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ABSTRACT 

This paper discusses the Reliability of a Telephone 
exchange in terms of two Stochastic processes. The 
first process Xt describes the fault population in the 
exchange in terms of the individual fault failure rates 
and fault durations. The second process Yt describes 
the resulting changes in the grade of service induced by 
the fault population. The functional relationship 
Yt = g(Xt ) is used to discuss the frequency and duration 
of upcrossings of Yt in terms of the individual fault 
failure rates and durations on the assumption that fault 
durations are negative-exponentially distributed. The 
general theory developed is applied to an exchange with 
two faults. 

1. INTRODUCTION 

A telephone exchange is a machine consisting of many 
items of equipment, each of which is subject to failure. 
This machine however has the remarkable property that 
usually no one faulty item causes the machine to stop. 
On the contrary, the exchange continues to function 
correctly but with a reduced efficiency as measured for 
example by the Grade of Service. 

Classical Reliability Theory (see for example {I}) on the 
whole discusses the total failure of the system in terms 
of failure in its component parts. The theory is thus 
not designed to cope with the problem of systems which 
suffer a gradual decline in efficiency as more and more 
components fail. We need therefore an extension {2} of 
Reliability Theory which will enable us to examine the 
reliability of systems with gradual degradation. 

Consider now a telephone exchange in which an item of 
equipment ceases to function. There are of course many 
ways in which an item can fail, but in this paper we 
consider only those failures which lead to a worsening in 
the grade of service. In the fault free condition and 
in statistical equilibrium, the exchange will have its 
normal operating grade of service go' At some instant 
of time an item fails; the grade of service will change 
continuously from go to some new equilibrium value 
gl > go· Clearly the actual grade of service of the 
exchange is going to fluctuate in time accordingly as 
faults occur or get cured. In fact we can regard the 
grade of service as changing precisely in step with the 
fault population, because the time taken to reach a new 
equilibrium value is small compared with the total fault 
duration. 

In attempting to analyse the effect of faults on the 
behaviour of the telephone exchange, we are therefore 
faced with two quite distinct problems. 

I The calculation of the grade of service in the 
presence of one or more failed items of 
equipment. 

11 The description of the time behaviour of the 
exchange grade of service as induced by the 
changing fault population. 

The first problem above requires a detailed knowledge of 
the system and will not be discussed in this paper. The 
second problem is of greater generality and interest in 
that it applies to systems other than telephone exchanges. 
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The fault population is a stochastic process governed by 
the fault failure rates and fault durations. The main 
problem in 11 therefore, is to relate the changes i~ the 
grade of service to the fault population parameters, on 
the assumption we have solved I. 

Now suppose by a 'bad' grade of service we mean that the 
grade of service exceeds the value g, where g is a 
number between 0 and 1. Tren, since the grade of 
service is fluctuating in time we will want to know how 
often and for how long is the grade of service 'bad'. 
The time behaviour of the grade of service will therefore 
in this paper be characterised in terms of the frequency 
fg and duration Dg of upcrossing of the grade of service 
through the value g, for each value of g in the range 0 
to 1. Graphs of fg and Dg versus g then provide us 
with "reliability cnaracteristics" which can be used to 
discuss the reliability of the exchange in terms of 
individual fault failure rates and durations. 

In the next section we set up a simple mathematical 
model for the fault population, relating this in section 
3 to the time series for the grade of service. In 
section 4 we apply the general theory to the case of an 
exchange with two faults and end off in section 5 with a 
brief comment on reliability and maintenance . 

2. THE FAULT POPULATION 

The basic equations governing the behaviour of the fault 
population as a Markov process are developed in this 
section. The transition rates for the whole fault 
population are obtained in terms of the individual fault 
failure and cure rates. 

Let us look at the structure of the exchange in relation 
to the faults that may occur. Thus we can assume that 
it consists of n different circuit types, the i-th type 
being replicated.Ci times. All circuits in the i-th 
type are assumed to have the same constant failure rate 
ai and mean duration Di' For simplicity assume that 
the fault durations are negative-exponentially 
distributed, so that the fault cure rate for the i-th 
circuit type is ei - l/Di' Then the faults on a given 
circuit constitute a 2-state Markov process {3} governed 
by the equations 
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Assuming faults occur in the circuits independently, the 
fault population on the i-th circuit type is a Ci
dimensional Markov process, with a binomial probability 
distribution. 
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Since the circuit types are assumed independent, the 
fault population on the whole exchange is a multi
dimensional Markov process which we will describe by 
random vector Xt . Xt takes on the vector values 

where C' ~ i 1 ••• R, 

and ri is a fault state of the i-th circuit type. 
will denote state vectors (i l , i2"'" in) by I. 

the 

We 

The fault population for the whole exchange thus has the 
probability distribution 

where I 

For the description of the grade of service time series 
in the next section we need to know the transition rates 
AIJ for the process Xt • The transition probabilities 
are given {3} by 

where the probability of transition i k + jk for the 
population on the k-th circuit type is 

P . (t) 
I." J" 

Now AIJ = FIJ(O). 
terms like 

So on differentiating (4) we will get 

is a transition 
probabi li ty. 

