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ABSTRACT 

This paper deals with approximate calculation methods for 
delay link systems with several input queues. The 
calculations are based on the idea of "equivalent systems" 
where the link system is equated with 

1. a full availability group, and 

2. Erlang's ideal grading. 

An equivalent system also includes an equivalent queueing 
structure which might be completely different from the 
original one • 

The equivalent system is constructed to have the same 
probability of waiting, W, as the link system. In the 
latter case, W m'ight be calculated from the modified 
methods of Lotze or Jacobaeus, but the possibility of 
improving the approximation for W is also suggested. This 
improvement leads to a better approximation of the mean 
waiting time T than found by Hieber. Finally, an 
equivalent queueing structure for the ideal grading is 
constructed and approximate formulas for the waiting time 
distribution are founq. 

1. INI'RODUCTION 

A modification of the theories of Lotze [lJ and Jacobaeus 
[2J seems to give fairly good results for the probability 
of waitin~ in link systems. This was already noted by 
Hieber [3J who also discusses the possibility of equating 
a link system with Erlang's ideal grading. 

For an ideal grading the mean waiting time T is given by 
Thierer [4J (also tabulated). Hence, for the cases where 
the ideal grading can be used equivalent to the link 
system, the mean waiting time is extremely simple to 
obtain • 

In this paper we will go one step further. If the ideal 
grading really does behave in a manner similar to a link 
system concerning quantities like the occupations 
probabilities p(x), probability of waiting W, mean waiting 
time T etc., we conjecture that the same must be the case 
for the waiting time distribution W(>t). Of course, when 
talking about the waiting time distribution, one new 
feature enters, namely the "structure" of the queues. With 
"structure" we here mean the discipline in each queue, the 
interqueue discipline, the number of queues etc. And 
since Erlang's ideal grading usually have far more splits 
than the equivalent link system, one understands the 
necessity in finding an equivalent queueing structure. 
Having found such a structure, however, the conjecture is 
that for those cases where p(x), Wand T are well 
approximated by the equivalent system, so is W(>t). 

Since we are mainly interested in the method for finding 
W(>t) we make simple assumptions like a Poisson traffic 
that is homogeneously distributed among the inlet 
multiples as well as among the routes. Two types of link 
systems are presented which - in spite of their simplicity 
- represents the "good" and the "bad" cases among the link 
systems we have considered. 

We start the paper by a comparison between the methods 
of Lotze and Jacobaeus. Explicit formulas for W in the 
Jacobaeus case are worked out giving us formulas similar 
to the analogous ones for pure loss systems. 
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In chapter 3 is discussed the goodness of the equivalent 
system. As a result, in Sections 3.2 and 3.3 are 
suggested a new approximation method for the calculation 
of W that also leads to better approximations for T. 

The last part of the paper is devoted to waiting time 
dist.ributions where explicit (but of course approximative) 
formulas for a pure FIFO and a RANDOM interqueue - FIFO 
queue - discipline in the ideal grading is given. These 
queueing structures are compared with the analogous ones 
in the equivalent link system. 

In the Appendix the relevant formulas for Erlang's ideal 
grading are derived and discussed. 

2. THE PROBABILITY OF WAITING 

We will in this pa~er follow the notation in the review 
paper of Kfrmmerle LS]. For a two stage link system some 
important parameters are shown in the figure below 
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Figure 1. Description of a two stage link system. 

In the general case of S stages the precise definitions 
of the parameters are for A = 1,2, •.. S: 

iA Inlets per multiple in stage A 

kA Outlets per multiple in stage A 

gA Number of multiples in stage A 

ksr Number of outlets per multiple in the final 
stage S 

nr Total number of outlets to route r. 

As mentioned in the introduction, the probability of 
waiting can be fairly well estimated by a modification of 
the methods of iot~e or Jacobaeus that originally were 
developed for pure loss systems. We will here give a 
brief discussion of the two theories and make a comparison 
with simulations. 

a) The method of Lotze 

To simplify the discussion we consider the case i1 S k1 
only. The idea of Lotze (for loss systems) is to assume 
that the time congestion consists of two parts 

- inlet blocking 
- route blocking 
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~f the inlet blocking is called fklJ, the route blocking 
I~I and independence between [kl and [PJ is assumed, the 
congestion formula for time congestion with respect to the 
considered route r is given by 

(2-1) 

Let Yl be the load (~ traffic) of the multiple under 
consideration in stage 1. A fraction, nr , of this load is 
offered to the route r. 

