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ABSTRACT 

Poisson-distributed traffic is offered to a full-availabi
lity group of lines according to the following routing 
rule. 
A group of N lines is split up into L subgroups of M=N/L 
lines. Likewise, the total traffic A is split up into L 
traffic parcels with intensity AIL. Traffic parcel no.i is 
offered first to subgroup no.i. Calls which are rejected 
by this subgroup are offered to subgroup (i+l) mod L, and 
those calls which are rejected again are offered to sub
group (i+2) mod L, and so on. A call is lost if it is 
offered to all L subgroups without being successful. 
Offering rejected calls to consecutive subgroups is 
accomplished by the control section of the system. For de
termination the load of the central control, the following 
quantities are of interest: 
- The overflow probabilities. 
- The mean number of times that a call will overflow be-

fore having success. 
The present report gives methods for calculating these 
quantities. 

1. DESCRIPTION OF THE ROUTE-SEARCHING PROCEDURE 

Poisson traffic is offered to a full-availability group of 
lines according to the following routing rule. A group of 
N lines is split up into L subgroups of M Q~ (NIL) lines. 
Likewise, the total traffic A is split up into L traffic 
parcels with intensity (AIL). 
Traffic parcel number i is offered first to subgroup 
number i. Calls which are rejected by this subgroup are 
offered to subgroup (i+l) mod L, and those calls which are 
rejected again are offered to subgroup (i+2) mod L, and so 
on. A call is lost if it is offered to all L subgroups 
without being. successful (see fig.l.1.). 
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Fig. 1.1.: System of cyclic overflow. 

Offering rejected calls to consecutive subgroups is 
accomplished by the control section of the system. For 
determining the load of the central control, the following 
quantities are of interest: 

- The overflow probabilities. 
- The mean number of times that a call will overflow 

before having success. 

The present report gives methods for calculating these 
quantities. 

2. SURVEY OF CALCULAT!ON METHODS AND NOTATlON 

In principle the problem can be solved by setting up the 
equations of state. However, only for L=2 has a simple 
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method been found for numerical solution of the set of 
equations. For L > 2 a standard method has to be used. 
This is, however, practicable only for rather small values 
of Nand L. 
For this reason, methods of approximation are derived for 
calculating the overflow probabilities. 
There is a rough but quick method called 'Poisson approxi
mation', where the overflowing traffic parcels are 
supposed to be of the Poisson type. Another method, called 
the 'Wilkinson approximation' takes into account the 
peaked character of the overflow traffic. 

SURVEY OF NOTATION: 

N 

L df 
M == 
A 

= total number of lines in the group 
= number of subgroups 

(NIL) = number of lines in a subgroup 
total traffic offered 

W
L 

(x) = probability that a call is not successful after 
being offered to x subgroups, if the total number 
of subgroups is L. 
So for 1 ~ x ~ L-l, WL (x) is the probability that 
a call overflows at least x times, and WL(L) is 
the probability that the call is lost, i.e. 
WL (L) :: EN(A). 

3. EXACT SOLUTION FOR 2 SUBGROUPS WITH MUTUAL OVERFLOW 
(L=2) 

1 In this case M= 2 N. 
Let 
F(x1 ,x2) be the probability that Xl lines are engaged in 

subgroup 1 and x 2 lines in subgroup 2. 
The equatiQns'of state are as follows, if we put 
F (x 1 ' -1) ~ 0 and F (-1, x 2) g~ O. 

1 1 
(A+x 1+X 2)·F(x1 ,x2)= ~.F(xl-l,x2)~A.F(x1,x2-1) + 

+ (x
1
+1).F(x

1
+1,x2) + (x2+1). F(x

1
,x2+1); 

OCx
1

,x
2
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1 (A+X 1+M)F(X 1 ,M) = A.F(x 1-1,M) +t A•F (X 1 ,M-1) + 

+ (x
l
+1). F(x

1
+l,M); 

