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ABSTRACT 

In a recent paper (Ref. 1) the principles of System and 
User optimization were introduced and discussed for alter
nate routing telephone networks. (A System optimized 
network design is obtained by minimising the total cost of 
the network. subject to Origin to Destination grade of 
service standards. A User optimized network design is 
achieved by minimising the cost per erlang on chains used 
by each OD pair). An algorithm for determining these 
optimal network designs has been developed (Ref. 2). which 
is based upon a modification to a well known non-linear 
programming algorithm proposed by Wolfe (Ref. 3) • 

A mathematical model for dimensioning alternate rputing 
networks developed by Berry (Ref. 6) has been used in 
conjunction with the optimizing algorithm to obtain net
work designs based on the two principles. The purpose of 
this paper is to compare the two different network designs 
obtained by applying these optimizing principles to the 
Adelaide Telephone Network. 

1. INTRODUCTION 

This paper will be concerned with two optimizing 
principles which were first discussed for telephone net
works in Reference 1. These two principles are known as 
System and User optimization respectively. In the 
earlier paper. these principles were applied to a small 
network which consisted of five links; in the present 
paper these principles will be applied to the Adelaide 
Telephone Network using Berry's network Dimensioning 
model. and a comparison will be made of the two different 
networks produced. 

There were two main factors which influenced the study of 
User optimization for telephone networks. Firstly. this 
form of optimization was new to telephone networks and 
represents an alternative to the principle of System 
optimization which is the ultimate aim of telephone net
work planners. Secondly. experience with this type of 
optimization in the context of road traffic theory had 
shown that the difference in costs between a System and a 
User optimized network was relatively small and further
more. the sp~ed with which the User optimized solution 
can be computed using Berry's dimensioning formulae is 
significantly greater than the computation speed required 
for System optimization. Thus it was felt that the User 
optimization procedure could be used to move rapidly to a 
network cost which was very close to the true System 
optimal solution. After reaching this point it would then 
be possible to step quickly to the System solution and 
hence to make a considerable saving in the overall comput
ation time required to achieve the minimum cost network. 

As mentioned above the optimization was performed using 
Berry's dimensioning formulae. The original formulae 
proposed by Berry have been recently upgraded to give 
more accurate results through the introduction of a new 
parameter "p" (Ref. 5). If this parameter is set to zero. 
then the formulae reduce to their original form. In this 
study. the old and the new versions have been used for 
computing circuit values required in 'the optimization 
process. It is not the intention of this paper to compare 
the two models as this has already been reported (c.f. 
Ref. 4). (Furthermore. different sets of data were used 
with the two versions of the dimensioning formulae). 
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In Section 2 of this paper, some theoretical results will 
be presented which have formed the basis for calculating 
a User optimized telephone network. (These results will 
be derived using the upgraded formulae - in each case the 
results simplify if a corresponding result is required 
for the original dimensioning formulae). In Section 3, 
there will be a brief discussion of the User optimized 
solution to the Adelaide Network, and in the following 
section a comparison will be made of the significant 
similarities and differences between the System and User 
optimized solutions. 

2. , THEORETICAL RESULTS USING BERRY'S DIMENSIONING 
FORMULAE 

2.I- SYMBOLS AND DEFINITIONS 

Consider a telephone network T consisting of a set N of 
exchanges, and a set L of u directed links. In this net
work we specify a set of n Origin to Destination pairs, 
(abbreviated to "on pairs") and denote them by ok-nk, 
kkI ••••• n, and a set of m(k) allowable chains denoted by 
m for jmI, ••• ,m(k). (A chain may be described as a 
s~quence of links which form a route between an exchange 
which originates traffic and an exchange which terminates 
this traffic). Let t k be the offered pure chance traffic 
destined for nk from Ok. The amount of traffic carried 
on a particular sequence of links forming a chain between 
a pair of exchanges is called a chain flow and is denoted 
by hk. The total carried traffi~on-a-link i is 
obtained by adding together the chain flows which use this 
link, i.e. 

where 

f .1: 1: k hk 
i k j aij j i-I, •••• u. 

ak
ij 

_ {OI if link i is on chain m~. 
otherwise. 