The route is considered as a grading with an average 
availability 

(2-2) 

The formula Eq. (2-2), valid for a two stage link system, 
must be somewhat modified if there is a grading between 
stage 1 and 2. The modification is simply to replace YI 
by mlYI where ml is the mean interconnection number 
defined as 

(2-3) 

Eq. (2-2) is easily generalized to any number of stages. 
(See [5] p. 184). 

The arguments above were originally given for loss systems, 
but can readily be taken over for waiting systems as 
discussed by Hieber [3J. In the case of infinite waiting 
space the situation is particularly simple since the 
offered and carried traffic must in any stage be the same. 

Consider now the two stage link system in figure 1. The 
modification of the inlet blocking is the probability of 
waiting given by 

(2-4) 

where Al is the offered traffic per multiple and E2 ,n(A) 
the Erlang second formula. 

By a modification of the Palm - Jacobaeus formula [4], we 
find the following approximation for the probability of 
waiting in the route 

EI,nr(A) 

EI,nr-p,A) 

nr-A+A ' EI,nr-p(A) 

nr-A+A' El ,nr (A) 

where EI,n(A) is the Erlang first formula. 

The formula (2-5) is usually named WGDF' i.e. 

WGDF (n,p,A) 
EI,n(A) 

EI,n-p(A) 

n-A+A El ,n-p (A) 

n-A+A EI,n(A) 

(2-5) 

(2-6) 

By the (modified) Lotze method the probability of waiting 
in the link system in figure 1 is thus given by 

(2-7) 

As we shall see, the agreement with simulation results is 
good, though not perfect. 

b) The modified Jacobaeus method. 

As in the method of Lotze, Jacobaeus assumes independence 
between the stages. His famous formula is usually written 

kl 
E = xEo G(x)H(kl-x) (2-8) 

for the congestion. 

Here G(p) stands for the probability of x devices occupied 
in one multiple in the first stage, and H(kl-x) is the 
probability that the outlets, that can be reached from 
specific kl-x free links, are all occupied. 

The modification to waiting systems is readily carried 
over, giving us - for the link system in figure 1 - the 
formula 

kl 
x~O G(x)wGDF(nr,(kl-x)k2r,Ar) (2-9) 
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where 
x 

G(x) p(O) Al for x < kl (2-l0a) 
iT 

G(k ) 
kl 

p(O) Al kl (2-l0b) 

ki! kl-AI 

p(O)-l 
kl 
~ ~ 1 (2-l0c) 
k : kl-AI E2 ,kl (AI) 

and Ar is the traffic offered the route r. 

In the particular case of k2r = 1 the sum in Eq. (2-9) 
may be performed to give us 

ArE2 ,kl (Ar ) (k l -AI) - Al E2 ,kl (AI) (k l -Ar ) 
Wj = 

(Ar-AI)k l 

and 

(2-11a) 

(Ar = AI) 

(2-11b) 

To compare WL and WJ we consider the two following link 
systems: 

9, = 16 k2r = 1 

0000 0 0 0000000 
0000 0 0 0000000 
0000 0 0 0000000 
0000 0 0 0000000 

k, =8 9 =8 
0000- 00- 0 o 000000 2 

0000 0 0 0000000 
000-0- 0 0 0000000 
0-0-0-0- 0- 0 0000000 

t k2 = 8 
A 

Figure 2a. 
9, =8 k2r= 1 

0-000-0-000 0 0000000 
0-000-00-0-0- 0 0000000 
0-0-00-0-0-0-0- 0 0000000 

k =80- 0- 00000- 0- 0 0000000 
9 =8 

1 00000-000 0 o 0000 002 

00000-0-0-0 0 0000000 
00-00-0-0-0-0 0 0000000 
0-000-00-0-0 0 0000000 

t k2=8 

A 

Figure 2b. The link systems used as examples in this 
paper. 

The second example is just a simplified version of the 
first. It is included firstly, because it represents the 
case Ar = AI, and secondly - as was already noted by 
Hieber - the approximative formulas show a larger 
deviation from simulations in this case because there is 
no concentration in the second stage. The figures 3a and 
3b show the behaviour of WL and WJ compared with 
simulation results. The method of Lotze gives a good 
agreement for large values of A whereas the method of 
Jacobaeus seems to be somewhat better for small values. 
The latter, however, deviates rather strongly for large 
values, and as an overall approximation the method of 
Lotze seems to be prefered. 

