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ABSTRACT 

A new mathematical model for estimating dial 
tone delay in No. 5 Crossbar switching machines 
is reviewed. This model demonstrates that a 
small number of lines, waiting for dial tone on 
concentrators that have all of their links busy, 
can generate a disproportionately large number 
of ineffective marker seizures. This causes 
worse than expected dial tone delay to all 
subscribers in the office. 

Comparisons of results from the model with field 
data show generally fair agreement. For engi
neering purposes the high day service threshold 
is adjusted downward to account for the expected 
variability of high day load conditions. An 
engineering procedure based on results from the 
analytical model is presented and illustrated. 

1. INTRODUCTION 

Since the mid-1950's Bell System traffic engi
neering and control methods have been derived 
with the dual objective of providing excellent 
service to customers under average busy season 
conditions, as well as protection from severe 
service degradation during normally recurring 
high traffic periods. Dial tone delay is general
ly considered the most important single service 
component, from a customer's standpoint. 

In the No. 5 Crossbar system, which now serves 
over 40 percent of Bell System lines, the prob
lem of analyzing dial tone delay performance is 
especially difficult. In major prior work, 
W. S. Hayward (Ref. 1) modeled the dial tone 
marker/originating register interaction effects, 
and S. Halfin (Ref.2) examined the queueing dis
cipline. These studies provided useful insight, 
but in general the results do not often track 
field measurements of dial tone delay, especially 
in severely overloaded systems. Therefore a new 
model has been derived (Ref.3) and tested 
successfully against field data and simulation 
results. This model takes into account a 
significant source of "waste usage" on dial tone 
markers, especially important in offices opera
ting at high link frame loads. The major effect 
here is that a small number of lines, waiting 
for dial tone on concentrators that have all of 
their links busy, generates a disproportionately 
large number of ineffective marker seizures. 
This in turn causes worse than expected dial tone 
delay to all subscribers in the office. 

An engineering procedure has been formulated 
based on the analysis in Ref. 3, and the princi
pal purpose of this paper is to present the 
procedure and its rationale. We believe it is 
of interest mainly for two reasons. First, to 
derive the procedure we had to identify and 
quantify the effects of six load and holding time 
variables and two office equipment parameters 
that interact to cause dial tone delay. We hope 
the process of formulating the method will prove 
exemplary in problems of this kind. Second, 
because No. 5 Crossbar currently serves more 
customers than any other Bell System switching 
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system, and most switching entities have consid
erable growth potential, the proper engineering 
of equipment has an important effect on the 
service given to our customers. 

2. SYSTEM OPERATION AND SOURCES OF CONGESTION 

In a No. 5 Crossbar switching machine, dial tone 
is provided to a subscriber from an originating 
register (OR) terminating on one of the trunk 
link frames (TLFs). See Figure 1. The dialing 
connection is analagous to the connection made 
for an outgoing or incoming (talkinq) path, in 
that it uses the main 4-stage switching network. 
A path through this network consists of three 
links in series: a line link, junctor and trunk 
link. This main network, consisting of line 
link frames (LLFs) and TLFs interconnected by 
junctors, is engineered to provide less than 
0.02 matching loss probability to incoming calls 
- the limiting type of connection - under 
average busy season conditions. 

CALLING 
LINE 

LINE 
LINK 

FRAME 

(1 ) 

DIALING 
CONNECTION 

(4) 

NO.5 CROSSBAR 

STEPS IN A DIAL TONE CONNECTION 

FJGURE 1 

Subscriber lines ~erminate on concentrators 
within the LLFs called horizontal groups (HGs). 
Each HG provides a group of lines access to 10 
line links, and admits concentration ratios of 
3:1 to 6:1 depending on average line traffic 
load. When a line goes off-hook, a bid for dial 
tone is originated through a connector circuit 
unique to each LLF. This circuit bids for an 
idle dial tone marker (DTM), which then attempts 
to locate and seize an idle O~ and find a path 
to it from the line through the main network. 
Having located and closed a path, the DTM 
releases and is available to serve other dial 
tone requests. The OR returns dial tone and 
receives the dia1ed digits, then transmits these 
to a completing marker and releases. The 
completing marker controls most of the remaining 
call setup functions. 
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A typical maximum size No. 5 Crossbar machine 
contains 40 to 60 LLFs (10 HGs per LLF; 15,000 
to 35,000 lines), 20 to 30 TLFs, ~ to 6 DTMs, and 
up to 160 ORs. Average DTM holding times are in 
the range 0.25 to 0.45 seconds, whereas average 
OR holding times vary in the range 8 to 14 sec
onds, depending mainly on the proportion of TOUCH
TONE@ (pushbutton) dialing. Network link, es
pecially line link, holding times are generally 
conversation holding times and average 150 sec
onds or more, depending partly on the fraction 
of ineffective attempts. 

