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ABSTRACT 

The waiting-time distributions for calls at markers (and 
other peripheral devices) are obtained for three design 
strategies: direct interrupt, periodic polling, and 
complex polling of the marker. Analytical results are 
already applicable' to the direct interrupt case, using 
the Crommelin model. The periodic polling case requires 
fresh analysis fully described in this paper, to take 
into account the limited accessibility of the program 
serving the marker queue. The case of complex polling was 
found to be too difficult for direct analysis, and a 
simulation program was implemented to obtain the desired 
results. The simulation model also serves as a check on 
the analytical results for the periodic polling and direct 
interrupt cases. 

Conclusions are given concerning the values of the criti
cal parameters that lead to significantly different 
waiting-time distributions in the design alternatives. 

1 . INTRODUCTION 

In contemporary Stored Program Control switching systems 
having electromechanical switchpoints and a fully electro~ 
nic central control, the markers and other peripheral 
devices are designed to provide an interface between the 
microsecond world of the central control and the milli
second world of the switchblock. Given a free choice in 
the use of the interrupt levels available in the central 
control, there are many design strategies available for 
the passing of work from the central control to a peri
pheral device and back to the central control. 

A traffic engineering study can contribute quantitative 
information of the following kind to the system designer: 

a) the distribution of the waiting time that the call 
spends at each marking job**; 

b) the mean, variance and any other moments desired for 
the waiting time distribution; 

c) the mean occupancy of the marker** itself. 

This information will indicate the cost of each design 
alternative in terms of: 

a) its impact on the total waiting time for each phase 
of the call, e.g. the preselection delay, and hence 
on the Grade of Service of the exchange; 

b) the capacity of the markers to handle an overload of 
traffic. 

This paper describes work performed while Mr.Gerrand 
was on leave from the Australian Administration, work~ 
ing as a consultant to the Laboratorios ITT de Standard 
Electrica, S.A. in Madrid, from November 1974 to 
October 1976. 

** For simplicity, the word "marker" will be used in 
this paper to refer to any network access device that 
receives a New Job from the central control, and re
ports an End of Job to the central control on successful 
completion of that Job. 
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2. THE DESIGN ALTERNATIVES 

It is assumed that a marker takes a constant time h, 
between receiving a New Job (NJ) signal and sending an 
End of Job (EOJ) signal, to perform its task #. However 
the EOJ signal may not be accepted immediately by the 
central control, so the service time s will generally 
exceed h, from the point of view of the waiting call (see 
Fig.1). The relationship between s and h will vary with 
the design strategy chosen. 
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Secondly it is assumed that calls queue for each marker 
via a FIFO queue of "infinite" length, i.e. a queue suf
ficiently long to ensure that the probability of its over
flowing is negligible. It is not, however, necessarily 
assumed that a call will be immediately serviced if it 
enters when the queue is empty; the genera} situation in 
SPC systems is that the call must wait until a particular 
program arrives to service the queue. 

Thirdly it is assumed that when the central control re
ceives an EOJ signal from a marker and has finished its 
treatment of that EOJ signal, it will then service the 
NJ for the next call waiting in the queue if the queue is 
not empty#. 

Fourthly it is assumed that the arrival distribution of 
calls at the marker queue is Poissonian. In the absence 
of information concerning the detailed SPC program struc
ture (from which the pattern of call arrivals at the marker 
queue could be deduced), this assumption simplifies the 
mathematics, while also being a plausible approximation. 

The above four assumptions are common to all three design 
alternatives considered. The design alternatives differ 
according to the choice of interrupt levels given to the 
program that feeds a NJ signal to the marker and the pro
gram that recognizes the marker's EOJ signal. In Fig.l we 
have called both of these programs the Marker Monitor ~), 
since in view of the third design assumption it is natural to 
think of both functions being carried out by the same 
program. 

# : For convenience, the processing times spent by the 
central control in treating the NJ and EOJ are 
considered to be included in h, which may therefore 
be regarded as the "gross marker execution time". 
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The three alternatives considered are: 

CASE I : Direct Interrupts. In this case, when a call 
arrives at the MM queue and finds it empty, it will gain 
immediate access to the MM program whose priority will be 
such that it can immediately treat the NJ. Similarly, the 
EOJ signal will be given sufficient priority to immediately 
interrupt the central control and receive EOJ treatment. 
For this case only, the service time s equals h, the gross 
marker execution time. 