The overflow probability W2 (1) is 

W
2 

(1) = 'i::. F (Xl ,M) 
Xl = 0 

4. POISSON APPROXIMATION FOR THE OVERFLOW PROBABILITY 
WL (l) for L»2. 

In deriving an approximation, one subgroup is considered 
(see fig. 4. 1. ) • 
The traffic of!ered to this subgroup is composed of the 
fresh traffic - and overflow traffic parcels with a total 
intensity defi~ed as A • The traffic rejected by the sub
group can be split up ~Xto a parcel Aov' which is offered 
to the next subgroup, and a parcel Al which is lost 
because it has already searched the wggre group for a free 
line.. The traffic handled by the subgroup is 

~ {1 - EN(A)} , 
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because all subgroups are equal and equally loaded, and 
because all lines are tested for being free, if necessary. 
As an approximation the overflow traffic A is supposed 
to be of the poisson type. The traffic han8Yed by the sub
group can then be written also as 

(~ + Aov) {1 - EM(~ + Aov}}· 

Fig. 4.1.: Traffic flow for subgroup according to Poisson 
approximation. 

This leads to the following equation for determining Aov 

(~+ A ) {1 - E (~+ A )} K ~ {1 - EN(A)}. (4.1.) 
L ov M L ov L 

For determining the overflow probabilities WL(x}, x-l,--,L 
from A we leave the Poisson model. Because in this model 
all tr~fic parcels are of the Poisson type, this would 
lead to 

A }x WL(x) = {EM(L + Aov} , (4.2.) 

which is, for x=L, incompatible with the fact that W (L)= 
EN(A). As an approximation we assume that (4.2.) hol~s for 
x~l only, i.e. we put 

WL (l) - EM(~ + Aov) (4.3. ) 

The method for determining W (x), x-2,--,L-l, from the 
known quantities W

L
(l) and ~(L) is described in section 6. 

SPECIAL CASE: M = 

If M=l, each line of the group is a subgroup. So the pro
bability that a fresh call is rejected by the subgroup to 
which it is offered equals the occupancy of a line, i.e. 

A 
WL (l) = N {1 - EN(A)}. 

It can be proved that the approximation yields the exact 
value for this case. 

5. WILKINSON APPROXIMATION FOR THE OVERFLOW PROBABILITY 
WL (1) FOR L ~ 2 

The situation for one subgroup is shown schematically in 
fig. 5.1. 

Fig.5.1.: Traffic flow for subgroup according to 
Wilkinson-approximation. 

The traffic offered to the suf1roup is compos~ of the 
fresh traffic (Poisson type) - with variance L' and a lot 
of overflow traffic parcels wtth a total intensity A and 
variance V • The traffic rejected by the subgroup cgX be 
split up iR¥o a parcel Ao~ with variance Vo ' which is 
offered to the next subgroup, and a parcel XIO t with 
variance V , which is lost because it has afready 
searched tfi~SShOle group for a free line. According to 
Wilkinson's equivalent random method, the system of 
fig. 5.1. is replaced by the system of fig. 5.2. where 
the traffic offered to the subgroup is supposed to be 
generated by the rejected calls of a primary group of 
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Nf lines, to which a traffic Af is offered. 

Fig. 5.2.: Equivalent traffic model for subgroup according 
to Wilkinson-approximation. 

A 
The total t+affic offered to the subgroup is (L + Aov1. 
In fact the traffic parcel A is stochasticalIy 
dependent on the fresh traff~¥; parcel (A/L). This depen
dence is disregarded, so the variance of the total traffic 
offered can be said to equal the sumAof the variances of 
the separate traffic parcels, i.e. (L + V ). 
In the model of fig. 5.2. two quantities,o~f and Af , have 
to be determined, so we need two equations. 
One equation can be set up for the traffic handled by the 
subgroup. In deriving an equation for the variances an 
assumption has to be made about the variances of the 
rejected traffic parcels of the subgroup,~~iz. the over~ 
flOWing -and the lost parcel. It is assumed that these 
parcels have eCJ.* relative- waciances, so that they have 
-the relative variance· of the total rejected .traffic, i.e. 