Congestion in the dialing connection process 
arises from three sources, as follows: 

(1) All DTMs Busy. When a call attempt finds 
all DTMs busy, a gating circuit is actuated. 
The intent of this circuit is to reduce the 
incidence of long delays by approximating an 
"order of arrival, in batche~ queue disci
pline. An attempt that finds all DTMs busy 
will remain bidding as long as the customer 
stays off-hook. The gating circuit will per
mit the DTMs to serve no more than one call 
from each LLF with ~ waiting call during a 
cycle; then it will recycle and permit a new 
group of calls to be served, again limited to 
at most one call from each LLF. This contin
ues until all waiting calls are served, and 
the system returns to normal (light traffic) 
operation. In the light traffic mode, LLFs 
bid for DTMs in a fixed order, rotated among 
the LLFs. In the gating mode, DTMs choose 
which LLF to serve next according to a com
plex sequence that appears to approximate 
random order of service within each gating 
cycle (Ref. 5). 

(2) All ORs Busy. When a DTM finds all ORs busy 
it releases, but the bid for a DT~ and OR 
remains active for as long as the customer 
chooses to wait. Thus the same call may see 
an all-originating-registers-busy (AORB) 
condition several times. The excess DTM 
usage contributed by these events will be 
referred to as "AORB usage", or waste DTM 
usage caused by AORBs. 

(3) DTM Matching Loss. When a DTM seizes an 
idle OR, an attempt is made to find a match
ing line link - junctor - trunk link path 
through the network. This first matching 
attempt will fail with probabilities in the 
range 0.01 to (approximately) 0.08 when the 
network is operating at an average busy 
season, busy hour load level. If it encoun
ters a matching failure, the DTM does not 
drop off but recycles and attempts to find 
a different idle OR and match again. This 
second matching attempt will generally see 
a new set of junctors and trunk links 
(through the same set of 10 line links), and 
the composite probability of matching loss 
for both attempts, given that at least one 
line link was idle when the first attempt 
was made, is in the range 0.001 to 0.015 at 
average busy season loads. A dial tone 
marker drops off after a second failure to 
match (DTM2FM), but the subscriber's bid 
remains and will pick up the same or a new 
DTM as soon as possible. 

Note the emphasis here: the likelihood of DTM2FM 
is small, given that at least one of the 10 line 
links is idle. However, if all line links are 
busy, the probability of DTM2FM is 1. In fact, 
although a DTM can recognize this condition, 
there is no simple way to prevent it from return
ing to the same LLF and same HG repetitively, as 
long as a subscriber chooses to remain off-hook 
during an all line-links busy condition.* Further
more, since a line link holding time is approxi-

*Methods of minimizing the effect of all-links
busy are under study, but at this writing there 
appears to be ~o inexpensive solution. 
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mately a conversation time, the duration of the 
all links busy condition will be long - typically 
20 seconds or more. During this time it is 
possible for a single call attempt to use a DTM 
continuously; in effect the offered traffic load 
to the small DTM group by a call waiting on a 
blocked HG (BHG) is 1 erlang. 

Reference 3 treats the phenomenon of waste DTM 
usage and dial tone delay generated by the 
DTM2FMs for the first time, and forms the basis 
for the new engineering procedure to be described 
here. Actually, the occurrence of blocked HGs 
and repetitive DTM2FMs was recognized long ago, 
but the effect was thought to be negligible, as 
indeed it was in early No. 5 Crossbar systems. 
The reason for this is that offices nearing ex
haust were always limited, in network capacity, 
by incoming matching loss seen in a (10 line 
link-lO junctor-lO trunk link) pattern. This 
meant that loads no higher than about 1200 CCS/ 
LLF (33 percent occupancy on 10 line links) could 
be carried under average busy season conditions. 
At this load level, especially if good HG load 
balance is maintained, the waste usage generated 
by DTM2FMs is almost negligible. 

In the 'early 1960's a technique was introduced 
that permitted most No. 5 systems to achieve 
better linking efficiency and economy at maximum 
size. In brief, this meant the use of buildout 
switches on both LLFs and TLFs, the result being 
that a (10 line link-20 junctor-20 trunk link) 
pattern became the "exhaust" pattern for most 
offices. The higher efficiency of this pattern, 
about 1440 CCS/LLF (40 percent occupancy on line 
links) meant substantial savings and increased 
exhaust capacity in most offices, but at a cost 
not fully recognized at first. At this higher 
load level, the occurrence of waste DTM usage 
caused by blocked HGs is never negligible, and 
therefore must be accounted ,for in the DTM and 
OR engineering process. 

To avoid continuing reference to "waste DTM usage 
generated by DTM2FM6", we will refer to the DTM 
carried load generated by blocked HGs as "BHG 
usage" or, as defined in the next section, "bad 
call usage." The two types of ineffective DTM 
carried load that will be treated in the engi
neering procedure are, therefore, AORB usage and 
BHG usage. 

Data studies in a large office to track the pro
portion of BHG usage and dial tone delay as a 
function of DTM and LLF load have been conducted 
by A. R. Thorne of Bell Labs. In Ref. 3 it is 
demonstrated that good agreement with the 
a~alytical model for predicting BHG usage and 
dial tone delay was obtained, at least for 
average busy season load and moderate overloads. 
(More comparisons with data from actual offices 
will be given in Section 5.) Mr. Thorne also 
demonstrated that 80 percent or more of the 
recorded DTM2FMs are in fact caused by the BHG 
condition, and that this percentage remains 
quite stable at different LLF loads. This sup
ports an assumption that we use implicitly in 
the analytical model, i.e., that waste DTM usage 
generated by link blocking (but not BHG) may, 
in effect, be merged with the DTM offered load 
expected because of the BHG condition. 