CASE II: Periodic Polling. NJs and EOJs are treated only 
when the MM program periodically appears. The MM must be 
given sufficient priority to ensure that its appearance 
is closely periodic. 

CASE III : Complex Polling. As well as appearing periodi
cally, with period R, the MM program is permitted a second 
appearance (e.g. at the end of the normal call-processing 
programs) within period R whenever spare processing time 
is available. Both the probability of a second appearance 
and the distribution of random times of the second appear
ance will depend upon the total traffic pattern within the 
exchange. It is assumed that the time of second appearance 
(and the event of no appearance) are statistically indepen
dent of the arrival process at the MM queue. 

Further details of the design alternatives are presented in 
the following section. 

3. PRELIMINARY ANALYSIS OF THE DESIGN ALTERNATIVES 

3.1 MATHEMATICAL NOTATION 

General notation. Let u be any real-valued random 
variable. Its distribution functions in the time domain 
will be written: 

F (t) 
u 

G (t) 
u 

f (t) 
u 

Probability that u ~ t. 

Probability that u > t; thus G
u 

(t) .. 1 - F u (t) . 

d 
dt 

F (t) 
u 

Probability density function 

of u. 

The Laplace-Stieltjes transform of any integrable distribu
tion function Z (t) will be written: 

u 

J e-
pt 

. Z~(t) dt. 

o 
The i th moment of u will be written: 

M (i) 
u I t i 

f (t) dt. 
u 

We let ~ represent the kth observed value of the random 
variable u. 

Finally, we let 

the closest integer less than or equal to t and 

the closest integer greater than or equal to t. 

~articular notation for queues. When referring to random 
variables, we write 

s = service time, 

q 

ani w 

queueing time*, Le. the delay before being serviced, 

waiting time* = s + q. 

(The particular values s q w refer to the kth 
k' k' k 

observed call) . 

Additionally, the random variables x,r and z correspond to: 

~+l 

613·2 

the interarrival time between the kth and (k+l)th 
calls; 

blind time of the kth call; the blind time refers 
to any time spent queueing for service whilst first 
in the queue, when the server is free but inacces-
sible; and zk = w

k 
- ~+l. 

3.2 CASE I DIRECT INTERRUTS 

Of the three design alternatives, this is the only case 
for which analytical results are already available in the 
technical literature, to the knowledge of the authors.~is 
is the , single-server special case of the M/D/R FIFO queue, 
for wh~ch exact analytical results were bbtained by Erlang 
(Ref. I), Polaczek (Ref. 2) and Crommelin (Ref.3); 

Let A = mean offered traffic to the marker and 

h = constant holding time of the marker; then 

Crommelin's formula for the distribution of delay, i.e. 
queueing time, becomes: 

Fq(t) 
l~J 

A(! 
{ - A(~ 

(l-A) E exp (: - i)} h 

i=O h 
i! 

The mean queueing time with reference to all cal~is 

hA 
2(1-A) 

These formulae are convenient for numerical computation 
(Ref.4); they also serve as special limiting cases by 
which the formulae and simulation results for the other 
design alternatives may be checked for accuracy. 

3.3 CASE II : PERIODIC POLLING 

(1 ) 

(2) 

~ig.2 is a time-diagram that shows the sequences of queue
~ng and receiving service for the kth, (k+l)th and (k+2)th 
calls, for the situation in which the queue is empty when 
the kth call arrives, and is not empty when the (k+l)th 
and (k+2)th calls arrive. 
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Because the polling program is only accessible at the 
instants t = R,2R,3R,etc., the kth call will have to queue 
for a blind time r k , where 0 ~ rj( < R. Since the kth ' call 
arrives first in the queue, its queueing and waiting times 
are simply 

qk r k , w
k 

= r
k 

+ T 

where T is the nearest multiple of polling period R greater 
than or equal to h: 

i.e. T = R • r~l 
Because the (k+l)th and (k+2)th calls do not arrive first 
in the queue, they do not suffer blind times, and their 
queueing and waiting times are given by: 

* FOOTNOTE Following Cox and Smith, Ref.9 
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Fig.2 is only an illustrative example. To solve for the 
waiting-time distribution we seek a proper formulation of 
the queueing problem. 