From numerous examples (and also clearly seen from figure 
3b) are found that the method of Lotze gives slightly too 
high values for W in the upper region of A and too small 
for W less than one percent. The best agreement seems 
to be for W between one and ten percent. 
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It, = 8 

r 
9, = 16 

Figure 3a • The probability of waiting Wand the mean wait
ing time T for the link system in figure 2a. 
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Figure 3b. The probability of waiting Wand the mean wait
ing time T for the link system in figure 2b. 
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3. EQUIVALENT SYSTEMS 

Since exact calculations on link system grow extremely 
complicated with an increasing number of devices, 
approximative methods are looked for in practical 
dimensioning. One method, that has given surprisingly good 
results for related problems [6], is to look for an 
"equivalent system" which is solvable and behave in a 
manner similar to the original. For obvious reasons, a 
full availability group is usually taken as the equivalent 
system, but we will in this paper find the Erlang's ideal 
grading more satisfactory. The equivalent full availabili
ty group, though, will be carried through mainly for the 
sake of comparison, but also because it sometimes gives 
rather good approximations. 

Since we are dealing with queueing systems with more than 
one queue, it is clear that an "equivalent system" implies 
that not only the physical system - consisting of devices 
and links - but also the queueing structure must be 
equivalated. 

Queueing system Physical system 

§ Ar ... ~ 
W nr ----. . : . . . . . . . . 

Figure 4. An equivalent system. 

We consider first the "physical" part of our queueing 
system with nr outlets to the route under consideration 
and an offered traffic Ar (to the route). In addition, 
we assume the probability of waiting, W, to be known. 
Below is presented two equivalent systems, a full 
availability system and Erlang's ideal grading. 

3.1.a Full availability system. 

For the Poisson case the full availability group is 
completely specified by the two parameters Ar and n r . 
Hence, in order to obtain the given '>'1, at least one of 
the parameters have to be changed. A reasonable additional 
assumption is to preserve the load per outlet when passing 
to the equivalent system. The new parameters Ar and n~ are 
then determined by 

A' r Ar 

n~ nr 

and 

W E2,n~ (Ar) 

With the mean holding time set equal to one, the mean 
waiting time in the queue follows as 

1 n 1 
TE ....J:. • 

n~-A~ 
I 

nr-Ar nr 

3.2.b Erlang's ideal grading. 

(3-1) 

(3-2) 

It was shown by Hieber [3]that the probability p(x) of x 
outlets occupied in a link system satisfies an equation 
of the type 

(X-o(x)A)p(x) = (l-o(x-l»"A 'p(x-l) x=l, .. nr (3-4) 

where a(x) is a complicated function of x. In fact, to 
calculate o(x) amounts to solving the whole problem. On 
the other hand, from the Appendix we know that th~ id~al 
grading satisfies Eq. (3-4) if a(x) is given by (k)/(kr ) 

where k is the availability. Since k is the only 
remaining parameter to be determined we equate W with 
W10F as given by Eq. (A-13) in the Appendix: 
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nr 
W WIDF L p(x)o(x) 

x=k 
(3-5) 

1 nr x o(i)A 

'I . L p(x) L 
AW x=k i=k i-O(i)A 

(3-6) 

As usual the mean holding time is set equal to one, and 
'I is the mean conditional waiting time (given that we 
have to wait). 

When using either of the two equivalent systems discussed 
above we have the two possibilities 

(i) equate W with the equivalent system for each A of 
interest, or 

(ii) equate W with the equivalent system for one 
particular value of A where we know W to]b; close 
to the exact value, and use this" set of parameters 
for any A of interest. 

The two possibilities above represent two limiting cases. 
If W were exactly known, (i) was the Obvious candidate 
and if the equivalent system behaved exactly as the 
original, (ii) was the one to use. 

From Section 2 we know that W is well approximated by WL 
in the region of A where W is between one and ten percent. 
For larger values of A, however, we obtain too high 
values for W. Hence,case (ii) above might be used, 
depending on the goodness of the equivalent system. 