3. ANALYTICAL MODEL AND ASSUMPTIONS 

Following Ref. 3, we define two major classes 
of calls that access DTMs" viz: 

(1) A good call experiences no final matching 
failure but is subject to delay caused by 
DTMs anq ORs. A call that sees AORB is 
therefore termed a good call, as is a call 
that obtains an OR and fails to match, but 
succeeds on its recycle attempt. 
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(2) A bad call sees the BHG condition (mainly), 
or in any event is a generator of DTM2FMs, 
and remains attempting to access DTMs for a 
time interval assumed to be exponentially 
distributed. 

Figure 2 shows in diagram form the treatment of 
good and bad calls. 

GOOD 
CALLS 

lAD 
CALLS 

DIAL TONE 
MARKER 
GROUP 

NO 

DIAL TONE OBTAINED 

DEFECTION AFTER 
EXPONENTIAL TIME 
INTERVAL 

DIAL TONE DELAY MODEL 

FIGURE 2 

In the model, a good call arrives and finds a 
random (time independent) number of bad calls in 
the system. The distribution of bad calls present 
is assumed to be Erlang-B (truncated Poisson) for 
random input of bad calls, or truncated negative 
binomial for peaked input (Ref.3). The queue 
discipline is random order of service, with good 
and bad calls served by the DTMs indiscriminate
ly. This corresponds to the fact that a DTM in 
No. 5 Crossbar does not distinguish a BHG condi
tion, and cannot avoid wasting time serving the 
calls for which no dialing path exists. Equili
brium good call queue length and delay distribu
tions are computed conditional on the number of 
bad calls in the system. Summing the condition
al delay probabilities over the distribution of 
bad calls gives the unconditional dial tone delay 
probabilities for good calls. The unconditional 
dial tone delay for bad calls is generally a 
small contributor to overall delay, and is esti
mated separately as illustrated in the Appendix. 

The conditional good call delay distribution 
depends only on the overall calling rate, AORB 
usage and DTM holding time. By contrast, the 
volume and distribution of bad calls are the 
direct result of LLF (or HG) load and load 
balance. This means that delay distributions ~r 
a full spectrum of LLF load and balance can be 
calculated with the same set of conditional dis
tributions. The computer .time required for 
parametric studies is therefore quite small. 

Justification of the model through the use of a 
full scale simulation and comparisons with field 
data is discussed in Ref.3, and we will summarize 
only the most important points. Simulation 
resul ts were generated for a system with 4 DTMs 
over a broad range of percent AORB and LLF load. 
Both the gating queue discipline and random order 
of service by DTMs were examined. Good agreement 
with the simulation results was obtained with 
the conditional delay distribution for good calls 
computed according to a discrete time M/D/2 model 
with "feedback" (occurring when an AORB is 
encountered) and random order of service. Here 
the bad call distributions generated analytically 
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and , simulated were as nearly identical as possi
ble. Actually results obtained from the M/D/2 
queue are generally between those for gating 
and random service in the 4 DTM simulation, so 
that under ideal operating conditions in the 
field, the model could overpredict dial tone 
delay slightly. The fact that a 2 DTM analytical 
model agrees with a 4 DTM simulation is 
explained mainly by the operation of the gating 
circuit (Ref.2) and by simplifications made in 
the analytical model. 

DTM holding times are assumed equal for all call 
types in the model. In the actual system, an 
AORB holding time is about 0.5 of a normal good 
call DTM holding time. A bad call (DTM2FM) hold
ing time, by contrast, is about 1.5 times that 
of a normal good call. Through most of the range 
of interest, according to comparative results of 
the gating simulation with the model, these 
conditions tend to offset each other. Adjust
ment for the holding time differences must be 
made in the engineering procedure, however, as 
discussed in Section 5. 

The idea of using a discrete time model and the 
method of treating AORBs are due to S. Halfin 
(Ref.2). The fixed AORB probability is taken to 
be the Erlang C probability of all ORs busy. At 
very high OR occupancy this method should some
what underpredict delay caused by AORBs, based 
on comparison with simulation results. This 
happens because at high load the AORB condition, 
once encountered, will tend to persist for 
several DTM holding times, whereas in the model 
we assume that AORBs occur independently in 
successive DTM cycles. 

What really happens regarding AORBs in working 
No. 5 Crossbar systems remains an open question. 
In the study of high day load data discussed in 
Section 4, the Erlang C function overpredicted 
the occurrence of AORBs in 80% of the cases 
tested, most of the time by a factor of two or 
more. Since the DTMs serve as a filter in . 
reaching ORa, at moderate load one might expect 
the proportion of AORBs to be slightly lower 
than the Erlang C probability. Als~ at any load 
level abandoned calls would tend to make the 
Erlang C probability overestimate the proportion 
of AORBs. However, at high loads the AORB count 
should often score several times on the same 
delayed call attempt, and this should cause the 
AORB proportion to be higher than Erlang C. The 
fact that this does not n,ormally happen may be 
partly due to the large amount of BHG usage 
present in the high day data. Bad calls slow 
down the DTMs more than usual in their attempt 
to make effective use of ORs, and this could 
cause a significant reduction in AORBs. 

