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ABSTRACT 

This paper compares the equivalent random model for over
flow traffic with two models based on the interrupted 
poisson process. One of these models is considerably more 
difficult to compute than the E.R. model but its accuracy 
is much greater and it is useful as a reference for 
comparing different models. The other is of comparable 
accuracy to the E.R. model and in some applications is 
more easily computed. 

1. INTRODUCTION 

The most widely accepted procedures for calculations with 
overflow traffic is Wilkinsons Equivalent Random (ER) 
model, and variations of it (Ref. 1). Nearly 20 years of 
practical experience have firmly established its adequacy 
for practical applications yet there is suprisingly little 
numerical data on its accuracy. This paper reports the 
results of an investigation of an alternative model using 
the I.P.P. process which throws some light on the nature 
of the ER approximation. 

2. PRINCIPLES OF INVESTIGATION 

A typical overflow configuration is shown in figure 1. 
There are "r" distinct sources, each overflowing into a 
common route, and the usual problem is to determine the 
size of the common route to satisfy some service criterion. 

~'l 
Ai1J -? 00 - - - 0 I 

~l 
;';2) ~ 00- - -0 r~ 

~I 
A:r J ~ 00---0/ 

PRIMARY ROUTES. 

FIGURE 1 Typical Overflow Route 
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In principle, this problem can be solved by state 
equations, but in practice the number of states is 
unmanageably large, for figure 1 the number being 
(C(1)+1)(C(2)+1)- - - (C(r)+l(C(o)+l). 

The E.R. model replaces the r sources with a single source 
of A(e) erlangs offered to C(e) circuits, such that the 
mean and variance of the overflow from this single source 
is identical to that of the r actual sources. giving the 
model of figure 2. This model has only C(e)+C(o)+l states 
and its solution is very simple. 
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FIGuRE 2 Equivalent Random Model 
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Kuczura (Ref.2) describes the Interrupted Poisson Process 
(I.P.P.) which gives a remarkably close approximation to 
the overflow from a single route. This is a poisson 
process modulated by a switch which is alternately turned 
on and off. with the on and off periods being independent 
negative exponential variables. It is defined by three 
parameters,1-. wand g where:-

t is the intensity of the poisson process. 
llw is the mean on time of the switch. 
llg is the mean off time of the switch. 

This model has two states and the three parameters can 
be used to match the first three moments of a distribution. 
If each of the sources of figure 1 is replaced by an I.P.P. 
approximation one get~ the model of figure 3. in which the 
number of states is 2 tr) .(C(o)+l), considerably less than 
for the actual configuration, but greater than the E.R. 
model of figure 2. It will be shown that the model of 
figure 3 is generally more accurate than the E.R. model. 
and because it takes account of the actual structure of the 
sources it allows' some conclusions to be drawn about the 
accuracy of the E.R. model. 
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NOTE. Ea'ch ER mcdel replace s one ef thQ sources in fig .1. 

FIGURE 3 I.P.P. Accurate Model 

3 • POTENTIAL ACCURACY 

Ref. (2) gives some comparisons of the probability 
distributions of the overflow from a full availability 
route with those of an I.P.P. model matching the first 
three moments. The differences shown are small and 
suggest that the accuracy of the model may be sufficient 
for the purpose in mind. 

A more direct assessment of the potential accuracy was 
made by comparison with some cases for which exact 
solutions are available. Use was made of results published 
by Kibble (Ref.3). giving exact solution for a number of 
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cases with two routes overflowing into a common route, as 
well as the approximation using the E.R. model. For each 
case a solution using the I.P.P. approximation of Fig.3 
was obtained and compared. Out of 97 cases, the I.P.P. 
model was more accurate in all but 2 cases. The I.P.P. 
model was usually from 5 to 20 times as accurate as the 
E.R. model, and in the cases where the difference was small 
or where E.R. was better, both were very close 
approxima tions. 

Further evidence on the accuracy of the I.P.P. model arose 
as a consequence of the actual study. 

4. DETAILS OF INVESTIGATION 

For the purposes of this investigation, 9 different 
combinations of high usage routes were chosen, each of 
which generated an overflow traffic of 10E with a variance 
of 20. For each of these the E.R. model uses the same 
model but the I.P.P. model is different for each case, and 
any differences in the results include the effect of 
differences in the make-up of the overflow traffic which 
are ignored in the E.R. method. 