Vov = Vlost = Vov + Vlos t 

Aov Alos t Aov + Alos t 
(5.1. ) 

Before continuing with the present problem, we first 
resume some formulas relating to the following simple 
overflow system. A Poisson traffic of intensity a is 
offered to a full-availability group of (p+s) lines, 
according to the following routing rule. A call is offered 
first to a fixed subgroup of p lines (primary group). If 
it is rejected by this group, it is offered to the re
maining subgroup of s lines (overflow or secondary group). 
A call is lost if it is rejected by both groups. 
Then the overflow traffic has intensity aE (a), and the 
variance V (a) of this traffic is p 

p a 
Vp(a) = aEp(a) {l-aEp (a) + p+l-a + aE (a)}. (5.2.) 

p 

The time congestion Wt(p,s,a) of the overflow group (i.e. 
the probability that all s secondary lines are engaged at 
a random moment) is 

Wt(p,s,a) = Ep+s(a). Qs(p,a), (5.3. ) 

where 
QO(p,a) liE (a) 

t{ t+P
-

i
) a

i 

Qs(p,a) 
= s i! , S)O. (5.4.) 
p ( S-1+P-i)ai 

5 s-l i! 

These expressions are usable only for integer values of 
p and s, but in the present problem the value of p will be 
non-integer as a rule. A method has been developed for 
calculating Wt(p,s,a)by means of a recurrence relation, 
with approximate starting values for the case that 
pl(D; 1). 

Let us now return to the present problem. For the traffic 
handled by a subgroup of M lines, (see fig. 5.2.) the 
following equation holds. 

A 
Af{EN (A f ) - EN +M(Af }} - L {l - EN(A}}. (5.5.) 

f f 

For the intensity and variance of the traffic offered to 
the subgroup, the following equalities hold by definition 
of Af and Nf : 

(5.6.) 

(5.7.) 
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For the total traffic rejected by the subgroups we have: 

Aov + Alost = Af·EN +M(Af ) 

Vov + Vlost = VNf+M1Af)' 

From the latter equalities and assumption (5.1.) it follows 
furthermore that VN +M(Af ) 

f v ov 

Substituting herein the expression for A derived from 
(5.6.) and substituting the result in (5~~.) gives 

VN +M(Af ) 
~ + __ ~f~ __ ~~~ 
L Af·EN +M(Af ) 

f 

(5.8. ) 

The unknowns N and A can now be solved from equations 
(5.5.) and (5.S). Nex~ the overflow probability WL (1) can 
be determined. We remember that this is the probability 
for a fresh call offered to a subgroup to be rejected by 
this group. The fresh calls are offered to the group con
cerned at random moments, according to the Poisson 
distribution. Therefore, the probability that they are 
rejected equals the time congestion of the subgroup, so 

(5.9. ) 

The method of determining WL(x), x = 2,--L-1 from the known 
quantities WL (l) and WL(L) =EN(A) is described in 
section 6. 

SPECIAL CASE : M = 

The exact value of WL (1) for M=1 is (see end of section 4): 

~ {1 - E (A)} 
N N' 

It can be proved that the approximation method gives the 
same result, so that it is exact for M=l. 

6. DETERMINATION OF WL(x), x = 2,--, (L-l), FROM WL (l) AND 
WL(L). 

If the subgroups were stochastically independent, it would 
hold that WL(x) = {WL (l)}x, 

L 
and especially WL(L) = {WL (1)} • 

In reality, however, there is a positive correlation be
tween the states of the subgroups, and WL (L»{WL(1)}L. 
As an approximation we make the following assumption about 
the conditional overflow probabilities. 

ASSUMPTION: 

If a call is offered to j subgroups without success 
(0 ~ j EL - 1), then the probabilit~jthat it is rejected 
too by subgroup no. j+l is {WL (1)} , where c is a 
constant ~(O,l). 