F .. (0) = A~' are the transition rates for 
~kJk ~kJk 

the process on the k-th circuit type. 

Since the distribution is binomial, these have the well 
known values 

l-f \ i-5l ~ I 

."," () 
"r-r - - ot. R c.,-r - f~ t"' 

414·2 

The distribution F satisfies the usual differential 
equation 

with R ranging over the whole of the fault population 
state space. 

3. THE GRADE OF SERVICE TIME SERIES 

The grade of service is regarded as a stochastic process 
dependent on the fault population Markov process. 
Equations for the frequency and duration of upcrossings 
are developed in terms of the individual fault failure 
and cure rates. 

Each particular fault state of the exchange will give 
rise to some definite value for the grade of service, 
and as discussed in the introduction we can regard the 
grade of service as changing precisely in step with the 
fault population. If Yt is the random variable 
representing the grade of service at time t, then the 
above remarks show that Yt is a function of the fault 
population random vector Xt ' and thus we can write 

(1) 

The specification of the function G(r l ,r2, ... r n ) for all 
possible fault states of the exchange is the solution to 
problem I mentioned in the introduction. The function G 
does not have any special nice properties but we can, 
without reducing the value of the theory to be developed, 
assume that distinct fault states I produce distinct 
values in the grade of service denoted gr' It then 
follows that the grade of service probab~lity distribution 
denoted Gt(gI) is given by: 

I) = F(I) (2) 

Consequently the transition rates for the process Yt are 
just AIJ (section 1 (6) ), and G satisfies the 
differential equation t 

(3) 

Choose now a grade of service value g lying between go and 
1, where go is the grade of service in the fault-free 
state i.e 1=(0,0, ..• ,0). g mayor may not correspond 
to one of the values gI , but it will separate the 
values gI into two disjoint classes: Lo consisting of 
those values below g and Ll those values above g. More 
precisely 

L 
o 

(4 ) 

Associated with the above grouping of the grade of 
service values, is a random variable Zt which describes 
the changes between the groups. 

Thus define Zt ° g 

(5 ) 
1 > g 

The probability distribution for Zt is then seen to be 

Le from (2) 

(6 ) 
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It follows from the Total Theorem of Probability {4}, and 
also is} that the transition probabilities for the process 
Zt are: 

(7) 

Now Qt(a) satisfies the usual differential equation 

(8) 

where the transition rates ~~(t) are defined by 

Hence from (7) and section 2(6) we get 

Now Zt is not a Markov process, but (6) shows that there 
is a stationary solution, since Ft(I)~F(I) as t~ao. 

F:om (9) therefore ~".~(t) has a limiting value ~~. , 
g~ven by 

In equation (10) we have the complete solution to our 
problem 11 defined in the introduction. For as in the 
case of a 2-state Markov process with birth and death 
coefficients ~I ~ '~.o respectively, 1/1'", is the mean 
lifetime of the state '1'. 

Informally the expected number of transitions per unit 
time between states 0 and 1 is 

If M is the mean time in state 1, then MxN is the 
proportion of time spent in state 1, i.e the probability 
Q(l) = MxN. So M=Q(l)/N = l/~o from (10). In our case 
this corresponds to the mean time Dg that the exchange 
spends in a fault state producing a grade of service 
Yt > g. 

Also T g = 11%1 + l/'Y.o is the mean time between upward 
transitions from state 0 70 state 1. Thus Tg is :he 
mean time bet"ween upcross~ngs from a grade of serv~ce 
value below g to a grade of service value above g. 

Finally the distribution Q is of interest. 
QO is the probability that the grade of service with 
faults is better then g, and Ql the probability that it 
is worse than g. 

Thus to summarise, for each value of g in the range go to 
1, we can calculate, using equations (4) and (10) the 
quantities Dg and f g , from 

I 
= "'0 

I = 
f, 

I 
,+ '?o. 

(11) 

fg is the mean frequency with which the grade of service 
exceeds the value g. Dg is the mean time spent above 
the grade of service value g. 
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The graphs of fg and D versus g are measures of the 
reliability of the exc*ange in the presence of those 
faults which produce a worsening in the grade of service. 

4. AN EXCHANGE WITH 2 FAULTS 

The application of the general theory developed in the 
preceeding two sections to the case of an exchange with 
two faults illustrates some of the main features of the 
frequency and duration characteristics. 

Referring to the notation in Section 2, our toy exchange 
has only two circuit types (n = 2) each with Ci .. 1 for 
each i. 

In terms of the transition rates ai, Si, the fault 
probabilities are 

~ = f;. /'6i ~ = ~~ /~~ .. .. 
where 

~r) 

Cf· 
'" - oC -+ ~. 

" '" 
The individual fault frequencies are given by 

I I \ 
'7 =-a;;- ..... p. 
T' .. " " 

which imply 

p. - ~. Q~ '1' .. - 10 y,-

The fault states for the exchange are now represented by 
I = (i,j) and the fault probability distribution is from 
Section 2 (2), (3): 

PI P2' (2) 

where F(I) = Fij for I = (i,j). 

The specialisation of equation (6) Section 2 is 

where I = (i,j) and J = (k,l). 