Recognizing that for high load conditions the 
method of AORB treatment in the model is apt to 
underpredict dial tone delay, we rely on field 
data comparisons to calibrate the dial tone 
delay estimates for the engineering method. 

Section 11 of Ref. 3 gives the derivation of the 
equilibrium queue length equations, DTM occupancy, 
and dial tone delay distributions for the analyt
ical model, in terms of good call and bad call 
offered loads. An abbreviated derivation is 
given in the Appendix of the present paper. The 
method of calculating bad call offered load as a 
function of HG load and load unbalance is covered 
in Section III of Ref.3. Basically, a finite
source Palm delay model (j = 5) is used to 
generate the bad call stream from each HG. The 
distribution of loads among HGs is assumed 
normal, and the total bad call offered load is 
then computed by numerical integration for a 
specified mean and coefficient of variation of 
HG loads. A straightforward way of modifying 
the assumed Erlang B distribution of offered bad 
call load to account for peakedness is described 
in Section IV of Ref. 3. The Erlang distribution 
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is replaced by a truncated negative binomial with 
specified mean and variance, in the manner 
suggested by Wilkinson (Ref. 4). A condition 
equivalent to moderate peakedness of the bad call 
stream is to be expected, especially if most of 
the bad calls come from only a few overloaded 
HGs - a likely condition in cases of poor load 
balance. . 

In Figure 5 of Ref. 3 two fairly high dial tone 
delay points are explained by using calculated 
delay from the model, with peakedness 4. 
Actually, there do not appear to be system 
conditions that could produce the equivalent of 
peakedness greater than 2. More probably, the 
high delays are explained by the basic variabil
ity of dial tone delay seen in individual hours 
with the same source load (Figure 6 of Ref. 3), 
or by a high degree of load unbalance among HGs 
during the two hours in question. 

4. RESULTS AND COMPARISONS WITH FIELD DATA 

In the Bell System the percentage of test calls 
made in a central office that experience dial 
tone delay in excess of three seconds is referred 
to as the dial tone speed (DTS) performance of 
that office. DTS is measured and recorded during 
the (usual) busy hour and several side hours; 
and performance is monitored and indexed on a 
monthly basis. 

Results from the analytical model are intended 
to be individual time period predictions of DTS. 
An exact emulation in the model of the process 
by which DTS is measured in the field was not 
practical. Based on the known operating charac
teristics of the DTS machine used in No. 5 Cross
bar, the model should overpredict DTS slightly. 
The amount of this error is expected to be very 
small compared to the DTS variation from other 
sources. 

DTS results were obtained from the model with the 
major variables covering the following ranges. 

1. LLF Carried Load; from 1100 CCS to 2000 CCS; 
i.e., from the low end of average busy season 
capacity to the highest busy hour load yet 
observed. 

2. Base DTM Occupancy· This is the carried load 
per DTM generated by good calls (including 
AORBs), varied over the full range from 0.4 
to (virtually) 1.0. 

3. percent AORB is varied from 0 to 40%, to 
cover the highest level expected under today's 
engineering method. Results are easily 
extrapolated to a higher % AORB for compari
sons with field data. 

4. DTM Holding Time (HT) covers the range 0.3 
sec. to 0.45 sec., to allow for the varying 
% AORB and a mixture of old (slower) and new 
type DTMs. Results can be extrapolated for 
HTs somewhat above or below this range. 

5. Coefficient of variation (cv) among HGs. 
In sample calculations the cv was varied from 
o to 0.4. As will be discussed, the cv was 
held at 0.16 for comparisons with field data. 

6. Peakedness of the bad call stream, in the 
range 1 to 2, was found to have only a 
second-order effect on DTS; peakedness 2 was 
used in data comparisons. 

Figure 3 shows a typical set of DTS results, vs. 
LLF load (which generates the bad call stream) 
and Base DTM Occupancy. Other variables are 
fixed at the levels indicated. A number of 
charts such as Figure 3 were generated, for 
different % AORBs and DTM HTs, to permit data 
comparisons and derivation of the engineering 
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curves. The chart shown illustrates the magni
tude of the effect of BHG usage on DTS. At 
1100 CCS/LLF the BHG usage is negligible, so 
that curve shows the direct effect of good call 
usage (Base DTM Occupancy) on DTS; at .80 Occ. 
this is 2% DTS. At 1800 CCS/LLF and the lowest 
(.48) Base DTM acc. the 5% DTS is almost all the 
direct result of HG blocking. Note that the 
expected DTS at (.80 Occ., 1800 CCS/LLF) is over 
17%. This implies that most of the DTS at this 
level is caused by the BHG usage on DTMs, and 
that all but 2% DTS of the expected 17% is caused 
by the direct plus indirect effect of bad calls. 

Cl) .... 
o 

.56 .64 .72 .80 .88 
BASE DTM OCCUPANCY 

CONDITIONS' % AORB ·=O, DTM HT= .36 SEC., 
CV AMONG HGs = :t6, EC:UIV. PEAKED NESS = 2 

EXPECTED NO. 5 CROSSBAR DIAL TONE SPEED 

FIGURE 3 

Table I shows the principal DTS results for most 
of the range of the four major variables. From 
this table it is evident that both % AORB and 
DTM HT, over the range of interest, have a non
negligible effect on DTS, though the LLF load 
and Base DTM Occ. are the strongest factors. 