A general formulation of the queueing problem can be pre
sented graphically, using the state-machine iterative 
model shown in Fig.3, where the symbols of the CCITT "s 
Specification and Description Language (Ref.S) have been 
used. 
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The machine provides output data on the queueing and wait
ing times only, and not on the number of calls in the 
queue (which is of little importance in this study) . 
Because of its iterative design, the machine only needs 
to store values of q and w for one call at a time. Proviued 
that the machine does not receive a new input before it 
has sent its previous output, it will faithfully simulate 
the queueing system. It will be seen in Appendix I that 
the state-machine's flowchart algorithm is a useful start
ing point for the analysis of the queueing and waiting 
time distributions. 

Note that Fig.3 will serve to model the Direct Interrupts 
case by: 

(i) 
(ii~ 

(iii) 

setting sk = h for all k; 
generating the interarrival times 
suitable Poisson process; 
setting r

k 
= 0 fDr all k. 

~+1 from a 

Fig.3 serves to model the Periodic Polling queueing 
system by: 

(i) 

(ii) 

(iii) 

setting sk = T for all k; 
generating the interarrival time 
suitable Poisson process; 
generating the blind times r k 

r k = R·i:kl- Yk' where Yk = 

from a 

from the relation 
k 
E 

i=l 
x. 
~ 

(3) 

A detailed analysis of the state-machine model, given in 
~pendix I, produces a solution for the Laplace transform 
F (p), from which the moments Mq(i) of the queueing-time 
d~stribution can be derived if desired. Rather than 
perform the numerical integration of the inverse Laplace 
transform, Appendix I shows a more efficient numerical 
method, consisting of the Runge-Kutta numerical integra
tion of the simple differential-difference equation • 

d 
dt 

Y(t) = a o{Y(t) - Y(t - T)} for t~ T 

which is satisfied by both Fq(t) and Gq(t) . 
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(4) 

3.4 Case III : COMPLEX POLLING 

To explain the mechanism of complex polling, it will be 
helpful to describe the bare elements of a typical SPC 
programming cycle, having fundamental period (see Fig.4). 

Let the polling program be named Pl when ib appears perio
dically, and let its delay be C time units after the 
periodic clock interrupt Cl. Let d be a non-negative 
random variable such that (C+di) is the total active pro
cessing time spent in call-handling and related tasks 
(including essential overhead tasks) during the i th cycle, 
excluding those lowest-priority programs that are unrelated 
to call-handling. 

Then a second appearance of the polling program, called P2 
is arranged to occur if and only if there remains suffi
cient free time in the processing cycle. This condition 
can be expressed as 

d . < R - C 
~ 

where the processing time of the polling program is 
assumed negligible compared to R-C. 

(5) 

A marking job, having begun in Pl or P2, may be completed 
in either Pl or P2, giving rise to a range of different 
service times. 

Let the gross execution time of the marker itself be 

h = nR +l:l I-Rh_1 where n = L (6) 

It is possible to distinguish between six classes of 
service times, labelled A,B,C,D,E and F in Figs.4 and 5. 

The partial state-machine chart in Fig.S shows the rela~ 
tionship between the critical parameters and the service 
times generated. 

It is evident from Fig.S that by modelling an independent 
probability distribution for d, and choosing constant 
values for n, l:l ,C and R, that the probability of a job 
finishing in P . , given that it started in Pi' can be 
evaluated (i,jJl or 2). 

fiG. 4.- COMPLEX POLLIIG : T_ ...... fer ...... ~ 

0: EOJ r ............. vice ...... I 

fIG. 5.- COMPLEX POllING: flowcMrt ..... t. C"'" Service T .... 
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What is not evident is how one can proceed further in the 
analysis-.--The case of complex polling can not be modelled 
by the GI/G/1 FIFO queue, as the service ti~ are statis
tically dependent on the arrival times. Furthermore, the 
evaluation of the blind-time donditional distribution FO(t) 
wi~ be much more complicated than in the case of perioaic 
polling, since program P2 appears at irregular instants. 

