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ABSTRACT 

Let V be the total set of subscribers and A and B 
subsets ofm. The"traffio from A to B" oan then be 
represented by a measure y{A,B) whioh has the follow
ing properties: non-negative, limited, totally addi
tive with respeot to A and B. 

A general formal foundation for performing oaloula
tions on traffio distributions is developed on this 
basis. The oharaoteristio properties of traffio 
distributions as well as specifio problems involved 
in the planning of telephone networks and praotioal 
methods of solving them are indioated in terms of 
this fundamental approaoh. 

A typioal example of a situation where this approaoh 
is valuable is that where telephone exohanges are to 
be rearranged. The traffio interrelations between 
the exohanges of a network, usually expressed in the 
form of a traffio matrix, onlT provide "supporting 
values" for the measure y{A,B). By "interpolating" 
between these values it is, however, possible to 
establish a oomplete measure whioh approximates the 
true measure y{A,B). In the oase ofa rearrangement 
of the exohanges, this measure provides all the neceA 
sary information on the new traffio interrelations 
whioh result. 

INTRODUCTION 

A prerequisite for the planning of a oomplex mesh
type network is a detailed knowledge of the traffio 
distribution. As a basis for this, data are re
quired whioh give a suffioiently detailed desorip
tion of this distribution. In line with oommon us~ 
we shall simply oall these data "traffio distribu
tion". 

Regardless of their aoouraoy, the data oonoerned 
must at least obey the logioal requirements of a 
traffio distribution, i.e.: 

the sum of all the partial traffios leaving any 
"souroe" must be the same as the quoted "total 
outgoing traffio", 

the sum of all the partial traffios arriving at 
any "destination" must be the same as the quoted 
"total inooming traffio". 

Traffio data whioh satisfy these oonditions are 
oalled oonsistent, or, following oommon usage, "oon
sistent traffio distribution". 

Basically, all the proble •• to be solved in the 
planning of a network oome down to fulfilling the 
oonsistenoy requirement stated above (see e.g. /1/). 
Two approaohes are needed: 

(a) Establishing of traffio distributions whioh are 
oonsistent a priori. In this approaoh it is peo
.ssary to assume that the "true" traffio dis
tribution possesses oertain idealized oharaoter
istios. Examples of this method are to be found, 
for example, in /2/. 

(b) Adjustment (oalibration) of inoonsistent traffio 
distributions. Methods of this type are needed, 
for example, to eliminate any inoompatibility 
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between the aotual situation and the idealizations 
assumed in (a). Here one attempts to modify the giv
en data as little as possible. Examples of this ap
proaoh are to be found, for example, in /3/ and /4/. 

Only approaoh (a) is dealt with in this paper. The 
objeotive is to provide a general basis for the oal
oulational prooedures - already known in prinoiple -
whioh oan be used to treat oonsistent traffio dis
tributions. The approach is based on the faot that 
for any sets A and B of telephone subsoribers there 
exists a "traffio from A to B" whereby the traffio 
between two telephone exohanges simply represents a 
sp8.oial oase of a traffio interrelation. 

The total set of all the telephone subsoribers and 
their traffio interrelations with one another are 
assumed to constitute a statio system. Nevertheless, 
the results serve as a basis for predioting future 
developments. Solutions are only possible, however, 
if adjustment methods of type (b) are employed. 

1. Speoifioation of the traffio model 

1.1 Elements of the model ----------------.----
Our analysis starts from the following basic oonoepw: 

(D1) Traffio universe U 

By "traffio universe" ("universe" for short) ve 
mean the set of all telephone subsoribers in 
existenoe at the time in question. 

~ is to be regarded as a olosed system with no 
oontaot with the "outside world". 

(D2) Traffio area 

By "traffio area" ("area" for short) we mean 
any subset A ~ v. 

a) It follows that the subsoribers oonneoted to 
a particular exchange oonstitute an area, as 
do the subsoribers looated in a partioular 
geographioal area and also subsoribers with 
the same oategory of behavior (see /2/). 

b) Both V itself and the empty set _ (the "emp
ty area") are areas. 