For link systems of the type in figure 2a - with concentra
tion in the second stage - the difference between the 
cases (i) and (ii) for W is rather small. If we determine 
k by equating WL and WIDF for A=AO where WL is about ten 
percent, we will find that WIDF is smaller than WL for 
A>AO and larger for A<AO' Compared with simulation we 
find that WIDF in the upper region (A>AO) give excellent 
agreement (better than WL ) whereas it in the lower region 
(A<AO) gives too high values. Strangely enough does the 
equivalent full availability group give the overall best 
fit for W. 

1 ~--------------------------------~~~ 

w 

r 

LINK SYSTEM 

Itl = 8 

9, = 8 

10-3~ ___ LL~ ________ -L ___ ~ ______ -L ______________ ~ 

. Figure S. 

252·4 

8 40 64 
The probability of waiting in the syste~s 
equivalent of the lin~ system in figure 2b. 

For the link system in figure 2b the same general 
behaviour holds true, but the agreement is no longer that 
good. This is shown in figure 5 where the dotted curve 
WE represents the equivalent full availability group. 
Again, WE is the best overall fit. 

3.3 Mean waiting time. 

The mean waiting time for the equivalent systems may be 
calculated from Eqs. (3-3) and (3-6) respectively. The 
question still remains, however, whether case (i) or (ii) 
in the last section is to be used. 

In case (i), where the availability k is varying with A, 
,~ is the resulting mean waiting time. In case (ii) with 
f~xed k the mean waiting time is 'I' 

For the link system in figure 2a we see in figure 3a that 
'I gives the best approximation for A>32(=AO), but takes 
on far too high values for smaller A. For 'i the 
situation is reversed. 

For the second example - the link system in figure 2b -
we find the same general behaviour. From figure 3b is 
seen that ,~ now deviates strongly from the simulation 
results for large A as was noted by Hieber. In this 
region 'I is a far better approximation than ,~. 

The dotted curves ,~ and 'E are the analogous of ,~ and 
'I respectively for the full availability groups. They 
both give rather bad agreement. 

From these two examples we conclude that a combination of 
case (i) and (ii) gives the best result, namely using 'I 
for values of A that corresponds to W larger than 5-10 
percent and ,~ for smaller A. 

3.4 Equivalent queueing structure. 

If we want to use the ideal grading as equivalent to a 
link system, it is clear that the queueing structure 
cannot be exactly the same. An ideal grading has generally 
far more inlet multiples (splits) than the corresponding 
link system, and hence the number of queues will be 
different. 

Consider for instance the important case of RANDOM/FIFO 
discipline (RANDOM between the queues and FIFO in each 
queue). For an ideal grading having this queueing 
structure, the FIFO effect will be almost negligible, 
since only a few calls will be present in each queue 
(normally less than one on average). Hence, this queueing 
structure will more have the effect 'of a RANDOM/RANDOM 
queue discipline in the link system (except for extremely 
high load). 

Below is constructed two queueing structures in an ideal 
grading that may be used as approximate models in the 
equivalent link system: 

a) FIFO 

As a first attempt we consider the case where all the calls 
are gathered ~n one single queue, served in order of 
arr~y~~ (FIFO) if they can be served through the split in 
which they arriv.ed. If the first call cannot be served, 
the next is tried etc. The following considerations 
approximates this structure: 

A call that finds x occupations in the grading when it 
joins a queue will "experience a mean waiting time ,(x). 
From general principles we know that 

,(x) =~
Ao(x) 

(3-7) 

where w(x) is the mean (conditional) queue length with x 
occupations in the grading, given by formula (A-16) in the 
Appendix. 

Let the call join a queue with i calls already waiting; 
the total number of calls being z. With x occupations 
there will be (~) fully occupied splits and the probability 
of i calls in one of them is given by the Binomial 
distribution 
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(3-8) 

When FIFO is assumed in the queue the test call has to 
pass through i+l stages before beeing served. The passage 
from one stage to the next will of course generally depend 
on i, x and z in a complicated way. Our assumption is now 
to assume that the passage through the stages is deter
mined by a negative exponential distribution with para
meter 

Hl 
, (x) 

resulting in the Erlang distribution 

i 
E'+l(~,(x)t)= L 

1 1 j=O 

..::[_J.I1_' _( x_)_t=-J _j e - ~ i (x) t 

j! 