The authors were not able to extend their analysis beyond 
this point, and so they resorted to simulation as described 
in Section 4 . 

.4. SIMULATION 

A simulation model has been implemented, using the SIMSCRIPT 
II.5 language, that serves all three design alternatives. 
It explicitly handles the polling cases II and Ill; the 
direct interrupt case I can be treated as a limiting case 
of case II. 

The simulation model obeys the assumptions listed in section 
2, but it has the added flexibility of giving a random 
variation to C, the time displacement of the MM program 
(first appearance) after the periodic clock interrupt, if 
desired. Two alternatives were investigated concerning 
this displacement: firstly, C was set constant, as in the 
analysis of periodic polling; secondly (more typical of 
the real system) C is varied, depending upon the flu:::tuating 
load of the processor. In the second case, the current 
value of C is taken from a fifth-order erlangian distribu
tion with mean = O.37R and permitted range of variation 
0.25R to 0.90R. 

In the case of complex polling, a second fifth-order 
erlangian distribution is used to determine the value of 
the delay d (see Section 3.4). The minimum, mean and 
maximum values of d were set at 0, 0.43R and 0.7R respec
tively. 

5. RESULTS AND CONCLUSIONS 

5.1 PERIODIC POLLING: ANALYSIS versus SIMULATION 

The simulation results (with 100,000 calls) were found 
to agree closely with the analysis in Appendix I (within 
5% throughout the practical range of interest). Fig.6 
compares the results from both methods for the case T=3R, 
i.e. service time equals three clock periods, with traffic 
intensity set at normal load (0.5, 0.6) and overload (0.7, 
0.8) conditions. The simulation program took typically 
10 minutes of CPU time per run (with 100,000 calls), 
compared with 10 seconds CPU time for the analysis program 
(using 200 integration steps per R) . 

5.2 COMPLEX versus PERIODIC POLLING 

Figs. 7 and 8 compare the simulation results for periodic 
versus complex polling, for h=0.75R (hence T=R) and h=2.25R 
(hence T=3R) respectively, in both cases at normal load and 
overload conditions with C=0.32R. ' These values of h were 
input from the system designers as practical values for two ' 
kinds of network access devices, a marker and a slow driver. 
It is evident from these Figures that complex polling 
offers little advantage when h=O. 75R but offers considera
ble reduction in the waiting times when h=2.2SR. From 
these and other results we conclude that as a general guide
line, complex polling is worthwhile if T-h > C, but is only 
marginally better than periodic polling if T-h ~ C. For 
instance, Fig.l0 shows that at normal 'load (0.6) with 
h=2.25R, the (upper bound) waiting time of 99% of calls will 
be 22.6R with periodic polling but can be improved to 1S.4R 
with complex polling: an improvement of 47%. 

By physical reasoning, the condition T-h~ C implies that 
the EOJ will always be collected by P1 if the NJ starts in 
Pl; the EOJ will only (but not necessarily) be collected 
by P2 if the NJ starts in P2. Hence it is not surprisi~g 
(with hindsight) that complex polling is not much better 
than periodic polling when T-h ::: C. 

Simulation also showed that the effect of allowing the 
principal appearance of the MM program to vary randomly 
in time, as described in Section 4, caused a quite negligi
ble change in the results. Hence the assumption of strict 
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periodicity in the analysis of periodic polling is a 
justifiable approximation. 

5.3 DIRECT INTERRUPTS versus PERIODIC OR COMPLEX POLLING 

• • 

• 

• 

• 

Figs. 7 and 8 also compare the waiting-time distributions 
of the Direct Interrupt design (Crommelin model) with 
those of the polling strategies. It is obvious that the • 
direct interrupt strategy gives the best waiting-time 
distribution, especially (Fig.7) where T-h~ C. However its 
advantage over complex polling is less striking when T-h>C 
(Fig.8) , especially at normal load. We have already seen, • 
with hindsight, why complex polling is only significantly 
better than periodic polling when T-h >C. It is known that 
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FIG.8 COMPLEX POLLING. PERIODIC POLLING & 
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the Direct Interrupt design can incur two kinds of system 
costs, an increase in processor occupancy and an increase 
in software complexity, to a greater extent than with 
polling strategies. It is up to the system designer to 
decide the trade-off between these system costs and the 
advantage of a better waiting time distribution (as one 
factor in system performance) . 
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8. APPENDIX I: DETAILED ANALYSIS OF THE GI/G/1 QUEUE WITH 
NON~IMMEDIATE SERVICE . 