0) By A we mean the oomplementary set to A with 
reference to U, i.e. all subsoribers not be
longing to A. A is also an area, the "oomple
mentary area to An. Every interseotion AnB 
and every union AuB of two areas A and B is 
also an area. 

(D3) Traffio from area A to area B 

Let A and B be two areas and let 

1(!,B) • "traffio from! to B" 

represent the traffio intensity for all the oon
a.otioDl for whioh the oalling lubloriber lie • 
in A and the oalled subsoriber in B. It follows 
that we oan regard y(A,B) as that traffio whioh 
has its origin in the "souroe A" and whose 
destination is "sink B" (see Pig. 1). 
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Pig. 1 

Traffio between two areas 

a) As far as the definition of y(A,B) is oonoerned 
it is immaterial whether the areas A and B over
lap or not, it should be noted, however, that 
y(A,B) ~ y(B,A) in general. 

b) It ia also immaterial whether the trattio inten
aity retera to the ottered trattio or the pro
oeased traffio provided all y(A,B) are expressed 
in teras of the same quantity. Eaoh y(A,B) ahould 
also be based on the same observation period, 
e • g. "the busy hour in "UJ" • 

The following points should be noted: 

The speoitioation in (D1) and (D2) enable, the oaae 
ot an aotual trattio tlow to be desoribed in its 
tull struotural diversity in the simpleat posaible 
way. Sinoe U oan always be regarded as a tinite set, 
the are .. AS I[J themselvea oonsti tute a Borel tield. 
No speoial reterenoe to the existenoe of this field 
will therefore be made in what follows. It ia not, 
however, too ditfioul t to implement appropti<lte ~~tul.lte3 
tormally so as to oreate a more generalized tounda
tion in the theory of meaaures. This would be neoes
sary, for example, it one wished to equate the trat
fio areas in (D2) with geographioal areaa. 

A treatment whioh ia based on geographioal areas 
does, however, make it possible to treatU aa an 
"absolutely statio" struoture whioh is unafteoted by 
any fluotuation of subsoribers, an advantage in oer
tain ciroumstanoes. 

1.2 !!!~!!_~!_!~!!!!~_!!~! 

On the baais ot the oonventiona in 1.1 and praotioal 
understanding ot the tratfio intenSity, the tratfio 
y(A,B) satisfies the tollowing axioms: 

(A1) Por eaoh pair ot areaa A,B E ID there exists a 
non-negative finite number 

o ~ y(A,B) <. co 

whioh we term "trattio trom A to B". 

(A2) It A,B,C S U are areas and A,B are diSjoint 
(i.e. AnB - ~), then (aee ~ig. 2)1 
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(a) y(C,AuB) 

(b) y(AuB,C) = 
y(C,A) + y(C,B) 

y(A,C) + y(B,C) 

Pig. 2 

Axiom 2 tor trattio tlow 

A real tunotion p(A,B) whioh haa two areas as vari
able and whioh satisfies the axioms (A1,2) will be 
termed hereatter a "traffio flow measure onlU", or 
"TFM (onW)" for ahort. In aooordanoe with normal 
terminology used in the theory ot measures, the TFM 
oan be oharaoterized as being a "non-negative, 
limited, totally additive double measure". 

Some properties ot a TFM whioh are a direot oonae
quenoe ot (A1,2) will now be noted. 

a) The empty area oarries no tratfiol 

yeA,;) = y(;,A) - 0 

torl ainoe Bu; = B and Ba; = ;, it followa that 

e.g. y(A,B) - y(A,Bn;) = y(A,B) + yeA,;) 

b) The TFM is "monotonio non-deoreasing" in both 
variables: 

y(A,C) ~ y(B,C) 

y(C,A) ~ y(C,B) 
it A;2 B 

tor: e.g. y(A,C) = y(Bu(AnB),C) 

= y(B,C) + y(AnB,C) 
In the oase y(U,U) = 0 one thus has a "trivial 
TFM" tor whioh y(A,B) - 0 tor all A,B~U. 