The CV among HGs is another important factor 
influencing DTS, especially at high LLF load. A 
theoretical study by A. L. Dudick at Bell Labs 
shows that, for an office considered to have 
fair to good load balance during the busy season, 
the expected individual-hour cv among HGs is 
about 0.16. This level was used t .o provide a 
benchmark for comparisons with field data. 
However, most . of the data was for very high 
traffic days, and the actual cv for these days 
no doubt varied over a wide range but could not 
be measured. For other conditions fixed the 
model indicates that, where a cv of .16 at 1700 
CCS/LLF yields 4% DTS, a .32 CV causes 12.5% DTS 
and a .40 CV would result in 25% DTS. The load 
balancing method now used cannot explicitly 
protect against high load variation among HGs on 
individual high traffic days. We believe that 
HG load variation explains most of the differ
ences observed between DTS predicted by the 
model and observed from high day traffic data. 
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TABLE I 

EXPECTED NO. !5 CROSSBAR DIAL TONE SPEED 

-VS FOUR MAJOR VARIABLES 

LOAD PER LINE LINK FRAME (ees) 
1100 1400 1700 2000 

f D9 .14 .62 .8S 2.6 3.5 a4 11 O%AOAB 

.40 .17 .48 .83 1.4 3.3 4.6 10 13 20 M 

B l .80 2.6 1.7 3.7 4.8 7.4 13 17 40 M 

A l 

S 
E .10 .18 .66 1.0 2.9 4.2 10 14 O%AORB 

.S2 .33 1.1 1.1 2.2 4.1 6.2 13 17 20 M 

1:7 4.S 2.8 S.9 6.7 10 17 22 40 M 
D 
T 
M 

.17 .43 .93 1.6 4.1 6.1 14 19 O%AORB 
.64 .89 2.5 2.0 4.0 6.3 9.4 18 23 20 M 

0 3.6 7.9 501 9.6 10 is 24 39 40 M 

e 
e 
u .61 1.6 2.0 3.6 7.4 11 23 28 0%A0R8 
p .76 2.8 6.1 4.6 8.3 11 16 28 34 20 M 

A 8.1 is 10 17 17 24 34 40 40 M 

N 

e 
y 3.9 7.7 6.8 11 17 22 37 44 O%AORB 

.88 10 17 13 20 23 30 43 49 20 .. 
20 29 23 32 32 40 !SO 56 40 

.30" .4S" .3OM .4SM .30- .45" .3d' .4SM 

OTM 'HOLDING TIME 

CONDITIONS: CV AMONG HG'.-.16, EQUIV PEAKEDNESS -2 . 

Recognizing that the CV among HGs is a major 
variable that we could not possibly account for 
directly in making field data comparisons, we 
generated the analytical results used for these 
comparisons by using a CV of 0.16. This tends 
to underpredict high day DTS somewhat but accen
tuates the effect of other major variables. 

A total of 176 high traffic data hours of meas
ured load and DTS were examined, covering 59 
central offices from four different Operating 
companies. As expected, the ratio of expected 
DTS to measured DTS is quite variable. A histo
gram of the results is shown in Figure 4, where 
the inverse ratio is tracked for expected DTS 
greater than measured DTS. The median ratio of 
expected to measured DTS is 0.7, mainly because 
of the low cv assumption. Virtually all of the 
points in the range (0.2 to 1.0) of expected to 
measured DTS can be explained by high CV coupled 
with the basic variability of a single-hour 
measurement and of the expected DTS itself, as 
discussed in References 2 and 3. 

Almost '25% of the data comparisons show expected 
DTS higher than measured DTS. This is caused 
mainly by an approximation we had to make in 
deriving expected DTS from existing data. In 
nearly all cases we did not have the measured 
DTM2FM, since this traffic measurement has only 
recently been taken regularly. Therefore the 
Base DTM Occupancy, for use with charts like 
Figure 3 was derived by assuming that the BHG 
usage is a fixed proportion (0.6) of the DTM 
usage not accounted for by OR seizures and AORBs. 
The factor of 0.6 was derived from the limited 
DTM2FM data available. In many cases the real 
factor is probably close to 1.0; this would 
cause lower Base DTM Occupancy and thus lower 
expected DTS than actually computed for many of 
the data points. Another possible source of 
error in the data is the recorded LLF load, 
which results from sample link seizure and usage 
measurements that are subject to bias in certain 
cases. If too high an LLF load is recorded, the 
expected DTS is overestimated. 

Recognizing that prediction of high day DTS will 
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FIGURE 4 

always be subject to some error, we elect to use 
the mode of the distribution in Figure 4 for 
calibrating results from the analytical model to 
be used for engineering. This means an 0.5 ratio 
of expected DTS to measured DTS, and corresponds 
to the 28th percentile of the distribution. In 
other words, for a high day DTS objective of 20%, 
we use the predicted DTS level of 0.5(20%) = 10% 
from Figure 3 (and the comparable curves) as the 
basis for deriving capacities. The choice of 
this level should imply that the high day service . 
objective will be exceeded only about once in 
four years, and then only when an office is 
limited by the combination of DTM, OR and LLF 
capacity. Also, the choice of a 10% DTS level 
for calibrating results means that the probabil
ity of encountering DTS in the 40%-50% range · 
should be almost negligible. 