The starting point for this analysis is the state-machine 
model shown in Fig.3 and described in Section 3.3. The 
mathematical notation to be followed in this Appendix has 
already been introduced in Section 3.1. 

We need to introduce certain assumptions concerning the 
statistical nature of the inputs to the state-machine modeL 

Assumption A1: Assume equilibrium conditions, in which 

F (t)
uk 

F 
~+l (t) 

for u = x,s,r,q,w,zi 

for all integer ,· values 
of k. 

Assumption A2: The input data <; ~+1 ' sk+1' r
k

+
1 

> is 

statistically independent of the current 
state <qk ' w

k
> . 

Assumption A3: ;The interarrival time x and blind time 
r k + 1 are each statistic~tly independent of 
the service times sk+1 and sk 

It is evident from Fig.3 that the condition of the output 
<qk+ l' wk + 1> can take two paths, A or B, depending upon 
the decis~on zk ~ 0 ?, i.e. is the queue empty when the 
(k + 1)th call arrives? 

Define n P L zk :: O} = F:. (0) (7) 

The calculation will therefore take path A with probability 
n and path B with probability (1-n). Hence from Fig.3 we 

can write down 

and 

(9) 

We know that rk is the penalty "blind time" which the call 
must wait before service if the queue is empty upon arrival. 
Let the random variable be considered to have a general 
statistical distribution over the non-negative real axis. 
We will simplify the notation for conditional probabilities 
by writing: 

F~(t) P{rk+ 1 ~ t I Zk~O} (10) 

and 

(11) 

Now I: f (A)dA 
F (t)-n 

Z 

{zk~ t I Zk>O } 
Z 

P r 1-n 
f (A)dA 

0 Z 

( 12) 

Similarly, 

P {zk + sk+1 < tlzk>o} J Fs(t-~)o 
fz(~) 

o d~ (1:3) 
1- T) 

0 

because 

J P {zk+- sk+1 ~ t} Fs(t-~) f (~) d~ z: 

and by assumption A2, sk+1 is independent of zk=Wk~xk+1' 

Hence equations (8) ,(9) can be written as, respectively, 

and 

F (t) 
q 

FW(t) 

T)OF~ (t) + Fz(t) - T) 

nOF~+S(t) + f Fs(t-E.;)fz(Oodt; 

o 

( 14) 

( 15) 
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From assumptions Al,A2.A3, and the definition of Zk' we 
.can write 

f (t) 
z 

and 

Also 

and 

Jfw(t+E,) fx(E,) dE, = f fw(A) fx(~-t) d~ 
o t 

F (t) 
z 

F (t) 
q+s-x 

f Fq(t-E,) f fs(E,+T) f x (') od, dE, 

E, = - 00 ,=(j 

fO (t) 
r+s 

n 

dE, 

f (t,) dE, 
s-x 

(16) 

(17) 

( 18) 

(19) 

i. e. n can be expressed in terms of either F q (t) or F w (t) • 

Hence equations (14), (15) can be transformed to 

Fq(t) = n {F~(t) - 1 + 

f Fq(t-E,) dE, J fs(E,+A) fx(A) dA 

E, =_oo A=O 

and 

+ 

o 

J 
Min.(A,t) 

dA J fs(t-E,) fx(A-E,) dE, f ( A) 
w 

A=O E,=O 

which can be regarded as generalizations of Lindley's 
equation for the classical GI/G/l FIFO queue (Ref.6). 

(20) 

(21) 

Given f~(t), fx(t) and fs(t) as the necessary input data, 

(20) can be solved for F (t) and (21) can be solved for 
q 

fw(t). The parameter n can then be obtained by normaliza-

tion of the Laplace-Stieltjes transforms: 

Example of the M/D/l FIFO infinite queue with non-immedi~ 
service 

As explained in Section 3.3, this model serves both the 
Periodic Polling Case and the Direct Interrupt (Crommelin) 
case. 