From equations (5) Section 2 

so that writing AIJ in the form Aijkl we get the following 
scheme for the fault population non zero transition rates: 

AOOlO a
l 

A
lOOO 

.. SI ) 
) 

AOOOl A
Oloo 

= S2 
) 

(3) a 2 ) 

AOl11 A110l SI 
) a l ) 
) 

A
l011 

= eL
2 Al110 = S2 ) 

) 

We will assume that the grade of service values gI = gij 
are all distinct and satisfy the following ordering 

gll is the grade of service produced by two simultaneous 
faults, and it is reasonable to assume that this event 
causes a worse grade of service than either fault 
separately, i.e gll is greater than either glO or gOl' 
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Next consider the two classes La and Ll defined in 
equation (4) of Section 3. The classes LO and Ll depend 
on which value of g we take, and so we will consider 
values of g in three distinct ranges. 

THE LEVEL g IN THE RANGE goo ~ g < glO 

(Section 3 (4» 

(Section 3 (6» 

Hence from (3) ~Ol - a l + a 2 

Using 8i Pi - ai qi from (1) and ql q2 = Fao - QO' this 
gives 

Hence the mean frequency is given by 

which implies 

f 

The mean fault duration is D - 1/110 = Ql/f 

Finally we express d and D in terms of the individual 
fault frequencies and durations by putting 

The results are: 

f f 1 + f2 - fl f2 (Dl 
+ D2) 

(4) 

D = (f l Dl + f2 D2 - fl f2 Dl D2)/f 

THE LEVEL g IN THE RANGE glO < g < gOl 

LO - {goo' glO} Ll - {gOl' gll} 

Qo - Foo + FIO .. ql q2 + PI q2 - q2 
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This implies f = f2; D = D2 

THE LEVEL g IN THE RANGE gal < g < gll 

= (a l ql P2 + a2 PI q2)/QO 

Similarly, ~10 = 82 + 81 

Collecting our results we have the following table: 

GaS Level Frequency Duration 

goo ~ g < glO f fl + f2 - E D = PI + P
2 

- P 

f 

g10 ~ g < gOl f f2 D D2 

gOl ~ g < gll f = P D = Dl D2 
D Dl+D2 

where P = fl Dl f2 D2 is the probability of 2 
simultaneous faults, and 

(5) 

(6) 

(7) 

It is seen from the above that the frequency with which 
the grade of service exceeds the fault free value, i.e 
the first of equations (7) is not the sum of the 
individual fault frequencies, except when the term E 
can be neglected, i.e when the probability of simultan
eous faults is very small. It is also seen from 
equations (7) that the frequency decreases as the grade 
of service level increases provided again that the term 
in E remains small. 

5. RELIABILITY AND MAINTENANCE 

SERVICE STANDARD 

If we suppose it is possible to characterise the 
performance of an exchange by a single number, as is 
postulated in the work above, it is natural to ask the 
question "what limits should be set on the variation of 
this number, in order that the service given to sub-
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scribers should be of acceptable quality?" From the 
point of view of the operating administration, it is 
necessary also to consider the costs associated with 
faults, that is to say (a) the loss of revenue resulting 
from failure to set up wanted calls (b) the cost of 
labour and material expended on maintenance • 

From the point of view of the subscriber, a severe 
degradation of service is not of great significance if 
its duration is sufficiently short. Conversely, a 
slight degradation of service, if sufficiently prolonged, 
becomes serious. It therefore seems that, from the 
subscribers points of view, the standard should be set in 
terms of some function of the extent of the degradation 
of service and its expected duration. The duration 
characteristic Dg rather than the frequency character
istic goes a long way toward providing just such a 
measure of reliability. Thus a limit is set on the 
average time for which the system is "bad". 

MAINTENANCE POLICY 

Supposing that some such service standard is adopted, 
the administration must then plan the maintenance policy 
which will minimise the sum of the two aspects of cost 
referred to in the first paragraph above. Rapid curing 
of a severe fault will have the same effect on the 
standard of service criterion as the continual prevention 
or removal of less serious faults which only affect the 
grade of service factor in a comparatively small way. 
It may well be of course that it is an over simplificat
ion to attempt to specify exchange performance as viewed 
by the subscriber by one quantity. It is possible that 
traffic should be divided into various classes, and a 
similar treatment undertaken for each class. The 
necessary figures about the frequency, duration and 
extent of degradation of service are available from the 
foregoing analysis. 

6. CONCLUSIONS 

The theory developed in this paper underlines the 
importance of considering both the fault failure rates 
and fault durations in considering the Reliability of an 
exchange. Thus in equation (11) of Section 3, the 
frequency of upcrossings depend on both these quantities 
in view of (10). This is explicitly seen in the example 
discussed on the exchange with two faults in Section 4. 

The final conclusion drawn in Section 4 also contradicts 
what one might have hoped for: namely that the frequency 
of upcrossings is the sum of the individual fault 
frequencies. Additional non linear terms are present in 
the expression for the frequency of upcrossings, and this 
phenomenon gets stronger for the case of n faults where 
the probability of simultaneous faults increases. 
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