(1) 

In addition to the above notation, the following symbols 
will be used : 

symbol used to indicate an arbitrary link. 
symbol used to indicate an arbitrary chain, 
symbol used to indicate an arbitrary OD pair, 
the mean offered traffic to link i. 

the variance of the traffic offered to link i 

the variance of the traffic overflowing from link i. 

the total cost of the network 

the traffic congestion between the k-th on pair. 
the number of circuits required on link i (regarded 
as a continuous variable for theoretical convenience). 

Fk k the carried .traffic on a direct route mI . 

In an earlier paper which discussed the concepts of System 
and User optimization for telephone networks (see Ref. 1), 
the notions of marginal chain cost and chain cost per unit 
flow were introduced in order to specify optimality 
conditions for these concepts. For completeness these 
notions and definitions of System and User optimization 
are summarised below : 
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Definition 

If C(h) is the total cost of the network then the marginal 
chain cost of chain m~ is defined as 

(2) 

Defini tion 2 

For alternate routing networks. the cost per unit flow on 
chain m~ is 

(3) 

where 

(4) 

and ci - the cost per circuit on link i. 

Definition 3 

A network T is said to be "System optimized" if it is 
designed in such a way that the total network cost C(b) is 
a minimum. subject to OD pair grade of service constraints. 
A chain flow pattern is said to satisfy the conditions of 
System optima1ity if for each OD pair k. there is an 
ordering Pl.P2 •.•.• P .p +1 •••.• Pm{k) of the chains joining 
Ok to DK such that tge ¥o 10wing ~ofidition holds : 

).k ... -
(5) 

where 

for r-l ..... s 

for r-s+l ••••• m(k) 

Definition 4 

A chain flow pattern h which satisfies the OD grade of " 
service constraints is said to satisfy the equilibrium 
conditions for a User optimized network T if. for each OD 
pair k. there is an ordering of the chains P1 ••••• Ps.Ps+1. 
•.•• Pm(k). joining Ok to Dk such that " 

~ ... -
(6) 

where 

for r-1 ..... s 

for r-s+l ••••• m(k) 

2.2 BERRY'S MODEL (OUTLINE) 

The aim of Berry's model (Refs. 5 & 6) is to produce a 
minimum cost network (System optimized) subject to 
constraints on the chain flow variables which specify the 
Origin-Destination requirements. The model is formulated 
as a mathematical programming problem. and various 
techniques based on non-linear programming algorithms may 
be used to determine the optimal network. For the 
purposes of this paper. the circuit dimensioning formulae 
from Berry's model have been used with the modified non-
linear programming model (Ref. 2), to study the two types 
of optimal network design. 
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Starting with a prescribed chain flow pattern on the net
work. the mathematical model determines the mean (Mt ) and 
the Variance (V ) of combined traffic streams offered to 
each link i. ana calculates the equivalent random traffic 
(Ai) which would produce an overflow traffic distribution 
from a full availability link with moments Ht and Vi' 
The total traffic carried on each link (fi ) is determined 
from the sum of chain flows using that link (see equation 
(1». from which the number of circuits (ni) is calculated 
using equations (7) and (8). 

(7) 

where the variance of the overflow traffic from link i is 
given by _ 

I " 2 pi Vi - 6(Mi -f i ) (3-Mi+fi +{(Mi -fi -3) + l2Ai (1-fi /M
i

) ) (8) 

where p is an assigned parameter which takes on a value 
of approximately 0.1. 

(The value of p has been determined from simulation trials 
and varies according to whether link is on a first. second 
or third choice route). Ai represents the equivalent pure 
chance traffic and is computed from the well known 
approximation by Rapp (Ref. 7). 

(9) 

2.3 USER OPTIMIZATION THEORY APPLIED TO BERRY'S MODEL 

Equation (4) from Definition 2 states that the link cost 
per unit flow (i.e. cost per unit er1ang) is obtained 
from -dividing the total cost of the link (cini) by the 
carried traffic on this link (f i ) - provided that this 
traffic is non zero. If the carried traffic is zero, 
then the link cost per unit flow is given by the limit 

(10) 

In order to perform the User optimization with Berry's 
model it is necessary to compute the above limit. 