0) The TFMs are superposable: 

It Y1(A,B) and Y2(A,B) are two TFMs and a1,a2 are 
oonstants, then 

y(A,B) = a1Y1(A,B) + a2Y2(A,B) 
is also a TFM sinoe, as oan be easily oheoked, 
y(A,B) also satisties the axioms (A1,2). 

d) If r(A,B) satisties the axioma (A1,2) for all 
A £ R and B S S, then 

y(A,B) = r(AnR, BOS) 
is a TFM,tor it XnY = ~, then 

y(XuY,B) - r«XUY)nR,BoS) 

- r«XnR) U (YnR) ,BnS) 

• r(XnR,BnS) + r(YnR,BnS) 

-7(X,B) + 7(Y,B) 
In thi8 oase y(A,B) i8 referred to a8 a "TFM re
duoed to souroe R and sink Sw. 
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.) Ir one of the two variables in a TFM y(A,B) i8 
kept oonstant, then y(X,C) or y(CtX) (with C -
oonst.) represents a "measure p(X)" whioh satis
fies the following &%ioms& 

(B1) For eaoh area X s U there exists a non
negative finite number p(X). 

(B2) For di8joint areas XnY - ~, 
p(Xuy) - p(X) + p(Y) 

Suoh a quantity is oalled an "elementary traffio 
mea8ure on U" or "ETM (on ~)" for 8hort. 

f) Everr produot of two ETM8 is a TFM sinoe, if 
Pj(A) and P2(B) are ETMs then, as oan easily be 
oheoked, 

y(A,B) - P1(A)P2(B) 
satisfies the axioms (A1,2). The oonver8e i8 ' not 
true, however. 

2. Traffio quantities of partioular signifioanoe 

2.1 ~!!:!!!!!!~!!! 

Certain oonoept8 are partioularly important for an 
under8tanding of the traffio interrelations between 
telephone exohange8. These are defined below on the 
basi8 of the TFM. 

(1) O(A) = y(A,U) 
is the souroe traffio generated by A. 

(2) D(A) = y(U,A) 
is the 8ink traffio arriving at A. 

(3) T = y(~,~) = O(~) = D(U) 
is the "total traffio" in U. 

From their definition, O(A)t D(A) and T are marginal 
quantities of the TFM y(A,B). From 1.2 b) we have 

(40) yeA,S) ~ O(A) ~ T (4b) yeA,S) ~ D(S) ~ T 

Under the assumption of a non-trivial TFM, it will 
always be assumed in the following that 

(5) T > 0 
The quantity _ 
(6) r(A,B) = y(A,S)T/O(A)D(S) 

for O(A),D(B) t 0 
is the "ooeffioient of preferenoe (Cp for short) 
from A to B". 

If I(A,B) i8 known, it follow8 that 

(7) y(A,B) = r(A,B)O(A)D(B)/T 
i.e. the CP, in oonjunotion with O(A) and D(B), 
yield8 information whioh is equivalent to y(A,B). If 
O(A) = 0 or D(B) = 0, then I(A,B) oan also be ohosen 
arbitrarily. 

The CP aoquires deoi8ive formal 8ignifioanoe in the 
cour8e of this disoour8e. Its 8pecial propertie8 
are di80u8sed in the next 8eotion (2.2). 

It seems appropriate at this point to refer to the 
"destination faotor" 

(8) dCA,S) = y(A,B)/O(A) 
for O(A) -I 0 

If the de8tination faotor is known, it follows that 

(9) yeA,S) = d(A,S)O(A) 
i.e. the destination faotor, in oonjunotion with 
O(A), yield8 information equivalent to y(A,B). 

The lignifioance of the deltination faotor rest. 
prinoipall7 on the fact that it. value oan be 
determined by measurement. It is thus pos8ible, via 
equation (9), to relate the TFM direotl7 to aotual 
oonditions. The destination faotor does not play 
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any part in our oonsiderations, however. 