The choice of the overflow traffic mean and variance was 
a compromise between the desirability of a small value 
for which computing would be more economical and of using 
values typical of actual routes. Although rather low, 
traffic of this order is found on some high usage routes 
in Australia. The combinations were chosen for convenience 
of calculation with the possibility of detecting a sig
nificant pattern also kept in mind. Table 1 lists these 
combinations. 

Case No. Composition 

1 Single Source MalO, V-20 (E.R. Model) 
2 Two Sources each M-5, V-lO 
3 Two Sources (one Me 5, V-5 

(one M-5, V-15 
4 Three Sources (one M-5, V-lO 

(two M-2.5, V-5 
5 Four Sources each M-2.5, V-5 
6 Eight Sources each M-l.25, V-2.5 
7 16 Sources each M-5/8, V-l.25 
8 32 Sources each M-5/l6. V-5/8 
9 64 Sources each M-5/32. V-5/l6 

TABLE 1 

For each of the components of these combinations the 
following were calculated. 

(1) The offered traffic (A) and the number of circuits 
(C) from which overflow of the specified mean and 
variance would be generated. 

(2) The first seven factorial moments of the overflow 
traffic component. 

(3) The LP.P. parameters to generate traffic with the 
same first three factorial moments. 

Case FACTORIAL MOMENTS 

No. F3/l03 F4/l04 FS/10
5 

F6/l06 F7/l07 

1 1. 2988 1.6214 2.1187 2.8170 4.0376 
2 1.3042 1.6441 2.1825 3.0287 4.3689 
3 1.3201 1.7101 2.3652 3.4595 4.9329 
4 1.3064 1.6537 2.2108 3.0995 4.5361 
5 1.3085 1.6633 2.2392 3.1703 4.6949 
6 1.3117 1.6774 2.2817 3.2799 4.9563 
7 1.3137 1.6867 2.3102 3.3548 5.1385 
8 1.3150 1.6926 2.3286 3.4033 5.2582 
9 1.3158 1.6962 2.3400 3.4338 5.3340 

l(IPP) 1.2988 1.6199 2.1107 2.8505 3.9658 (2) 
NEG. 1.32 1. 716 2.4024 3.6304 5.7658 (3) BIN 

Note 1. Fl-10. F2-l10 for all cases. 
2. Moments of IPP fitting case 1. 
3. Moments of Negative binomial with Fl-lO, F2-110. 

TABLE II 
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The factorial moments of the combinations were then 
calculated from those of the components, and are listed 
in Table 11. Also for comparison is given the moments 
of a negative binomial distribution of the same mean and 
variance. Examination of the table suggests the following 
hypotheses. 

(1) For any combination of overflows from full 
availability routes the third and higher moments 
are higher than those of the matching ER model. 

(2) If all the components have the same ratio of 
variance to mean the moments approach those of 
a negative binomial, as the number of components 
increases. 

(3) If the components have different ratios of variance 
to mean, the third and higher moments increase more 
rapidly than if the ratios are equal. Cases have 
been found where they exceed those of the 
corresponding negative binomial. 

Although it has not been possible to prove these hypotheses 
rigorously, a considerable amount of numerical work 
supports them. 

Using the parameters referred to above the grade of service 
for overflow routes of 1 to 24 circuits was calculated 
using the ER model and the various I.P.P. models. These 

• • 

results are listed in Table III together with those for • 
two models both generating negative binomial traffic. 

CCTS Case No. 

1 lA 2 3 4 5 

1 .91667 .91667 .91477 .91191 .91411 .91350 
2 .83527 .83527 .83165 .82619 .83040 .82922 
3 .75607 .75607 .75095 .74330 .74749 
4 .67936 .67935 .67300 .66370 .67083 .66866 
5 .60547 .60543 .59814 .58791 .59312 
6 .53473 .53466 .52675 .51635 .52401 .52127 
7 .46751 .46740 .45921 .44943 .45350 
8 .40420 .40403 .39591 .38745 .39309 .39020 
9 .34516 .34490 .33721 .33061 .33172 

10 .29076 .29042 .28342 .27902 .28093 .27838 
11 .24120 .24084 .23479 .23271 .23037 
12 .19700 .19644 .19151 .19162 .18969 .18782 
13 .15802 .15734 .15362 .15563 .15072 
14 .12437 .12359 .12105 .12456 .11896 
15 .09591 .09506 .09362 .09813 .09227 
16 .07240 .07150 .07099 .07603 .07066 .07030 
17 .05344 .05254 .05274 .05789 .05257 
18 .03854 .03767 .03836 .04328 .03858 
19 .02714 .02633 .02731 .03174 .02777 
20 .01866 .01794 .01902 .02283 .01937 .01961 
21 .01252 .01190 .01296 .01609 .01356 
22 .00820 .00769 .00863 .01111 .00919 
23 .00523 .00484 .00562 .00751 .00609 
24 .00327 .OO~ .00358 .00497 .00385 

Note 1 2 3 3 3 3 

G.O.S. using E.R. model Notes 1. 
2. 
3. 