5. ENGINEERING PROCEDURE 

As implied in the preceding discussion, the engi
neering method will depend strongly on reliable 
traffic data. With such data in hand, the load 
elements contributing to DTS can be isolated and 
projected forward in time separately. Then, with 
the aid of charts derived from the analytical 
model, we can determine whether the existing 
equipment is adequate to meet future needs. 
Where it is not, the same char.ts can be used to 
determine the equipment to be added. 

There are two DTS service standards normally con
trolling: the 20% DTS objective for expected an
nually recurring high day busy hour conditions, 
and a L5% DTS average service for the busy season 
(time consistent) busy hours. These we refer to 
as the HD and ABS standards, respectively. Actual
ly there is a third service objective: 8% DTS 
average for the ten highest day busy hours. But 
thus far we have found that this objective is not 
controlling as long as both the HD and ABS stand
ards are met. Hence no separate engineering curves 
or tables are derived based on the 8% objective, 
though they could be obtained readily if needed . 

The engineering method is best explained in 
steps, with a numerical example showing possible 
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results at each step. For this example, assume 
an office at typical maximum size (60 LLFs, 
4 DTMs, approximately 120 ORs). 

1. Determine ABS and HD CCS per LLF. Estimate 
the ABS CCS per main station for the end of 
the current engineering period. Then use the 
projected number of main stations and the 
installed LLFs to compute ABS CCS/LLF. Using 
HD to ABS load ratios from recent busy sea
sons,calculate the expected HD CCS/LLF. Exam
ple results: 1400 CCS/LLF ABS; 1700 CCS/LLF HD. 

2. Determine ABS and HD % AORB. Using traffic 
data from the most recent busy seasons and 
the projected number of main stations, compute 
the expected ABS and HD OR loads. From stand
ard Erlang C charts or tables (not included 
here), determine the expected ABS and HD % AORB. 
Example results: 0.1% AORB ABS; 10% AORB HD. 

3. Compute ABS and HD Base DTM Occupancy. Again 
using recent busy season data, calculate the 
DTM usage resulting from AORBs and DTM2FMs. 
This is done by first calculating total DTM 
usage by multiplying traffic counts scored by 
the DTMs by theoretical holding times given 
in the current engineering practices. Both 
for ABS and HD conditions, the DTM usage ex
cluding AORBs and DTM2FMs is then calculated 
by subtracting the estimated usage for those 
functions from total DTM usage. This remaining 
usage is projected to the end of. the current 
engineering per.iod from main station data as 
in steps 1 and 2. The expected % AORB computed 
in step 2 is then used (separately for HD and 
ABS) to calculate the Base DTM Occupancy. For 
this computation it is best to assume, for 
consistency with the analytical model, that 
an AORB holding time is the same as the hold
ing time for any other DTM use. Thus we have: 

Base DTM Occupancy 

Normally for ABS conditions the fraction of 
AORBs and DTM2FMs will be small, so there is 
no harm in simply averaging a few points to 
determine a factor that can be ' applied to ABS 
DTM usage data for estimating the projected 
DTM usage. Example results: 

Base DTM Occupancy 0.55 (ABS) 
Base DTM Occupancy = 0.75 (HD) 

4. Compute DTM Holding Time (HT). Again for ABS 
and HD conditions, employ the DTM usage calcu
lated in step 3, excluding AORBs and DTM2FMs. 
Divide this by the DTM seizure count excluding 
AORBs and DTM2FMs to determine the DTM HT to 
be used in capacity determination. Our data 
studies show that the DTM HT calculated in 
this way will normally be somewhat higher than 
a theoretical HT that can be estimated from 
office equipment parameters. Use of the cal
culated number is recommended, but a check 
should be made for consistency with the theo
retical HT, to eliminate any possible bad 
data used for projecting Base DTM Occupancy 
in step 3. Example results: 

DTM HT 0.28 sec (ABS) 
DTM HT = 0.30 sec (HD) 

5. Determine HD Capacity, Equipment Needed. 
Figure 5 is a family of curves that may be 
used directly to estimate HD capacity; using 
the numbers computed in steps 1 thru 4. The 
curves are taken directly from the 10% DTS 
points on curves comparable to those shown in 
Figure 3. The capacities indicated in Figure 5 
apply to a .30 sec. DTM HT. A comparable set 
of curves will be given for a .45 sec.DTM HT, 
along with a formula for interpolating or 
extrapolating capacities for the full range 
of DTM HTs. 
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FIGURE 5 

To use Figure 5 in our example, apply the HD 
CCS/LLF computed in step 1 (1700 ' CCS} and the 
Base DTM Occupancy from step 3 (0.75). Interpo
lating in the family of curves we see that the 
allowable % AORB is about 17%. Since this num
ber exceeds the 10% AORB estimated in step 2, 
the installed equipment should be adequate for 
the end of the current engineering period. 

