are reasonably stable, as are the 
last (although they may vary in order of appearance), 
whereas the intervening ones are not. The off-diagonal 
elements tend rapidly to zero with increasing I i-jl both 
for the mean matrix and, significantly, for the 
individuals. 

We have also performed such an analysis on the routes 
with morning and evening busy hours separately, and 
Fig 3.7(iii) shows the direction cosines between their 
first 5 principal axes. It is clear that the role of 
the first two principal components is interchanged; what 
can not be well seen from this table is that in fact 
the next 3 vectors too are remarkably constant, whereas 
after that instability sets in rapidly. It is pre
eminently the variation from one exchange to another 
of the proportion of routes with evening busy-hours that 
lowers the diagonal entries of Fig 3.7(i) and raises 
those of 3.7(ii). 

Associated with each principal component there is a 
pair of vectors in r-space, which are used respectively 
for projecting the component from the overall profile 
and for synthesising the latter from its components: we 
call these the projection and inversion vectors. (They 
do not coincide because of the asymmetric factor of 
(2 k + 1) in the Tchebicheff transform pair.) Fig 3.8 
shows the first 4 of these inversion vectors, which 
represent the 4 most important factors in the shape 
of the profiles analysed. The first two were indeed 
expected beforehand; notice incidentally how close 
they are to the sample profiles of Fig 1.1. That the 
third most important factor in British traffic profiles 
appears to be the effect of tea and coffee breaks is at 
least amusing, and at any rate not totally unexpected; 
but that the fourth effect is a large and sharp peak in 
the early part of the morning busy-period was a quite 
unexpected although in retrospect very reasonable 
finding. The next four of these vectors appears to be 
associated with a peak in the early evening and a 
depression of the afternoon traffic with respect to 
that of the morning, but they are neither particularly 
stable nor of much importance, and we do not show them 
here. There is some evidence that a shift in traffic 
is now taking place from the morning into the afternoon; 
if that is so then analysis of fresh data now being 
collected may help to crystallise these next few vectors. 

It is now natural to consider the possibility of 
representing an arbitrary traffic profile by means of 
(say) the first 4 of these principal components only. 
We have therefore performed a similar analysis to that 
of 111.1, and found that: 

a. The accuracy of approximation is generally rather 
better than that obtained by using for each route of its 
"significantly" non-zero principal components, but is not 
quite as good as that found in 111.1. In view of the 
much larger number of coefficients generally taken there, 
what is surprising is that the difference is so slight. 

b. Evening busy hours tend to be fitted slightly less 
well than morning. This seems to be because the 
evening traffic is inherently much more variable than 
morning, and so more parameters are needed so that the 
individual route shall be well fitted. 

We can evidence these remarks by the histograms of 
normalised traffic differences, as before. Once again; 
the overall shape of these is unchanged, and only the 
variance is altered. Table 3.4 compares this variance 
(in the column labelled 'principal components' with 
that found earlier. Notice that there is no overall 
loss of accuracy involved by using only the first 4 
principal components instead of a variable and generally 
much larger number of Tchebicheff coefficients. 

ITea 

IV CONCLUSIONS 

1. The true offered traffic on any route varies widel~ 
from day to day and from one week to another in a manner 
part systematic and part random. No measurement or 
dimensioning scheme which ignores this can be • 
satisfactory. 

2. The scanned traffic is more stable in the morning 
than the evening. Its variance in the latter period is 
some 40% greater than in the former. 

3. The variability of the scanned traffic about its 
mean at any particular time from one day to another is 
approximately normal, and we can write var A = kA, where 
k is of the order of 0.5 if averaged over the whole day 
and 0.45 if the means are scaled according to the total 
traffic on the individual days. We are unable to 
specify how much of this is accounted for through 
Olsson's formula [7J by the variations implicit in 
measuring random traffic by scanning, since we have no 
knowledge of the mean holding-times involved. It is 
possible however that a rise in this holding-time in the 
evening may at least partly account for (2) above. 

4. For any considerations not confined to a busy-hour, 
a knowledge of the traffic profile over the whole day is 
essential. It is not sufficient in the case of an 
individual route to rely upon a single figure such as • 
the all-day/RBH traffic ratio. 

5. In the UK, an all-day traffic profile can at 
present be well described by a mean and as few as 4 
principal components. 

6. The methods developed for the description and 
analysis of traffic profiles are sufficiently promising 
to be investigated more fully. 
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Fig 3.4 A profile (full line) and its 
approximation • 

• 94 -.12 -.09 .04 .00 .04 .17 .14 
.12 .90 .10 .05 -.02 .18 .06 .07 
.06 .0'+ .43 -.56 -.01 .14 .12 .16 

-.01 -.10 .23 .17 -.08 .. 05 .12 .39 
-.01 .03 -.10-.ll .31 .07 .14 .18 

(i) (ii) 

.07 .96 -.18 -.06 -.06 
-.95 .01 -.24 .01 -.13 
-.13 .21 .66 .08 -.20 

.12 .00 -.49. .46 .05 

.16 .03 .26 -.15 .54 

2145 

tchebicheff 

.13 .07 

.18 .13 

.29' .27 

.18 .31 

.25 .13 

Fig 3.7 I1atrices of (i) means and Cii) standard devia
tions of the direction cosines between the first 5 prin
cipal axes \,rhen evaluated separately for different 
exchanges. (iii) shows the direction cosines between the 
axes for all the mornins BH routes and for all the 
~vening BH routes separately. 
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Fig 3.6 Proportion of variance accounted for by 
the N'th principal component. 

True I1ean Tchebicheff Principal 
Coefficients Components 

AM .66 .71 .70 
PH .68 .71 .72 
EVE .76 .79 .79 
RBH .69 .73 .73 

Fig 3.5 Standard deviations of normalised 
differences of the data points from their true 
[leans and from two models, for the morning , 
afternoon and evening periods and the RBH 
separately. 

Fig 3.8 ~~ inversion vector~ associated with the first 4 principal components. 
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