In both of these cases, 

and f (t) 
s 

j -Qt 
ae 

i 0 
t. 

o (t-T) 

for t~O 

for t<O 

We will defer evaluation of FO(t) until it becomes strictly 
necessary. Substitution of fx1t) and fs(t) in (20) yields, 
for t >0, 

F (t) 
q 
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n {F~ (t) - 1} + a ea(t-T) J Fq(A) e-aA dA (22) 

t-T 

Hence for O ~ t~T, 

F (t) = n{Fo(t) - 1} + a ea (t-T) F (a} 
q r q (23) 

and for nT~t ~ (n+l)T, n=1,2,3, •• , equation (22) provides 
a recursive solution for Fq(t) . 

It is not difficult to show from (19) that 

n = ae-aT. F (a) (24) 
q 

Therefore F (a) can be eliminated from (23) if desired, 
leaving n a~ the only unknown constant. 

To evaluate n take the Laplace-Stieltjes transform of (22) : 

F (p) = 
q 

1 } + 
p 

f 
- a T- (p-a) t f ae Fq(A) 

t=o A=t-T 

e -aA d A dt (25) 

By changing the order of integration, and remembering that 
F q (A) vanishes for A < 0, one can obtain: 

po (p) 
q 

n{ p F~(P) 0 (p-a) + a } 

p { p - a + a 0 e-pT } 

where equation (24) has been used to eliminate fq(a) . 

Similarly, if we had differentiated (22) to produce an 
integral equation in fq(t) before taking the Laplace
Stieltjes transform, we would get 

fq(P) 
n {f~ (p). (P-a) + a} 

{p - a + a.e-pT 

N(p) 
- no

--D(p) 

which will be easier to use to normalize n , since it 
avoids the question of whether F~(O), and hence Fq(O), 
zero or not. 

To evaluate n , we will exploit the conditions 

in (27). Now 

1, f (0) = , 
q 

N(p) (p-a) + a 

D(p) = p - a 

Use of de l'H~pital's rule gives: 

n ~= 
N' (0) 

Now we can simplify 

1 - aT 

~ d lo (p) lp=o 1-aL dp' r 

1 
r 

(26) 

(27) 

is 

(28) 

(29) 

(30) 

_ [ ~p • f~ (p) l = 

1,=0 f 
fO (t) e-pt dt -I 

r J 
o 

J t . f~(t) dt = Mr (l) 

o 

Therefore (30) can be rewritten simply as 

1 - aT n 
1 + Cl M

r
(1) 

where Mr (l) is the mean blind time. 

(31) 

(32) 

(Note that for the Direct Interrupt Model, M (1)=0 and 
T=h, hence n=l- ah, which agrees with crommelin's result 
for the single-server case) • 

Substituting (32) in (27) gives the Laplace-Stieltjes 
transform of the queueing~time probability density function 
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[ 
Mean queueing time Mq(l) 

Analogously to (31), 

f~ (p). (p-a) + a 

p - a + a'e-pT 

J t.fq(t) dt = ~ [ -
d 
dp 

o 

J 

Substi tuting f (p) from equation (33) and using de 
l'HOpital's ru~e one obtains: 

~ 
T 

__ a~T __ + 
2( 1- aT) 

Mean waiting time Mw(l) 

-1 
Mr(1) T + 0.5 aM

r
(2) 

+ a Mr (1) 

Obviously M (1) = M (1) + T 
w q 

Mean server occupancy n 

(33) 

(34) 

(35) 

Over a sufficiently long period, for aT<l, it is obvious 
that 

n = aT 

Mean queue length (including the call being served) 

By Little's theorem, 

L 

(36) 

(37) 

which can be evaluated by direct substitution of equation 
(34) . 

Numerical Derivation of the Queueing Time Distribution for 
the MIDll Queue 

The direct derivation of F (t) or fq(t) from (26) or (33) 
requires calculation of th~ inverse Laplace-Stieltjes 
transforms, which in practice requires considerable numeri
cal integrati on, with uncertain error bounds (Ref.l).A much 
more rapi d numerical method, with controlled !error bounds, 
i s to recognize that the recursive equation (23) can be 
transformed to a simple differential~difference equation 
of form 

d yet) 
~ 

= a' { Y ( t) - Y (t-T) } 

and to integrate this using the well-known Runge-Kutta 
method of fourth order (Ref.8). 