If the point corresponding to (CCS/LLF, Base 
DTM Occ.) indicates that a lower % AORB than 
that computed in step 2 is required, generally 
the best alternative will be to advance the 
job interval and add ORs to meet the % AORB 
indicated by Figure 5. The number of ORs needed 
is determined readily from Erlang C charts or 
tables. If the point on Figure 5 lies above 
the curve for 0% AORB, either an additional 
DTM or LLF deloadinq will be necessary. bsual
ly adding a DTM will be the preferred alterna
tive. The increase in capacity is estimated 
easily by recomputinq Base DTM Occupancy with 
one more DTM in service. Normally LLF de loading 
would be achieved by adding LLFs' and reassign
ing lines, or by transferring lines to another . 
switching system. This should be considered if 
the HD CCS/LLF exceeds 1800, since at very 
high LLF loads a DTM addition will have a 
smaller effect on capacity than it would have 
at lower load. 

Figure 5 applies directly to systems with 4, 
5 or 6 DTMs. For offices with 3 DTMs, we 
estimate that the Base DTM Occupancy computed 
in step 3 should be increased by 5% for use 
in Figure 5. For systems with 2 DTMs, the ABS 
engineering procedure will normally determine 
capacity. 

6. Determine ABS Capacity. Equipment Needed. 
Table 11 is the counterpart of Figure 5 for 
ABS engineering, and is based on the 1.5% DTS 
criterion. This table takes into account the 
small but not negligible probability that one 
DTM will be taken out of service for brief 
periods during the busy' season. From an 
inspection of just over 1000 DTM-hours of data, 
we found an outage rate of 0.65%. It is very 
rare for a DTM to be out of service for an 
entire busy hour. Nonetheless the average 
outage rate implies that an office with three 
DTMs would normally exceed the ABS objective 
for DTS if its average Base DTM Occupancy 
exceeds .667, since the expected fraction of 
time with only two markers in service is 
3(.0065) = .0195. The sharp drops in capacity 
shown in Table 11 at 1400 and 1500 CCS/LLF 
result from the fact that HG blocking alone 
contributes an appreciable part of the 1.5% 
allowable DTS. 
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TABLE II 

AVERAGE BUSY SEASON CAPACITY TABLE 

NO. OF OTM HT CCS eer LLF 
OTM's (sec.) ~ gQQ ~ ~ .lli2Q. 

2 .30 .48 .48 .48 .48 .36 
. 45 A8 A8 .48 .425 .29 

3 .30 .64 .64 .635 .615 .53 
.45 .635 .625 .60 .535 .44 

4 .30 .72 .72 .705 .665 .585 
.45 .70 .68 .65 .. 585 .48 

5,6 . 30 .77 .76 .735 .70 .61 
.45 .725 .71 .665 .605 .50 

L- BASE OTM OCCUPANCY I 

The ABS computations from steps 1, 3 and 4 are 
used in Table 11. The table is applicable only 
to a low % AORB, 2% or less for ABS conditions. 
If the % AORB computed in step 2 exceeds 2%, ORs 
are to be added to meet this limit. Generally 
the table is to be used in the same way as 
Figure 5, with a DTM addition or LLF deloadinq 
the usual alternatives for meeting the ABS 
objectives. 

As noted, Table 11 capacities should apply to 
systems with two DTMs. Offices with three DTMs 
may be limited either by Table 11 or Figure 5. 
Most systems with 4, 5 or 6 DTMs are expected 
to be HD capacity limited, but Table 11 should 
always be checked for a possible ABS limit. 

Once the traffic engineer has determined that 
the current or revised job is adequate, subse
quent additions can be planned by repeating 
steps 1 through 4 for the next engineering 
interval. Figure 5 and Table 11 are then 
applied again to determine if more equ~pment is 
needed. 

The method described here has not yet been 
tested in an Operating Telephone Company environ
ment. Our current plan is to arrange for a 
trial of the procedure in one Company during the 
last half of 1976, then modify it as needed to 
permit publication in Bell System engineering 
practices in 1977. 

6. SUMMARY 

An engineering procedure for common control 
equipment and, where necessary, link frames in 
No. 5 Crossbar has been derived, based on a new 
analytical model that predicts dial tone delay 
by accounting for the waste usage on markers 
generated at high link frame loads. Fair 
agreement with field data for heavy traffic 
loads was obtained, and for engineering purposes 
the threshold for high day service was adjusted 
downward to compensate for the expected varia
bility of high day load conditions. The 
proposed procedure will be field tested during 
1976, and is expected to result in a significant 
improvement in high day service protection • 
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APPENDIX 

QUEU~ LENGTH AND DELAY EQUATIONS FOR THE ANALYTICAL MODEL 

In the model, two DTMs serving N LLFs are used to repre
sent four DTMs serving 2N LLFs. A single DTM holding 
time (T) equal to the office average DTM work time is 
used for both good and bad calls. 

The queue-length process for good calls is a discrete
time Markov chain with a finite number of irreducible 
classes {C

k
}, where no transition between different 

classes is possible. The kth class is the queue-length 
Markov chain for a discrete-time M/D/2 queue with random 
order of service, "feedback" occurring when all ORs are 
busy, and k bad calls permanently in the system. Bad 
calls and good calls compete on an equal basis for the 
DTMs. 