2.2 ~~E!~!!!!_~!_!~!_~~!!!!~!!!!!_~!_E~!!:!~!~~! 
In view of it. formal nature, the CP I(A,B) oan be 
interpreted a8 a measure for the "preference of the 
souroe A for the sink B". The referenoe value for 
the evaluation - the "normal preferenoe" - i8 then, 
of neoessity, 1. For, from the definitions in 2.1 
we have 

(1) r(A,~) = r(~,s) = r(~,u) = 1 
for any areas A and B. 

In the case of the union of disjoint sources or sinks 
(AnB = ~), it follows from axiom (A2) that the CP 
obeys the following rules, 

(20) r(AuB,C)O(AuB) = r(A,C)O(A) + I(S,C)O(S) 
(2b) I(C,AvS)D(AuS) = I(C,A)D(A) + r(C,S)D(S) 
Thus the resultant CP is the weighted mean of the 
CPs of the oomponents, the weighting being in terms 
of either the souroe traffios or the sink traffios. 

If, in general, A is split up oompletely into dis
joint areas Ai (i = 1, ••• ,N), then 

(3a) ~ r(Ai,C)O(A.) = r(A,C)O(A) 
1 1 

(3b) l[ I(C,Ai)D(Ai ) = r(C,A)D(A) 
Aooording to 1.2 e), O(A) and D(B) have the oharao
teristios of an elementary traffio measure. Thus, 
from 1.2 f), it follows that 

(4) y'(A,B) = O(A)D(S)/T 
is a traffio flow measure. What i8 speoial about 
this TFM is that its marginal quantities O'(A), 
D'(B) and T' are exaotly the same a8 the oorre8pond
ing quantities for T(A,B). Its CP is therefore 
olearly I'(A,B) = 1 for all A,B~U. 

It is oustomary in praotioe to oompute the "traffic 
from A to B" by mean8 of a formula corresponding to 
(4) if the available data are restrioted to source 
and sink traffios. We 8ee here that by this method 
of oaloulation a "make8hift TFM" is produoed whioh 
accords with the available data. From the formal 
point of view, the principle involved is simplT that 
one postUlates a CP whioh is oonstant for all 
A,B~~. From (1) it follows that the constant must 
have the value 1. 

As will be shown in 4.2 and 5.2, this principle oan 
be applied in a more disoriminating form in that 
the property I(A,B) - oon8t. no longer has to hold 
true for all A,B ~m but only within certain areas. 
A TFM having a constant CP will be designated 
"homogeneous" in what follows. 

3. Traffio flow measure in a local frame of referenoe 

In praotioe the oODsideration of traffio interrela
tions is normally oonfined to a restrioted telephone 
network (e.go a oertain local network). The traffic 
interrelations outside this network are only of 
interest in so far as they (as outgoing or incoming 
long-distanoe traffio) interaot with the network. If 
L (for looal) i8 the set of subsoriber8 belonging to 
the network considered and ~ (for external) is the 
set of subscribers out.ide this network (so that 
L u E - U, see Fig. 3), thi8 mean8 that all the 
,interrelation. which remain only within E oan be ex
oluded from consideration of L. For a "local TFM" 
YL(A,B) derived in thiB wa7, it tollows that 

(1) ~(AnE,BnE) = 0 

341-3 



'ig. 3 
Looal and external areas 

If y(A,B) is the "global TFM" vhioh oomprises all 
the interrelations in V, the looal TP.M oan be ex
pressed as 

(2) YL(A,B) = y(A,B) - y(An~,BnE) 

As oan easilr be oheoked, ~L(A,B) also satisfies the 
axiom8 (A1,2) and is there~re a true TFM. 

Sinoe it is only this property that i8 important in 
the development of the treatment, it i. equally 
valid to interpret y(A,B) in its global or in it. 
looal sense. 