Result 1 

For a general link i. the limiting cost per unit flow is: 

- [AiM~ {5V i - 3Mi .+ ~ + AiPJ] 
ci - ci 1 + 2 2 2 (11) 

(Mi - Mi + ~i) 6Vi - 3Mi + Mi 

Proof: By rearranging equation (7) the required limit 

Hm c i [ Ai (fi (ll~ - llifi - Vi) + Mi (Vi - Vi»] 
f .. 0 - f + 
i fi i (M2 _ M + V )~M -f )2 -(M -f ) + vi:> 

i i i i i i i 

consider the limit 

Using equation (9), Vi can be written as 

Vi - t Mi (3 - Mi + /(Mi -3)2 + l2A~ 

hence 
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Dividing by fi and taking the limit as f i+ 0 gives 

1 {(3-2M ) + (2Mi -3)(Mi -3) + 6Ai (2 + p)} 
6 i ~~--~~----~~----

/ (Mi -3)
2 

+ 12Ai 

Thus 

t 

(since lim V ). 
ft O vi i 

Substitution of equation (9) into the above expression 
and simplifying, the following result is obtained : 

f~!~ cini .. c i [ 1 + 2AiMi 2 {SVi - 3Mi + Mi : Ai~ll 
~ (Mi-Mi+Vi ) 6Vi - 3Mi + Mi J 

Result 1 may be simplified furtper if the traffic is 
offered to a direct route~irst choice route~ as such 
routes are assumed to be offered Pure Chance traffic. 
Consequently. Ai = Mi = Vi .. t k where t k is the pure 
chance offered traffic to OD pair k on direct route k. 
Thus we obtain by direct substitution into equation (11): 

Result 2 

For direct route k. the limiting cost per unit flow is 
given by : 

(12) 

In order to try and predict the form of the User 
optimizing chain flow pattern. two results have been 
obtained which examine the properties of the cost per unit 
flow functions. Result 3 shows that the magnitude of the 
number of circuits per unit flow is always greater than 
unity. and Result 4 demonstrates that the cost per unit 
flow function on a direct route increases with an increase 
in carried traffic. (offered traffic being held constant). 
From these two results it is possible to show (Result 5) 
that if the magnitude of the sum of the costs per circuit 
for links on second and subsequent choice chains is always 
greater than the largest value of the cost per unit flow 
on the first choice chain of a given OD pair. then a User 
optimized solution will have all flow on the first choice 
chain of this OD pair (see (17». 

Result 3 

The cost per unit flow on a link is strictly greater than 
the cost per circuit. Equivalently. 

and 

Proof: (i) 

(ii) 

-!Tea 

ni 
> 1 for f i > 0 

~ 

Hm n
i 

fi+O -> if fi - 0 (13) 
fi 

For positive flow on link i the number of 
circuits is always greater than the flow 
since each term in equation (7) is positive. 

For fi-O. the limit given by equation (11) is 
always positive and greater than unity since 
the second term of this expression is 
positive. (This follows because 
Ai ~ Vi ~ Mi > 0). 

Result 4 

The cost per unit flow is a strictly increasing function 
of the flow for direct routes when the offered traffic is 
fixed. 

Proof (Outline): It is necessary to show that the 
derivative of the cost per unit flow function for direct 
routes is positive. 

Let Ai a Mi =Vi = t and fi - F. then substitution into 
equation (7) yields the following simplified formula for 
the number of circuits on a direct route 

n .. F - 1 + t [ (t - F) ] 
(t_F)2 - (t-F) + v 

(14) 

where v = t (t-F)(3 - t+F + ~t-F-3)2 + 12t(1-F/t)P)(1S) 

is the variance of the traffic overflowing from this 
route. For convenience the square root term above may be 
defined as X. i.e. 

x -

Rearrangement of equation (14) yields 

n F = 
12 (t+2+2F+p) ] 
(S(t-F)-3+X) (t+SF+3+X) (16) 

It is now necessary to differentiate the above equation 
with respect to F and to determine whether the resulting 
expression is strictly positive. This computation has 
been performed and the derivative is strictly positive. 
(The details of this computation have been omitted as the 
expressions are rather unwieldy). 