First we will examine Fq(t) in the interval O~ t~T. 

(38) 

In Appendix II it is shown that the blind-time distribu~ 
tion i s 

whence 

r < ( at l e 1-

o 

M (1) 
r 

1) I (eaR - 1) 

R 
-aR 

- e 

for t<O 

for 0 !S t ~ R 

for t > R 

1 
a 

and hence n can be evaluated using equation (32). 

(39) 

(40) 

From equati ons (23) ,(24) and (39) it is evident that for 
O~~R, 

F (t) 
q 

a R 
n e 

and for R~t::: T, 

at 
n e 

(41) 

(42) 

Hence F (t) i s well-defined and readily calculable in the 
interva~ O~ t~ T. 
Secondly, for t>T, the recursive integral equation (22) 
can be differentiated with respect to t, using the identity 

ITC8 

d 
dt f F U)e-!l?- d " -

q 
F (t~T) e-a (t-T) 

q 
(43) 

t-T 

to give 

d 
dt 

F (t) = a rF (t) - F (t-T)] 
q L q q 

for t>T (44) 

This equation is beautifully suitable for the application 
of the Runge-Kutta technique (Ref.8) of fourth order, as 
follows . 

We shall write Xi = Fq(.w), i=0,1,2,3, ... 

where t:. = TIN for some convenient integer N (e. g. N=400) 

(Note: t:. = 0/2 in the standard Runge-Kutta formula, Ref. 8) . 

Then successive values of Xi can be calculated using the 
Runge Kutta formula; 

where 

X + 
m 

A 
12 

(45) 

K = 4 

Since Xm+2 is calculated directly from a, t:., Xm, Xm-N, 
Xm+l~N and Xm+2-N' it is only necessary to store (N+l) 
values of Xi at a time, Le. the values of X· from i =IlI-N 
to j=m, while progressively calculating Xm+2~ 

In memory requirements as well as processing time, this 
method is clearly superior to the numerical integration 
of the Laplace-Stieltjes inverse transform of equation 
(26) for Fq(it:.) = Xi' 

An interesting fact is that Gg(t) = l-Fq (t) as well as 
Fq(t) satisfies the different~al-difference equation (38); 
the solutions differ through having different initial 
condi tions in the .itnterval O~ t !ST, and of course Gq (t) -+ 0 
and Fq (t)-+1 as t -+ co • 

Empirically it was found that the numerical error in Fg(t) 
accumulates less rapidly than in Gq(t) when applying toe 
same Runge-Kutta equations (45) to both functions - with 
their different initial conditions in the interval O !S t~ T. 

APPENDIX II 

Let F (t) 
s.a. 

DERIVATION OF THE BLIND-TIME DISTRIBUTION 
FUNCTION. 

Probability that server arrives, i.e. 
it becomes free to serve the queue, at 
time t. 

We have already defined 

F~ (t) = P {rk+1 !S t I zk ~ O} for all k 

Furthermore, assumption of a Poisson arrival process 
implies 

for t > 0 

Choose a time variable 
T = O. Then 

such that the queue is empty at 

f dF s.a. ().J 

A=O 
j Probability ~at at 1 

least one arr1val 
occurs before t = ). > 

I but that no arrivalsJ 
t occur before T= ).-t 

f (oh)' { (1_e-at ) _ (1_e-a (A-t» } 
s.a. 
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f~ (t) (eat - 1) • f (a) 
s . a. 

Periodic Polling Case 

For a periodically appearing server, with period R, 

fs.a.(t) = tS (t-nR) r 
n=1 

f (a) 
s.a. 

00 

E 
n:1 

j tS (t-nR) ea A dA 

A=O 

=_1 __ 
eaR_ 1 

'i: 
n=O 

-anR 
e 

Substituting in (43), 

F~ (t) 

END OF APPENDIX 11 

613-8 

(461 • 
• (47) 

(48) 

(49) • 

• 

• 

• • 
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