G.O.S. using I.P.P. approximation to 1 
G.D.S. ue±ng model of fig. 3. 

TABLE III 

5. ANALYSIS OF RESULTS 
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.91280 

.82786 

.74552 

.51803 

.32840 

.18554 

.09145 

.03881 

.01413 

.00444 

3 

In the case of a single source the E.R. model (model 1) 
is an exact solution and the I.P.P. (model lA) an 
approximation. Therefore comparison of these will give 
an indication of the accuracy of the latter. For the 
other combinations only the I.P.P. approximation are 
available. but they differ from model lA by considerably 
more than model lA differs from the exact solution of 
model 1. Therefore the differences are a good indication 
of the differences which would arise in an exact solution • 

In order to illustrate this better figure 4 shows the 
difference between the grades of service of each model 
and model 1. Certain trends are clearly visible. 
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For all the cases with more than one source the 
congestion is lower than for a single source for 
moderate numbers of circuits, but is higher for 
large numbers of circuits. Therefore the ER 
model always overestimates congestion for poor 
grades of service and underestimates for good 
grades of service. 

(2) The difference curves do not correlate clearly 
with the' higher moments, or with any other 
parameter which would lead to a convenient formula 
of greater accuracy than the ER model. 

(3) Although the magnitude of the differences is small 
enough to be ignored in practical calculations. 
they may be significant in theoretical investig
ations of for example the difference between 
different trunking configuration. 

6 • PRACTI CAL CALCULATIONS 

One of the objectives of traffic theory investigations 
is the development of practical dimensioning techniques. 
In this respect, the present paper has demonstrated that 
there is no significant difference in accuracy between the 
ER model and the I.P.P., so that either can be used with 
equal confidence and the choice is merely a matter of 
convenience of calculations. Also, it has been shown that 
there is some error involved in the use of either and that 
simplifying approximations may be permissible. 

In calculations where the overflow route has full 
availability the ER model is fairly easy to use, and lends 
itself to a recursive, circuit by circuit, calculation 
using the formula. 

U(x) - A (c+x)/(U(x-l)+x+c) 

Starting with 

U(c) - M 

•••••••••• (1) 

Where:- M is the mean of the traffic offered to the 
common route. 
A,c are the ER parameters of this traffic 
U(x) is the traffic lost from a common route 
of x circuits. 

The most time consuming process in using the ER model is 
in determining the ER parameters, which cannot be 
obtained explicitly from M & V. The A.P.O. adopts an 
iterative process, starting with the following approx
imation by Rapp (Ref.4) • 

A - V+3(V/M) (V/M-I) ......... )(2) 

c - A/(l-l/(M+V/M)-M-l) 

ITea 

It ' nowappears that sufficient accuracy can be obtained 
by using these approximations directly in equations (1). 
This is not the same as using an ER model since equation 
(1) assumes that M is a particular function of A & c, and 
this relationship does not hold for the approximations. 
Nevertheless, the procedure gives exact values for the 
traffic lost from a single circuit, and quite small 
errors for any number of circuits. 

This is a very simple process for computation, and faster 
than any possible method based on the I.P.P. model. The 
only more economical method would be one based on curve 
fitting, such as that described by Berry (Ref.S). In 
the past such methods have tended to be regarded as less 
accurate than the ER model, but on the evidence here 
presented this may not be so • 

In cases where the overflow route has internal blocking 
the ER model is less satisfactory and a variety of 
procedures is used, most of them based initially on the 
ER model. These are all either considerably slower than 
the full availability ER model, or use approximations 
whose effect is rather difficult to evaluate. 

In these situations the I.P.P. model is comparatively 
easy to use, and considerably faster than the current 
A.P.O. method. Appendix I gives the derivation of the 
necessary traffic formulae for a generalised route with 
internal blocking. One practical difficulty is that the 
I.P.P. model has three parameters, and the usual 
representation of overflow traffic provides only the mean 
and variance, so that it is necessary to devise a role 
for setting the third parameter. Details of one possible 
process are given in appendix 2. 