According to this assumption, 
a call will overflow at least 

the probability WL(x) 
x times is 

that 

x-l j 
WL(x) = ~ {WL (l)}c 

x-l 
{W

L
(l)}1+C ••• +c , 

which can be r.educed to 

(6.1. ) 

The constant c has to be determined from the equation 

7. COMPARISON OF RESULTS OF CALCULATIONS AND SIMULATIONS 

Results are compared in the following tables: 

Table 1: overflow probability W (1) for the case L=2; 
results of exact calcutation, Poisson approxi
mation and Wilkinson approximation. 

Table 2: probability WL(l) of overflowing at least once 
for cases L > 2; 
results of simulation., Poisson approximation and 
Wilkinson approximation. 

Table 3: probabilities W
L 

(xl, 2~X'iL-l of overflowing- at 
least x times. 
Methods of determining results: 

ITea 
I 

al simulation 
b) W (1) and W (L) from simulation;from these 

v~lues W (xr with form (6.1.). 
cl W (1) an~ W (L) from Wilkinson approximation 

a~d Erlang rormula respectively; from these 
values WL(x) with form (6.1.). 

Table 4: mean number of times that a call overflows, Mov 
L-l L-1 

~! 5 x P
L 

(X)ii !I W
L 

(x) , M ov 
where PL(x) is the probability of overflowing 
exactly x times. 
Results of simulation and of Wilkinson approxi
mation, combined with form (6.1.). 

~YSIS OF RESULTS 

1) Probability WL (l) of overflowing at least once (tables 
1 and 2) 

The Poisson approximation gives too low values for 
WL(l), as could be expected. The Wilkinson approxi
mation gives sometimes too low and sometimes too high 
values for WL(l). 
Further the approximation methods can be compared as 
follows. 
As measures for the accuracy we may use the 'mean of 
the absolute values of the relative discrepancies from 
the exact or simulated values' (abbreviated to 'mean 
a.r.d.'), and the 'largest absolute value of the 
relative discrepancies' (largesta.r.d.). For the cases 
investigated the following results are found. 
L = 2 (table 1): discrepancies from exact values. 
Poisson approximation: mean a.r.d. 0.045; largest 
a.r.d. 0.098. 
Wilkinson approximation: mean a.r.d. 0.021; largest 
a.r.d. 0.053. 

L> 2 (table 2): discrepanCies from simulation means. 
Poisson approximation: mean a.r.d. 0.042; largest 
a.r.d. 0.121. 
Wilkinson approximation: mean a.r.d. 0.033; largest 
a.r.d. 0.088. 

2) The function WL(x) of overflowing at least x times 
(table 3) 

The relative discrepancies are determined between 
a) the simulated values of WL(x), 
b) values for 2$x=!iL-l, calculated from the simulated 

values WL(l) and WL(L) with formula (6.1.). 
By far the most discrepancies from the simulated values 
are negative. 

To obtain a notion of the fitting of the whole functions 
the mean a.r.d. for x=2,--,L-l is determined for each 
separate case. The largest value of the mean a.r.d.'s 
of the cases investigated is 0.067 • 

3] ~ean number of times of overflowing, Mov (table 4) 

The quantity M is determined for the 'simulation 
results and fo~Vthe . Wilkinson apprOXimation, combined 
with formula (6.1.). 
The approximation gives sometimes too low and sometimes 
too high values for M • The mean a.r.d. is 0.034 and 
the largest a.r.d. iso~.130. 

8. CONCLUSIONS 

The Poisson approximation for the probability W (1) of 
overflowing at least once is manageable for disk calcu
lation. This approximation is sufficiently accurate for 
development purposes. 
The Wilkinson approximation for WL (l) is more accurate. 
Combined with formula (6.1.) for the probability of 
overflowing at least x times, xE (2; L-l), it leads to 
sufficiently accurate values for the mean number of times 
that a call will overflow. 
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TABLE 1 RESULTS FOR MUTUAL OVERFLOW IN A FULL-AVAILABILITY GROUP OF LINES DIVIDED INTO 2 SUBGROUPS (L=2) 

N = number of lines of the group 
M = N/2 = number of lines in a subgroup 
A = total traffic offered to the group 
W

2
(1) probability that a call, originally offered to a given subgroup, will overflow to the other subgroup. 

W
2

(2) = probability of loss = EN{A). 