(3-9) 

(3-10) 

By using the parameter ~i(x) we are, of course, assured 
the mean value, (x), but in addition we are treating all 
the calls ' on the same ' (symmetric) level and the distrbution 
gets a FIFO character. 

Let w(tlx,z) stand for the probability of waiting longer 
than the time t when there are x occupations in the grading 
and z in the queues. From the discussion above it is given 
by 

z 
w(tlx,z) = L bi(x,z)Ei+l(J.Ii(x)t) 

i=O 
(3-11) 

The complete waiting time distribution is finally given by 

n 
L L p(x,z)cr(x)w(tlx,z) 

z=O x=k 
(3-12) 

Figure 6 gives a comparison between the approximation 
(3-12) and simulation results. As is see n the agreement 
is rather good. In fact, the method outlined above gives 
excellent agreement whenever the mean waiting time, in 
the link system is accurately approximated by 'I(or ,i). 
When this is not the case, the curve obtained from Eq. 
(3-12) must necessarily deviate from the exact curve, 
since the areas under the two curves are different. 

b) RANDOM/FIFO 

The ideal grading has generally far more inlet splits than 
the equivalent link system. As a consequence, only a few 
calls will be waiting in each split, and the fact 
that the interqueue discipline in the ideal grading is 
RANDOM tends to give the resultant behaviour a random 
character, independent of the discipline in each queue~ 

To examine this conjecture we make an approximate 
calculation of the RANDOM/FIFO structure in the ideal 
grading: 

Let there be x occupations in the grading with z calls 
waiting in the queues. The number of fully occupied splits 
will thus be (~). A test call arrives to a split where i 
calls are already waiting. The z-i remaining calls must 
be distributed over (~)-l splits giving an average number 
of queues 

(z-i) [(~) -lJ 
(3-13) 

(~)+z-i-2 

A device that is released can be reached from (k)-(Xkl) 

splits and the probability that the seizure comes from one 
particular split is given by: 

(k)-(Xkl) 
J.Ii(x,z) 

1 

(3-14) 

~. 
(kx)-l 

------~~--------~ 
k 

x gi(x,z)k+x 

The last approximation is valid for (~:I»>l. 
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As in the last section, the test call has to pass through 
i+l stages. During this passage the number of occupations 
will of course vary. Hence, as an average value we use 

k-2 

x = 

n 
L xp(x) 

x=k 
n 
L p(x) 

x=k 

1- p(O) Ar 
~1,k-2(Ar) ~ (.3-15) 

1- ptO) A~-l 
El,k-l(Ar ) (k-l)! 

where p(O) is the normalization constant given by Eq.(A-ll) ' 
in the Appendix. 

The passage through the i+l stages is given by the Erlang 
distribution Ei+l(x~i(X,Z)t), and the conditional waiting 
time distribution is 

(3-16) 

The waiting time distribution WR(>t) is finally given by 

n 
WR(>t) = L L p(x,z)cr(x)w(tlx,z) (3-17) 

z=O x=k 

W 
is plotted in figures 6 and 7 and comparisons are 

made with the simulations of RANDOM/FIFO and RANDOM/RANDOM 
queue structures in the link system. 

W(-t) 
LINK SYSTEM 

W 

i A = 7 • RANDOM/FIFO 

k, = 8 + RANfX)M/ RA/IIDOM 

g, = 16 . FIFO 

Figure 6. Waiting time distribution for a FIFO and a 
RANDOM/FIFO discipline in the ideal grading. 
Comparisons are made with simulation results 
for FIFO, RANDOM/FIFO and RANDOM/RANDOM 
disciplines in the link system in figure 2a. 

For the link system with 16 inlet multiples we see from 
figure 6 that the difference between the two queueing 
structures is rather small. This can readily be understood 
since - in spite of the rather heavy load - an average 
number of 37 calls are waiting in the queues, giving only 
2.3 calls per queue in average. Hence, the RANDOM 
interqueue discipline will be the dominating factor. We 

note that WR(>t) . indeed gives a very good fit to the 
W 

RANDOM/RANDOM queue diSCipline. 

For the link system with 8 inlet splits we see in figure 7 
that the calculated curve has a behaviour between the ones 
for FIFO and RANDOM. This is reasonable since the 
availability k in the equivalent ideal grading must be 
chosen slightly less than 2 for this case, and hence the 
number of splits in the ideal grading is not too much 
higher than in the link system 

A final remark has to be added. In preparing the curves 
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for the waiting time distribution the availability k has 
been chosen so as to match T rather than W in order to 
have a relevant comparison. This is particularly 
important for the second example, since we know from 
figure 3b that the mean value, found from the equivalent 
system, deviate somewhat from the exact value. 