Result 5 

In a telephone network. if condition (17) holds for an OD 
pair k. then a User op.timized flow pattern for this net
work will have all flow on the first choice chain mt. 

for j-2 ••••• m{k) (17) 

where ck = Cost per circuit on direct route k. 

ci .. C~st per circuit of link i on alternate route 
m

j
. 

ak ... nk] 
Fk Fk = Maximum feasible flow on direct link 

k. 

Proof: For first choice chains, the cost per unit flow 
for the direct route is an increasing function of the flow. 
Thus the cost per unit flow will have its maximum value 
when Fk is assigned its maximum feasible value, i.e. 

Fk _ t k (1_Bk) 

The cost per unit flow on the link of an alternate route 
is strictly greater than the cost per circuit of that 
link and hence 

-k C .. 
j 

for j-2 ••• ~,m(k) 

E k 
Now, if i a1Ci is greater than the maximum value of the 
cost per un~t flow on the first choice chain, for j-2, 
•••• m(k) then 

for j-2 ••••• m{k) 

Thus from Definition 4 in any User optimized flow pattern 
it follows that there cannot be any flow on chains 
k k k 

m2 .m3•· .. ,mm{k)· 
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3. SYSTEM AND USER OPTIMIZATION OF THE ADELAIDE NETWORK 

3.1 SYSTEM OPTIMIZATION 

In this study, two different sets of cost and traffic 
data were used with the two versions of Berry's dimension
ing formulae. Data for the first version of the model 
specified 1141 OD pairs which connected 37 exchanges. 
Four tandem exchanges were provided for the alternate 
routes. Data for the second version of the model 
specified 1892 OD pairs which connected 44 exchanges, and 
once again four tandem exchanges were used for directing 
traffic on the alternate routes. The network uses cross
bar group selectors which provide traffic with a maximum 
of three possible choices. 

In both optimizations, the starting point for iterations 
was "all flow on the viable direct routes and all 
remaining traffics assigned to second choice routes if no 
direct route is supplied". Iterations were terminated 
after approximately 15 minutes of CP time on a CDC 
Cyber 74 computer. In this time, approximately 500 itera
tions of the algorithm described in Reference 2 were 
required to achieve a chain flow pattern which was 
accurate to within one or two percent of the true System 
optimal solution. In practice, there are several reasons 
for not attempting to obtain a more precise solution. 
Firstly, a System optimized network is very sensitive to 
traffic overload, and this is considered to be undesirable 
from a practical viewpoint. Secondly, the formulae use 
circuit values which are continuous variables (for 
theoretical convenience) and they must be rounded to 
integers at the completion of the optimization process. 
Experience has shown that very little change in the over
all integer solution cost is made by continuing to refine 
the accuracy of the solution. Finally, the convergence 
of the optimization process is particularly slow near the 
minimum and further application of the algorithm would 
require a considerable computational effort which would 
not yield any advantages in terms of the integer solution. 

Table 1 summarises the network costs for every twentieth 
iterate for the two optimizations. In Table 2 a selection 
of OD pair chain flows and their corresponding marginal 
chain costs is presented for which Definition 3 has been 
satisfied. (Examples have been chosen from the optimiza
tion using the first version of the model, i.e. p-O). 

Iterate Data Set 1 ($M) Data Set 2 ($M) 

0 3.676 5.361 
20 3.040 4.787 
40 2.970 4.635 
60 2.928 4.535 
80 2.902 4.486 

100 2.896 4.424 
120 2.859 4.410 
140 2.841 4.381 
160 2.828 4.372 
180 2.820 4.356 
200 2.789 4.340 
220 2.782 4.319 
240 2.779 4.309 
260 2.774 4.302 
280 2.768 4.299 
300 2.763 4.296 
320 2.758 4.292 
340 2.754 4.288 
360 2.750 4.285 
380 2.746 4.284 
400 2.742 4.281 
420 2.739 4.279 
440 2.736 4.278 
460 2.731 4.277 
480 2.725 4.277 
500 2.725 4.276 