W2 (1) relative discrepancy 

N M A 
from exact value W

2
(2) 

exact Poisson Wilkinson Poisson Wilkinson 

6 3 1.20 .0210 .0208 .0210 -.010 0 .0012 
6 3 1. 9229 .0660 .0648 .0661 -.018 +.002 .010 
6 3 2.9966 .169 .165 .171 -.023 +.012 .052 
6 3 6.50 .497 .491 .502 -.012 +.010 .30 

20 10 9.50 .0157 .0152 .0155 -.032 -.013 .0011 
20 10 15.30 .154 .144 .155 -.065 +.006 .051 
20 10 19.60 .311 .295 .321 -.051 +.032 .15 
20 10 26.00 .493 .480 .504 -.026 +.022 .30 

40 20 24.5 .0134 .0126 , .0130 -.060 -.030 .0010 
40 20 29.0 .0513 .0466 .0497 -.092 -.031 .010 
40 20 35.0 .155 .140 .159 -.098 +.026 .054 
40 20 43.0 .318 .297 .335 -.066 +.053 .16 
40 20 56.0 .509 .493 .528 -.031 +.037 .32 

TABLE 2 RESULTS FOR OVERFLOWING AT LEAST ONCE IN A CYCLIC OVERFLOW SYSTEM EXISTING OF A FULL-AVAILABILITY GROUP OF 
LINES DIVIDED INTO A NUMBER OF SUBGROUPS 

426-4 

N = number of lines in the group 
L = number of subgroups 
M = NIL = number of lines in a subgroup 
A = total traffic offered to the group 
W

L
{l) probability that a call overflows at least once 

WL{L) = probability of loss = EN{A) 

no. of A 
W
L 

(1) 

simulation L N M (result of 
run sim. run) simulation Poisson 

mean 

5 3 6 2 1.9031 .137 .132 
7 3 9 3 3.8169 .136 .125 
9 3 30 10 20.404 .110 .098 

6 4 8 2 3.9019 .279 .268 
8 4 12 3 5.8846 .199 .175 

10 4 40 10 29.888 .160 .155 

12 5 10 2 5.134 .301 • 296 
14 5 10 2 8.8469 .576 .578 
17 5 10 2 11. 995 .724 .716 

11 5 20 4 12.213 .218 .214 
15 5 20 4 19.429 .550 .535 
18 5 20 4 25.848 .718 .703 

13 5 40 8 29.734 .203 .196 
16 5 40 8 41.717 .538 .507 
19 5 40 8 53.350 .704 .687 

relative discrepancy WL,{L) 
from sim. mean 

Wilkinson sim. exact 
Poisson Wilkinson mean 

.135 -.036 -.015 .0127 .0099 

.130 -.081 -.044 .0114 .0105 

.107 -.109 -.027 .0135 .0103 

.276 -.039 -.011 .0279 .0274 

.183 -.121 -.080 .0138 .0101 

.174 -.031 +.088 .0183 .0139 

.305 -.017 +.013 .0246 .0210 
.590 +.003 +.024 .162 .161 
.724 -.011 0 .304 .302 

.230 -.018 +.055 .0118 .0113 

.561 -.027 +.020 .144 .144 

.719 -.021 +.001 .299 .299 

.220 -.034 +.084 .0100 .0131 

.549 -.058 +.021 .136 .140 

.708 -.024 +.006 .291 .290 

~: A simulation run contains 6000 calls, preceded by a preliminary phase of 1000 calls. All except 
one of the results of the Wilkinson approximation are within the 95% confidence limits of the 
simulation run. In run number 10, where the Wilkinson approximation is 0.174, the upper 
confidence limit is 0.171. 
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RESULTS W
L 

(xl OF A CALL OVERFLOWING AT LEAST X TIMES, FOR 2$X~L-l 

L = number of subgroups 
For values of N, M, A, see corresponding number of simulation run in table 2. 