7. EFFECTS OF HIGHER MOMENTS 

Attempts were made to develop models which made use of the 
higher moments to increase the accuracy. Although these 
were inconclusive they led to some interesting results. 

One obvious line of investigation was to fit the I.P.P. 
model to the first three moments of an overflow 
distribution. Paradoxically this invariably gave less 
accurate approximation than an I.P.P. fitting the moments 
of the ER model. One such curve is shown in figure 4, 
(curve "C") and it can be seen that it diverges in the 
wrong direction. Note also that the traffic carried by 
the first circuit is unchanged. ThiS, in fact is a 
particular case of a relationship which was found to 
apply to the moments of the traffic offered and lost 
from full availability routes offered Poisson, or 
interrupted Poisson traffic. This relationship is 

__ 1 ___ = __ 1__ + _---=1=--__ 
F(x,c) F(x,c-l) F(X+1,c-l) 

where F(x,c) is the xth factorial moment of the traffic 
overflowing from c circuits. 

Setting x=l, c=l gives F(l,l) = 1/(1/F(l,O)+1/F(2,O» 
showing that, for these types of traffic, the overflow 
from one circuit is dependent only on the first two 
moments of the offered traffic. Clearly, it if applies 
to poisson and interrupted poisson traffic it also 
applies to the overflow of these types of traffic from a 
full availability route. 

(The relationship can be demonstrated for poisson traffic 
by algebraic manipulation of the results of Riordan (Ref.6) 
and for interrupted poisson the factorial moments can be 
derived by a similar process.) 

It is manifest that for the combined overflows of cases 2 
to 6 the same relationship does not apply, and that there
fore both the I.P.P. and the ER model differ from actual 
overflow traffic in a fundamental manner. Therefore, any 
more accurate m9de1 must be of a different type. A 
characteristic of the ER and the I.P.P. models is that 
they switch between states for which the birth co-efficients 
are zero, and a state for which the birth co-efficient is 
a constant value. In contrast to this, the combination of 
several overflows can offer traffic to the combined route 
at various intensities, depending on the sources which at 
that instant have all circuits busy and are therefore, 
offering traffic. Any more elaborate model will probably 
need to include this feature. Such models were 
investigated by Palm (Ref.7) and others, but led to 
extremely difficult calculations. 
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Cases B & C in Table 3 illustrate the range of mOdels 
which can generate traffic of the same moments. They are 
the two negative binomial models designated 3.4.1 and 
4.4.1 in Wallstroms paper (Ref. 8). The second model, in 
which the arrival rate is a function of the calls carried 
on the route to which it is offered is usually regarded as 
an artificial approximation. However, it is identical 
to an I.P.P. model in which ~ ~ «, and therefore is no 
less artificial than the negative binomial itself. 

8. CONCLUSIONS. 

This investigation has -

(1) given a clearer indication of the nature of the 
errors in the use of the ER model. 

(2) shown that an I.P.P. model fitting the first 
three moments of the ER model is equally accurate 
and more easily used in some cases. 

(3) shown that greater accuracy, at far greater cost, 
is possible by using I.P.P. models to replace each 
of the components of the overflow traffic. 
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APPENDIX 1 

INTERRUPTED POISSON TRAFFIC CALCULATIONS 

The interrupted poisson model has two states as shown in 
figure 5. In state 1, it is a source of poisson traffic 
of intensity 1, while in state 0 no traffic is generated. 
The transition probabilities from state 0 to State 1 is 
w/rdt, and from state 1 to state 0 is g/rdt where r is 
the average holding time. 

The traffic problem is to compute the lost traffic and 
grade of service when such traffic is offered to a route~ 
Assume a generalised route of c circuits with Mo.eking 
factors Wen) where Wen) is the probability that no outlet 
is accessible when n circuits are occupied. Wee) of 
course is 1. 

When interrupted poisson traffic is offered to this route, 
there are 2C+2 states and the transition probabilities 
are shown, normalised in the state diagram in figure 6. 