A bad call rejoins the queue after service by a DTM. A 
good call served in any time period rejoins the queue 
with probability q (the all-ORs-busy probability) and 
leaves the system with probability p = l-q. For the kth 
process, let X denote the number of good calls in the 
system at timennT, and let Y denote the number of bad 
calls (permanently) in the system. Let 

Pk(i,j) = p[Xn+l = jlXn = i ,and Y = k] 

and let Pk(i) be the equilibrium queue length distribu
tion with k bad calls. Let A(n) be the probability that 
n good calls arrive in one DTM holding time T. A(n) is 
assumed to have a Poisson distribution with mean A, where 

A AINT 

Al originating good call rate, per LLF 

N number of LLFs served by two DTMs 

The transition functions are given by 

PO(O,j) A(j) 

PO(l,j) pA(j) + qA(j-l) 

PO(i,j) pA(j-i+2) + qA(j-i) for i ~2 

and for k ~ 1, by 

A(j) 

(1) 

Pk(O,j) 

Pk(i,j) p[k(k-l)A(j-i) + 2ikA(j-i+l) + i(i-l)A(j-i+2)]/ 

[(k+i)(k+i-l)] + qA(j-i) for i > 1 (2) 

In Reference 3 it is shown that a stationary distribu
tion exists for A/2p < 1 and for each k > O. Formulas 
are also given for the steady-state DTM occupancy, both 
excluding and including the effect of bad calls. ' Given 
that the equilibrium distributions Pk(o) exist, they 
satisfy the equation 

j+2 
Pk(j) = L Pk(i)Pk(i,j) 

i=O 

Computation of Pk(o) for k > 0 by the method of generat
ing functions involves numerical solution of rather un
wieldy differential equations. An alternative method 
that makes use of some properties of recurrent Markov 
chains was used and is described in Reference 3. 

We then calculate the dial-tone delay probabilities for 
a call that arrives when tte system is in steady state,. 
just prior to the arrival of the call. With ~ and Y as 
previously defined, let 

X = number of good calls in the queue immediately 
after an arrival when, just prior to the 
arrival, the system was in steady state. 

Then, let 

Then 
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I
Queue is in steady state at time ~ 

j (n-l)T with k bad calls present, and 
at least one good call arrives at nT 

k] 

Also, let 

and 

A(n) 

I
x - i, Y = k, and at least 

j o~e-gOOd call arrives at time 

A(n) 
1 - A(O) 

o 

n~l 

otherwise. 

n~ 

Thus A(n) is the conditional probability that n calls 
arrive at time nT given that at least one call arrives at 
~T, and Pk(i,j) is defi~ed by Equations (1) and (2) with 
A use~ in place of A. Pk(j) is given by Equation (3), 
with Pk(i,j) in the summation. 

Let Wn(i,k) be the conditional probability that an arriv
ing call has a dial tone delay of nT seconds, given that 
there are i good calls in the queue at arrival time and 
k bad calls permanently present. Then, with D to denote 
the dial tone delay, we have 

W (i,k) = P[D = nTlx = i,Y = k] i > 1 
n 

Then 

i~l 

and Wn+l(i,k) can be comp~ted recursively from 

Wn+l(i,k) = L Pk(i,j)W (j,k) 
j==O n 

where, for any given good call out of the i calls present 
at time T, with Xn == i ~ 1, 

~ +1 = j and the given call doeslXn == iJ 
Pk(i,j) P n~t leave the system on the DTM Y = K 

cycle beginning at time nT 

The terms Pk(i,j) are derived in Reference 3 by enumerat
ing and combining the separate probabilities of mutually 
exclusi~e events. Then, by the law of total probabili-
ties 

P[D nTly 

P[D > nTly 

and 

P[D > nT] 

K] = I Wn(i,k)P[X = ily = k] 
i=O 

n 
k] 1 - L P[D mTly k] 

m=l 
c 
L b(x,c ,k) op[D > nTly = k] 

k=O 
(4) 

Here b(x,c,k) is the Erlang-B probability that k bad 
calls are in the system, with x erlangs of offered bad 
call load, and c a truncation parameter. For total 
blocked call loads, in the range of interest c = 5 was 
found adequate for computations. As noted in Section 3 
a negative binomial distribution (truncated) is substi
tuted for b(x,c,k) to represent peaked input. 

The term P[D > nT] is the dial tone delay probability 
seen by good calls, and caused by the good calls them
selves and the DTM load generated by bad calls. Even at 
very high LLF loads this is normally the principal compo
nent of dial tone delay. However, to complete the compu
tation we represent the delay seen by the bad calls them
selves in an approximate manner by the conditional 
Erlang-C probability, i.e., 

P [D > t] == exp [- (lO-a)t] 
b HT J 

where HT is a line link holding time (-150 sec.), t = 3 
secs. at the delay criterion, and a is the, average HG 
carried load (typically 3 to 5.5 erlangs, for average 
load to overload analyses). The final dial tone delay 
probability is given by 

P[D > t] = (l-PB)P[D > nT] + PBoPb[D > t] 

where nT - t (again, cf. discussion in Reference 3) and 
PB is approximated as the ratio o~ the bad call to the 
(good call + bad call) arrival rates. For any HG (or 
LLF) load, the term PBoPb[D > t] may be viewed as a 
'residual' dial tone delay that cannot be avoided no 
matter how many DTMs and ORs are provided. 

ITe8 

• 

• 

• 

• 