Methods of determining results: 
a) means of simulation runs 
b) W (1) and W (L) from simulations; these values are substituted in formula (6.1.) to determine intermediate 

J'(x). L 

c) wt(l) and WL(L) from Wilkinson approximation and Erlang formula; these values are substituted in formula 
(t.l.) to determine intermediate WL(x). 

No. of I-WL (x) accordinc;; to a) b) ,c) respectively relative discrepancy 

simulation L from sim. mean mean 
x = 1 x ? 2 x = 3 x = 4 x - 5 a.r.d.)* run x = 2 x = 3 x = 4 

5 3 .137 .0324 .0127 
.137 .0339 .0127 +.046 .046 
.135 .0302 .0099 

7 3 .136 .0306 .0114 
.136 .0322 .0114 +.052 .052 
.130 .0300 .0105 

9 3 .110 .0304 .0135 
.110 .0295 .0135 -.030 .030 
.107 .0257 .0103 

6 4 .279 .109 .0515 .0279 
.279 .105 .0497 .0279 -.037 -.035 .036 
.276 .103 .0488 .0274 

8 4 .199 .0628 .0262 .0138 
.199 .0612 .0259 .0138 -.025 -.011 .018 
.183 .0518 .0202 .0101 

10 4 .160 .0516 .0248 .0183 
.160 .0531 .0274 .0183 +.029 +.105 .067 
.174 .0534 .0240 .0139 

12 5 .301 .127 .0591 .0337 .0246 
.301 .121 .0612 .0364 .0246 -.047 +.036 +.080 .054 
.305 .121 .0583 .0330 .0210 

14 5 .576 .388 .273 .202 .162 
.576 .372 .264 .201 .162 -.041 -.033 -.005 .026 
.590 .383 .270 .203 .161 

17 5 .724 .552 .442 .362 .304 
.724 .551 .437 .359 .304 -.002 -.011 -.008 .007 
.724 .550 .435 .357 .302 

11 5 .218 .0802 .0348 .0177 .0118 
.218 .0721 .0323 .0180 .0118 -.101 -.072 +.017 .063 
.230 .0762 .0333 .0179 .0113 

15 5 .550 .352 .246 .183 .144 
.550 .345 .239 .180 .144 -.020 -.028 -.016 .021 
.561 .354 .245 .183 .144 

18 5 .718 .549 .435 .354 .299 
.718 .543 .430 .353 .299 -.011 -.011 -.003 .008 
.719 .544 .430 .353 .299 

13 5 .203 .0635 .0271 .0140 .0100 
.203 .0642 .0280 .0154 .0100 +.011 +.033 +.100 .048 
.220 .0745 .0343 .0196 .0131 

16 5 .538 .338 .236 .176 .136 
.538 .332 .228 .171 .136 -.018 -.034 -.028 .027 
.549 .342 .236 .176 .140 

19 5 .704 .532 .422 .345 .291 
.704 .527 .416 .342 .29i -.009 -.014 -.009 .011 
.708 .531 .418 .342 .290 

)It mean a.r.d. mean of absolute values of relative discrepancies. 



TABLE 4 RESULTS FOR THE MEAN NUMBER OF TIMES THAT A CALL WILL OVERFLOW, M 
L-1 L-l ov 

MOV 2! t.;:' X P L (xl!i ~ wL (x) , • where PL(x) is the probability of overflowing exactly x times. 

For values of N, M, A, see corresponding number of simulation run in table 2. • 
No. of M relative 
simulation L 

ov 
discrepancy simulation Wilkinson and 

run formula (6.1. ) from simul. 

5 3 .169 .165 -.024 
7 3 .167 ~160 -.042 
9 3 .140 .133 -.050 

6 4 .440 .428 -.027 
8 4 .288 .255 -.115 

10 4 .236 .251 +.064 

12 5 .521 .517 -.008 
14 5 1.44 1.45 +.007 
17 5 2.08 2.07 -.005 

11 5 .351 .357 +.017 
15 5 1.33 1.34 +.008 
18 5 2.06 2.05 -.005 

13 5 .308 .348 +.130 
16 5 1.29 1.30 +.008 • 19 5 2.00 2.00 0 

• 

• 
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