U1 -Wol ) OL\/1-W.y 
0+-(--

Wi ig 1 JII~ 
ii- I'V 
0< O~ 

FIGURE 6 

For a route of 3 circuits the coefficients of the state 
equation are:-

POD P
Ol PlO Pn P

20 P2l P
30 

P
3l 

w -g -1 -0 

-w g+R.(l-Wo) 0 -1 -0 

w+l -g -2 -0 

-t(l-Wo) -w g+l+ 0 ~2 -0 
.tCl-Wl) 

w+2 -g -3 -0 

-L(l-Wl) -w g+2+ 0 -3 .. 0 
Hl-W2) 

w+3 -g -0 

-t(1-W2) -w g+3 -0 

Any seven of these together with the normalising equation 
form a set from which the state probabilities can be 
obtained. The best procedure is to delete the eighth 
equation and simplify the set by replacing the second, 
fourth and sixth by the sum of the first two, the first 
four and the first six respectively, This gives the 
following equations. 

w 

1 

-g :-1 

HI-WO) -1 -1 

wH -g 

t(l-Wl) 

1 1 1 

-2 

-2 -2 

w+2 -g 

t(1-W2) 

I 1 

P
3l 

-0 

-0 

-0 

-0 

-3 -0 

-3 -3 -0 

w+3 -g -0 

1 1 -I 

From the first seven equations it is possible to express 
all the state probabilities as multiples of P3l , or in 
the general case of c circuits, as multiples of 
p 1 i.e.:-c, 

P - A *P n,m n,m c,l 

lifC8 

The multiples are given by:-

I 

g/(w+c) 

(n+l) (An+31 ,0 + An+I,O)/(L(l-Wn) 

«n+l)(A 1 O)+gA l)/(w+n) n+ , n, 

A 
n,m 

then P - A /S n,m n,m 

and the lost traffic is given by :-

and the grade of service by:. 

B U/Offered Traffic 

CWoPo,l + WlPl,l + + + P l)(w+g)/w 
c, 

The above expressions are easily programmed on a computer, 
and ·the processing time is two or three times as long as 
for poisson traffic offered to a similar route. 

For full availability the Ware all equal to zero except 
for W -1 and the one sub-rButine can be used for both 

c 
cases. It is also possible in the full availability case 
to develop an explicit formula which is useful for further 
investigations but less economical to compute. 

A difficulty with the I.P.P. model is that it has three 
parameters and therefore requires three conditions to be 
specified. Two of these are that the model should match 
the first two moments of the actual distribution but 
matching the third moment also is undesriable since this 
makes the model less accurate than the ER .model. 

Ref(2) gives a ·method which makes the first three moments 
match those of the corresponding ER lmodel, but this is a 
rather complicated procedure. It also gives another method 
in which R. is specified by an empirical formula and the . 
remaining parameters used to match the first two moments. 
A rather batter formula than that given in ref(2) is:-

R. a V+2(V/M) (V/M-I) 
from which 

v-g+w= (V/M-l)/(R.-M+l-V/M~ 
WE vMI R. 
g"'v-w 

FIGURE 5 ~.P.P. MODEL 

APPENDIX 2 

NOTES ON NUMERICAL METHODS 

This appendix lists formulae and procedures which were 
used in the development of this paper. None are original, 
except for some algebraic manipulations to make them more 
convenient to implement on a computer. 

MOMENTS OF OVERFLOW TRAFFIC 

Second and higher moments are most conveniently calculated 
as factorial moments, and converted to other forms if 
desired. The formulae given by Riordan & Kosten can be 
shown to be equivalent to the following recursion. 

1 1 (_...::l=--_ 1 N + x ) 
F(x+l) K;- AF(x-l) - F(x) + AF(x) 

~ . for the overflow traffic ariSing fromA erlangs offered to 
t 
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N trunks and Fx is the xth factorial moment. 

Note that for x = 1. 

1 _1_ _1- + N+1 
F2 - AF F1 AF1 

0 

or F2 -
AF1 

F1-A+N+1 

which is in the form given by Riordon. 

FACTORIAL MOMENTS OF A COMBINED DISTRIBUTION 

The factorial moments of the sum of two distributions can 
be calculated by converting to cumu1ants, adding, and 
converting back. However the arithmetic is extremely 
messy except for the first two or three moments. 

The factorial moments can be used directly in the 
following equation. 

Fn,a+b = Fn,a+n{Fn-1,a},{F1,b} + n{n-1} {Fn-2,a} {F2,b}+ -

- - - + Fn,b 2 

where Fn, a + b is the nth factorial moment of the sum 
of two distributions 'a' & tb' 
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Fna is the nth factorial moment of 
distribution 'a' 

Fnb is the nth factorial moment of 
distribution 'b'. 
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