Table 1 Iterates from the System optimization of the 
Adelaide Network. (Both sets of data/models). 
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OD Pair Chain Flows (Er1) Marl1:inal Chain Costs 

k hk hk hk Dk Dk Dk 
1 2 3 1 2 3 

1 5.56 0.00 5.23 722.9 735.5 724.6 

2 3.21 0.00 1.61 420.4 428.1 421.0 

4 0.00 0.00 0.85 ***** 2508.0 2467.8 

527 3.09 1. 70 0.00 1196.9 1196.9 1285.6 

556 0.00 14.70 0.00 685.7 645.9 746.7 

636 1.13 0.14 0.95 2565.6 2565.6 2565.6 

697 0.00 0.49 0.00 ***** 3048.3 3230.5 

1135 0.00 0.00 0.79 4162.5 3751.1 3631.1 

***** These OD pairs do not have direct routes. 

Table 2 Selected OD pair chain flows and Marginal chain 
costs for System optimized solution. 

3.2 USER OPTIMIZATION 

The computer program for determining the User optimizing 
chain flow pattern for the Adelaide network was started 
at the point "all flow on the viable direct routes - flow 
on second choice routes otherwise". The reason for 
choosing this point is related to Result 5 from Section 
2.3.. A brief survey of the cost figures for the Adelaide 
network revealed that this result applied to approximately 
200 OD pairs, and thus by choosing this point the chain 
flows for these OD pairs would be set and would not alter 
during the computations. This meant that the program 
could concentrate on those OD pairs which did not satisfy 
this result and a User solution would be found more 
rapidly than if it had started from some arbitrary flow 
pattern. 

A solution satisfying the User equilibrium conditions 
(Definition 4) to within a reasonable tolerance was 
obtained after 1~ minutes of computer time on the CDC 
Cyber 74, and 250 iterations. Table 3 gives the network 
cost for each of the two optimizations at each twentieth 
iterate. Table 4 lists selected OD pair chain flows and 
their corresponding chain costs per unit flow. 

Iterate Data Set 1 ($M) Data Set 2 ($Ml) 

0 3.676 5.361 

20 3.466 5.242 

40 3.399 5.240 

60 3.360 5.220 

80 3.323 5.217 

100 3.278 5.215 

120 3.257 5.214 

140 3.246 5.214 

180 3.238 5.214 

200 3.228 5.214 

220 3.228 -
240 3.220 -
260 3.219 -

Table 3 Iterates from the User optimizations of the 
Adelai~e Network (both models). 
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OD Pair Chain Flows (Erl) Chains costs per unit flo\l 

k hk hk hk -k -k -k 
1 2 3 Cl C2 C3 

1 10.79 0.00 0.00 426.74 446.72 450.41 

2 4.82 0.00 0.00 259.33 353.18 310.58 

4 0.00 0.85 0.00 ****** 1578.48 1919.68 

72 1.48 0.11 0.74 364.80 363.27 363.32 

85 0.00 0.00 0.44 ****** 1475.29 1467.95 

201 2.73 0.00 0.71 681.41 721.65 681.37 

259 0.00 0.06 0.03 ****** 4170.55 4170.75 

1135 0.56 0.23 0.00 2931.5 2931.46 3062.78 

Table 4 Selected chain flows and ~~rginal chain costs 
for the User optimization of the Adelaide Net-': 
work. " (Data Set 1). 

****** These OD Pairs do not have direct routes. 

4. COMPARISON OF SYSTEM AND USER NETWORKS 

It is interesting to note that the User and System 
optimized networks exhibit a number of important features. 
In both studies the unrounded costs of $M3.22 and $M5.14 
for the User optimized solutions were further away from 
the unrounded costs of $M2.75 and $M4.27 of the System 
optimized solutions than had been anticipated from results 
with smaller networks (see Ref. 1). The rapidity with 
which the User solution was obtained, demonstrates the 
possible potential which this type of optimization has 
for iterating towards a System optimized solution. 

An important comparison between the User and System 
solutions concerns the relative numbers of unused links 
required in each type of network. For the first set of 
data, the User optimized solution had 35 links on the 
alternate routes which were unused, while for the System 
optimized network there were only 20 unused links. 
Furthermore, there are only 7 of these links which have 
been rejected by both optimal solutions. One very obvious 
feature which is common to both solutions is that they 
have almost invariably been rejecting the first link of a 
second choice chain, i.e, link 2 in Figure 1. 