I 
W~t) LINK SYSTEM 

W A = 7 • RANDOM/FIFO 

f It, = 8 + RANDOM/RANDOM 

g, =16 

10-'L-__ -L ____ ~ __ ~ ____ ~------------~----~ 
,0 U 1.0 --.t 15 40 ,5 

Figure 7. waiting time distribution for the RANDOM/FIFO 
discipline in the ideal grading. Comparisons 
are made with simulation results for RANDOM/ 
FIFO and RANDOM/RANDOM disciplines in the link 
system in figure 2b. 

4. SUMMARY 

The main idea behind this paper has been to examine the 
possibility of using Erlang's ideal grading as an 
equivalent system to a link system. In particular our goal 
has been to find approximate formulas for the waiting 
time distribution. 

We can conclude that for some cases the Erlang's ideal 
grading indeed equates a link system with good accuracy. 
But - as we have seen - there exist cases where the 
equivalence is not so good. That we nevertheless make 
use of the ideal grading also for those cases, reflects 
the fact that it is difficult to find other (approximative) 
methods that gives ~ results. 

Of the methods of calculating the waiting time distribution, 
the one given in section 3b is in particular promising and 
seems to give good agreement with the RANDOM/RANDOM 
queueing structure in link systems. The method may be 
extended to other queue structures, our intentions so far 
was to demonstrate the usefulness of the ideal grading. 
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APPENDIX 

The Erlang's ideal grading is completely specified by the 
number of devices n and availability k. It is symmetric 
in the sense that the k devices in each split is chosen 
in all possible ways, giving rise to (~) splits. Thus, 
if there are x occupations in the grading, (~) splits will 

be filled up and the probability for an arriving call to 
find a blocked split is 

O'{x) (A-l) 

Let z be the number of calls waiting. Thierer [4J has 
shown that the equation of state for p(x,z) - the 
probability of x occupations and z waiting - can be split 
into two separate equations that both hold approximately 
true: 

p {x,z)x = p (x-l, Z) {l-O' (x-l» A+p (x,z-l) 0' {x)A (A-2) 

A p (x,z) = p (x+l ,z)r (x+l,z) (x+l) +p{x,z+l) (l-r (x,zH» x 

(A-3) 

In the last equation r{x/z) stands for the probability 
that a released device cannot be reached from any call in 
the queue when the state (x,z) prevails. 

Eq. (A-2) can be solved by introducing the generating 
function 

IT{x,a)= E p{x,z)az (A-4) 
z=O 

giving us 

IT{x,a)= 

where 

x-l 
IT (1-0' (i» 

IT (0) AX _i_=O ____ _ 
x 
IT (i-aO' (i)A) 

i=l 

(A-5) 

IT{O) = p(O,O) (A-6) 

The denominator in (A-5) may be expanded into partial 
fractions: 

1 
x 
IT (i-ClO'{i)A) 

i=l 

where 

1 
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(A-B) 

From a calculational point of view the following recurrence 
relation for bx{i) is useful: 

bx-l{i) (A-9) 

Eqs. (A-5) and (A-7) gives the following expression for 
p(x,z) 

p(x,z) 

x x-l 
p(O) _A_ E (l-a(j» 

(k--l)! j=O 

x bx{i) (AO'(i»Z E----
i=k i i 

where the normalization factor p(O) is 
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The formula for p(x) - E p(x,z) found by Thierer is now 
z=O 

easily obtained from (A-10) : 
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From Eq. (A-12) we readily find the probability of 
waiting as 
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(A-l3) 

As a passing remark we note that (A-3) may be solved with 
respect to r(x,z) giving 
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(A-l4) 

Numerical calculations demonstrate that (A-4) indeed has 
the functional behaviour 

k z 
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We next ask for the conditional mean waiting time T(X), 
given that there are x occupations in the grading. To 
this end, we first find the conditional mean queue length 
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With the mean holding time as the unit of time, T(X) 
follows as 

T(X) ~ 
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To find the total mean waiting time TI given that you 
have to wait, we first construct the mean queue length 
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which gives us 
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