Referred to the oorresponding quantities of the 
global TFM, the looal TP.M satisfies the folloving 
fundamental relations: 

a) TL • y(U,U) - y(E,E) - T - y(S,E) ~ T 

b) Fo.,. A I B c: L, 

YL(A,B) • y(A,B), YL(B,A) • y(B,A) 

0) For R So L, 
0L(R) = OCR), D~(R) a D(R) 

d) For R ~IE, 

0L(R) • Yt(R,L), DL(R). YL(L,R) 
e) For A,B~E, 

IL (A,B) - 0 

f) For A,B SIL, 

IL(A,B) - TL o(i~~t~~ 
g) for R slE, 

It(R,IL) • TL 0IL(R)DL(L) 

Yt(t,R) 
It(L,R) - Tt 0L(t)Dt(R) 

4. Obtaining measures tor practioal applioation. 

Although the exi.tenoe ot a TPM has been proved the
oretioally, in the tinal analy.i. what is needed in 
praotioe is a numerioal oaloulation vhioh, starting 
tro. known data, viII produoe a TJM vhioh retleots 
the actual oonditions as aoourately as po •• ible. The 
va7 in whioh suoh a oaloulation oan be pertormed i. 
shown beloy in tera. ot two t1Pe. ot proble.. or 
praotioal importanoe. The tundaaental idea. involved 
and al.o their mathematioal realisation have already 
been pre.ented in the work ot Y. Rapp /2/. However, 
they will be interpreted here in teras ot the oon
oepts developed earlier. 

4.1 The Rapp model 
This 1I0del is tailored to the ·priaary plannin«" 
situation. It as.umes that vhile no oonorete traftio 
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data are available, the number ot subsoribers in 
eaoh area ot interest and the vay in vhioh the.e 
sub.oribers break down into the various oategories 
ot behavior are reasonably veIl known. The determina
tion ot the "trattio trom A to B" is ba.ed on the 
tolloving po.tulate. 

The tratfio trom Bi subsoribers ot oatego~ 
Bo. i to Hj subsorIber. of oatego~ Bo. j 
(i,j - 1, ••• ,X) is Bi B1ei1 (the value. of the 00-
effioients eij are bAsld Un experienoe). 

FrOIl this starting point, a TFM y(A,B) results in the 
tolloving vay: 

Suppose that the sub80ribers otV form X disjoint 
sets when labelled aooording to oatego~, Si being 
the set of subsoribers belonging to oatego~ Bo. i, 
and let o(A) be the oardinal number of the set A, 
i.e. in this oase the number of subsoribers in A. 
Then the postulate says that 

(1) y(AnS.,BoS.) = E:.(A,B) = c(AnS.)c(BnS.) 
1 ) 1) 1) 

Sinoe o(AnSi ) and o(Bo Sj) are olearly ETMs, it tol
lovs that E (A,») are TFMs. Sinoe the S (i - 1, 
• •• ,X) subdi~ide U oompletely into di8joint areas, it 
tollovs trom axioll (A2) that 

(2)'y(A,a) = f T [i,(Ai,B
j
) 

Thu. y(A,B) results from the superposition ot X.X 
TFMs and is therefore itselt a TFM. 

4.2 !~!!~~!!!!~~_~~_!_!~ 
A different, and more oommon, 8ituation is that 
vhere souroe and/or sink areas are to be rearranged. 
In this oase data are available whioh partially 
desoribe the TFM but vhioh are insutfioient tor 
solving the problem. Essentially, the problem oan be 
reduoed to the tvo element~ problems disoussed 
belov. 

Problell 1 

Given: O(X) tor all X of interest and y(C,R) tor all 
R of interest. 
To find: y(X,R) tor XSC (see Pig. 4). 

Fig. 4 
Interpolation ot an area C 

To tind an exp~.sion tor y(X,R), ve assume that 

(1) leX, R) = conat for 011 X s C 

and .ay that "the TFM is homogeneous within the 
souroe 0". 

With this assumption t we obtain the tollowing "ap
p~oxi ... tion to y(X,R} tor X SC": 

, (2) r'(X,R) = y(C,~)O(X)/O(C) 
The .uperpos~tion 

(3) y'(X,R) = r'(XoC,R) + y(XnC,R) 
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yields a "TFM whioh i. fitted to y(X,R) and inter
polate. the souroe C". 