Chain Route (A-B) 

1 1 

2 2, 5 

3 3, 4, 5 

Table 5 Chains for Figure 1 

This feature appears to be very significant and a number 
of suggestions have been put forward to explain this 
result. Firstly, an examination of the relative costs of 
the second and third choice chains tends to indicate that 
the third choice routes have lower costs per circuit than 
expected in practice. Secondly, third choice chains tend 
to be attractive for flow because they provide traffic 
with the opportunity to combine with traffic from as many 
as ninety origin-destination pairs. This effect has 
tended to draw traffic away from the second choice routes 
also, and hence the overall effect on the network is to 

l1eB 

provide first and third choice routes and limit the 
provision of links on second choice chains to OD pairs 
which have relatively expensive first choice routes. 

Table 6 compares the costs of direct and alternate routes 
in each of the optimal network designs. It will be clear 
from this table that the System optimized networks make 
more efficient use of the alternate routes, while the 
User solutions make more extensive use of the direct 
routes, i.e. the User solutions fail to recognise the 
advantages of bulking traffic on the alternate routes. 

A question of considerable importance concerns the 
uniqueness of the User optimal solutions obtained in this 
study. It will be evident from Result 5 in Section 2 of 
this paper that a network which satisfies condition (17) 
for all OD pairs will have a simple unique solution. 
However, in practical networks such as the Adelaide Net
work, only 209 of the 1141 OD pairs in Data Set 1 satisfy 
this Result, and this raises the question of uniqueness 
for such a network. It is necessary to consider the 
uniqueness of the link flow pattern in the network, not 
the chain flow pattern, as it is well known that in 
general, many different chain flow patterns can give rise 
to the same link flow pattern. Preliminary investigations 
into the uniqueness of the User solution for the Adelaide 
Network have tended to suggest that there is only one 
link flow pattern which produces this solution. For 
example, when the User optimization process is started 
from a link flow patte"rn which has a lower cost than the 
User solution, it is found that User optimization applied 
to this pattern results in a return to a link flow 
pattern which resembles that obtained in the original 
User optimization. Investigations which have been 
carried out on this network have so far failed to find 
any other User optimized link flow patterns, although it 
is intended to pursue this point further in due course. 

Data Set 1 System Optimal User Optimal 

Costs (Rounded) Solution Solution 
($) ($) 

Direct Routes 1,755,054 2,504,742 

Alternate Routes 991,342 714,523 

Data Set 2 System Optimal User Optimal 

Costs Rounded Solution Solution 
($) ($) 

Direct Routes 1,909,805 3,705,576 

Alternate Routes 2,464,680 1,534,814 

Table 6 Comparison of System and User Optimal Solution 
Costs for Direct and Alternate Routes. 

5. CONCLUSIONS 

In this paper two concepts of optimality have been 
applied to Berry's model for dimensioning alternate 
routing networks. Experience with small networks had 
suggested that the User optimized network cost differed 
from the System optimal network cost by one or two per
cent. The results of applying these concepts to a large 
realistic network, presented in the foregoing discussion, 
show that the dif~erence in network costs is greatly 
increased, and the design of the User network is 
radically different from the System optimized design. 

Results presented in the earlier sections show that a 
User optimized solution to the Adelaide Network was 
achieved more rapidly than a corresponding System 
optimized solution. (This is largely due to the fact 
that the costs per unit flow are simpler to evaluate than 
the marginal chain costs). Although the User optimization 
is more rapid, it is now clear that the speed of this 
method is not an advantage in obtaining a "near optimal" 
System solution because of the large differences 1n cost 
and design of the User optimized network. As a result of 
this observation, other methods of rapid System optimiza
tion have been tried, and the algorithm of Reference 8 
has proved to be quite successful. 
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Although the ultimate aim of network planners has been to 
produce a minimum cost alternate routing network, there 
may be some advantages in considering network designs 
similar to those produced from User optimization. For 
example, System optimized networks are very sensitive to 
overloads since circuits are operating at high effi
ciencies, however, a User optimized network is not as 
sensitive to overload and circuits are not operating at 
such high efficiencies in the alternate routes. Further
more, the User solution tends to relieve the strain of 
high traffic loads on the tandem exchanges, and this may 
be considered desirable in exchanges which are nearing 
their designed capacities. 
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