That Y'(X,R) really is fitted to Y(X,R) i. oonfirmed 
by the followingl 

a) For X 2 C. 

y' (X,R) ... r' (C,R) + Y(X () e,R) 

• y(C,R) + 7(X/,\ e,R) , 

... 7(X,R) 

b) For any X, 
O,(X) .. y'(X;lIJ) 

Problem ,2 

= 7(C,11) °A(~)C) + 7(Xn C ,IU) 
= O(XnC) + O(XnC) 

O(x) 

Given: D(X) for all X of intere.t and y(R,C) for 
all R of interest. 
To find: y(R,X) for XSC (see Fig. 4). 

In this oase we a •• ume that 

(4) I(R,X) = con at for all XSC 
and say that "the TFM 18 homogeneous within the 
sink C". 

With assumption (4), the "approximation to Y(R,X) 
for X~O" is 

(5) r"(R,X) = y(R,c)D(X)/O(c) 
and the superpo8ition 

(6) y"(R,X) = r"(R,XnC) + y(R,Xne) 
yield8 a "TFM whioh i8 fitted to Y(R,X) and interpo
lates the sink C". 

That y"(R,X) really is fitted to y(R,X) oan be oon
firmed by the analogou8 argument to that employed 
for problem 1. 

The modification· of the TFM introduced by the inter
polation i8 irrever8ible, i.e. the original (but 
insufficiently well known) TFM cannot be reoon
structed from the interpolated TFM. As will be 
shown in connection with the traffio matrix, the 
irreversibility manifests itself in the fact that 
the varianoe of the OP decreases as a result of an 
interpolation. 

5. The traffic matrix 

5.1 ~!~!~!!!~~ 

The traffio matrix is normal17 taken to mean the ag
gregate of all the traffic interrelations between 
the exohange8 of a particular telephone network. If 
the network oonoerned contains U exohanges, there 
will be U-U possible interrelation8 between an ori
ginating and a destination exohange. The aS80ciated 
tra~fio intenaitie. oan then be arranged in the fora 
o~ a aquare matrix. 

In the oa.e of modern network., however, with their 
more .ophi.tioated atructure, it turns out that the 
areas of interest as origin8 (8ources) and de.tina
tions (sinkS) are not necessarily identioal. 
Let u. now analy8e this more general situation: 
SuppoBe~ iB subdivided into diBjoint areas in two 
different W&7S (Bee Pig. 5) - Bouroes E (m - 1, ••• , 
~~ei:e!~:d:ir8t ca8e and 8inks Fn (n = ', ••• ,U) in 
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Fig_ 5 

Subdivi.ion of U into souroe and sink areas 

We now define 

(1) y = y(E ,F ) mn m n 

to be the traffic from the "source m" to the "sink 
n", 

(2) 0 = O(E ) = L y • • n.n 
to be the source traffio of the "souroe mn, and 

(3) 0 = O(F ) = L y n n _." 
to be the 8ink traffic of the "sink n". 

The y can be arranged in a matrix oonsisting of 
M rowJDand U oolumns (see Fig. 6). Summing the ele
ments in any row or any column result8 in the corre
sponding 0 or D and summing the 0 or the D give8 
the total 'raffi8 TI m n 

(4) L: 0 1:1 E 0 Cl T • _ n n 
We oall thi8 matrix a "traffic matrix with y format" 
or simply a "y matrix". 

n= 
-1 N 

M YM1 Y~N 0 .... . 

J'ig. 6 
Example of a traffio matrix 

By analogy with 2.1 (6), 

(5) I = y 1/0 0 mn mn m n (0,0 .J 0) m n 
is the "coeffioient of preferenoe (op) from souroe 
m to sink n". If I , 0 and D are given, the y 
matrix oan be oomp!itel, reconitruoted a. 

(6) y = I 0 0 IT mn mn m n 
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The I ,in oonjunotion with 0 and D , thus provide 
inforiition equivalent to thatmgiven By the y 
matrix. The oombination I ,0 ,D is therefore 
termed the "traffio matrifDwiih nI format" or simp
ly "I matrix". From 2.2 (3), every oonsistent I 
matrix satisfies the oondition 

(7) z I 0 = 1: I 0 = T • an. n _n n 

5.2 ~~!!!~!~_!_!~_!!~!_!_!!!!~_!!!!!!~_!!!!!! 

In general a given traffio matrix represents the 
sua total of our knowledge oonoerning a oertain 
TFM. This matrix tells us something about the TFM 
y(A,B) only in so far as A is identified with a 
souroe E (m = 1, ••• ,M) and B with a sink F 
(n ... 1,.~.,B). n 

If a rearrangement of the souroes and/or sinks 
takes plaoe, it is only possible to prediot the new 
traffio interrelations which result if the avail
able data are expanded to form a TFM. Apart from 
the traffio matrix, all the O(A) and D(B) of inter
est are also known in general. Starting with the 
known data and usi~ the interpolation prooedure 
of 4.2 a TFM y'(A,B) whioh is fitted to the TFM 
y(A,B) oan be defined on the basis of the following 
postulate: 

The TFM is homogeneous within eaoh souroe area ~ 
(m = 1, ••• ,M) and eaoh sink area Fn (n - 1, ••• ,R). 

With this postulate it follows from 2.2(3) that 

(1) I'(A,B)O(A)O(B) = .Eo 1: I O(AoE )O(BnF ) 
• n.n • n 

and from this result and 2.1(7) that 

(2) y'(A,B) = -T1 I: ~ I O(AnE )O(BnF ) . • n.n • n 

That y'(A,B) is aotually a TFM is olear sinoe it 
results from the superposition (see 1.2 0» of re
duoed (see 1.2 d» TFMs. Furthermore, y'(A,B) is 
also fitted to the given data, since 

a) y'(Ei"'j) = ~~~ImnO(Ein Em)D(Fjo Fn) 

= ~_ . IijO(Et)D(Fj ) = Yij 

for all i and j. 

b) O'(A) = Y'(A,U) = -T1 LL I O(Ao E )D(un F ) 
Tl'1 tl mn m n 

... -T
1 L O(A() E )LI D(F) 

m m n mn n 

- 2:,O(An E ) = O(A) 
m m 

(~I D(F) - T) 
11 mn n 

for any A. 

A similar result holds tor D'(B). 

Sinoe y'(A,B) il a !FM, any new lubdivision into 
souroe and sink areas will again result in a oon
sistent traffio matrix. 

As has already been mentioned in 4.2, the homogene
ity postulate relults in an irreversible .odifioa
tion of the original TlM. To show that thil il 10, 
let us define 

(3) V = L: I(E ,R)20(E )/T •• • 
to be the "I varianoe ot the souroes E. with re
speot to the sink Rn. 

If we postulate a TFM y'(A,B) whioh is hoaogeneouB 
within eaoh lource area E , the relult, Itarting 
from the original TFM y(A~), is 

(4) I' (A,B)O(A) = E I(E ,B)O(AoE ) •• • 
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From b) above, the following condition il latisfied 
for the TFM defined by (4)' 

(5) O'eA) = O(A) 

Bow let Gk (k - 1, ••• ,X) be another diljoint Iub
division of V. For y'(A,B) the "I Tariance ot the 
lources Gk with relpect to the link R" il then 

V' = f I' (Gk,R)20(Gk)/T 

(6) V' = t '( (~I(E.,R)ak.)20(Gk) where 

(7) aka = O(GkoE.)/O(Gk) 

Sinoe ~ a - 1 tor all k, the tollowiD« oondi tion 
11 al w&YI-¥rue : 

(8) (~I(E.,R)ak.)2 ~ ~ I(E.,R)2ak~ 
Subltituting (8) in (6) and interchaDcing the order 
of lummation, we have 

(9) V' a E I(E ,R)2. -T1 L a
k 

O(G ) 
•• lk. k 

Sinoe 

- (10) ~ ak.O(Gk) = ~ O(GkoE.) = O(E.) 

we finally obtain the tollowing relult. 

(11) V' ~ E I(E ,R)20(E )/T = V •• • 
It is clear that a limilar re.ult il obtained on 
treating the "I variance ot the linkl F with re
Ipect to a louroe Rn in an analogoul t.ihion. 
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