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ABSTRACT 

This paper essentially is a condensed and modernised 
version of some of author's early work which is nearly 
inaccessible due to war circumstances. A system is studied 
in which several Poisson groups of sources each dispose of 
a number of individual servers and. moreover. jointly of a 
number of commons. In order to solve the problems of the 
loss factors in this system subsystems are studied each 
comprising one group of sources with its individuals 
and having overflow to an infinity of commons (better 
called "secondaries" now. as there are no competing groups 
of sources). Two formulae are obtained for the distribut
ion function of the number of occupied secondaries in 
those SUbsystems. For the original problem a (formal) 
exact solution is obtained as well as bounds to this 
solution. 

1 . INTRODUCTION 

The main subject of the present paper is the so-called 
simple grading. which has been depicted in figure 1. There 
are m groups of sources. each generating demands for serv
ice according to Poisson processes with arrival rates 
~(i = 1 •...• m). There are a number of ~. able to 
help those demands. A successful demand causes a server 
occupation during the so-called holding time. Non-occupied 
servers are free. A demand stemming from group i of sources 
first of all tries to find a free one out of a group of ci 
servers (further called individuals). If none is found. 
the demand tries to find a free one out of a group of y 
servers. common to all sources (the commons). When no free 
common is found either, the demand is lost (is said to 
meet with blocking). It is asked to determine the probabi
lities Bi of blocking (or loss factors) for the various 
groups under the assumption of stationarity. The holding
times are supposed to possess a negative exponential 
duration. with average 1. 

The problem at hand and some generalisations have received 
considerable attention in the past in the area of tele
communication engineering [18.2.13.8.9.19]. Identicar-
models are to be found recently in the field of file
organization [12.15.16.17]. To the exception of ~ast 
section. the present paper is a condensed version of 
author's 1942 doctoral ' thesis [10]. which is nearly in
accessible (in Dutch. out of circulation). Part of it has 
been published before [8.9]. Some textbooks contain 
summaries of section 3 [19.3.11]. 

2. GENERAL SOLUTION; BOUNDS 

Let f denote the steady-state probability of the 
rl,,·rms 

state with £i = ri (i = 1 •...• m) occupi ed individuals of 
the m groups and ~ = s occupied commons. The probabilities 
satisfy a set of generalised birth-and-death equations. to 
be obtained in the regular way (cf. e.g. [3,11.19]): 

+ (s+l)f 
, r 1 ••• r m • s+ 1 ( 1 ) 
m 

= {;::. (f.+r.) + s} f 
~=1 ~ ~ r 1···rms 

(ri-o •...• c
i 

(i-' •...• m); s=o ..... y) 
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with two sets of "boundary-conditions". expressed as 
modifications of (1): 

- Whenever ri = ci for some i. the last term between 
is replaced by p.f l' (2) 

~ r 1···c i ···rm·s-

- Whenever s = y the following modifications are 
made (apart from those on account of (2)): 
3.1. The term of the second line of (1) is deleted. (3) 
3.2. From the last member of (1) coefficients Pi 

are deleted for all indices i for which ri.ci' 

The number of this set of homogeneous equations equals the 
number of unknowns. viz. (cl+1} ... (cm+l)(y+l). As the set 
is simply linearly dependent - total addition results in 
an identity - they may be solved in conjunction with the 
fact that the total of all unknowns is unity. 

After solution of the equations the probability of blocking 
Bi for group i and the overall probability B are determined 
from: 

B. = f ••• c .•••y (4) 
~ 

~ 

m m 
B =L. p . B. 11; p. (5) 

i=l ~ ~ i=l ~ 

where fat dots denote summation over all possible values. 
Cl 

t • etc. The size of the set of equations mostly is 
rl=l 
prohibitive. As. however. Bi-values normally are small. it 
is a fair guess that the behaviour of the system with 
commons (to be denoted by upper index (w)) will be indicat
ive of the actual system's behaviour. Indeed 

+ df r w 
Bi == ~f ••• c .••• s 

s=y 1 

(6) 

is a conservative (upper) bound to Bi' Let the y commons 
be supplemented by a set of w additional commons (whether 
real or hypothetical) which cannot be seized unless the 
original set of commons is completely occupied. 

Let u be the number of occupied original commons and v 
that-of occupied additional commons. respectively. Th;n in 
this system: 

B. 
1. 

B: 
1. 

cil\£=y}" 

C i A (~5)£ + Y ~ y} > 

which concludes the proof. 

It is further to be conj ectured that 

B-. ~ CD 
~ f ••• Ct ••• y 

B. 
~ 

is a lower bound. in any way practically so. 

In the (CD) case the numbers ~l"".!m of commons occupied 
by the various groups are uncorrelated. both unconditional 
and conditional on Ll ••••• !m. The solution for.the complete 
(CD) system now is a convolution of solutions ff; (called 
"partial SOlutions") (i 5 l, •••• m) for m one-group (CD) 
systems (called subsystems) .: 

(8) 
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These partial solutions satisfy the following set of 
equations, from which suffixes i to p. and c', as well as 
upper indexes to fi~ have been omitted~for re~son of 
simplicity: 

Pfr _1,s + (r+1)fr +1,s + (S+1)fr ,S+1 = (p+r+s)frs (9) 

(r=0, •.. ,c-1; s=0,1, ••• ,~) 

pfc- 1,s + pfc ,s_1 + (S+1)fc ,S+1 = (p+c+s)fcs 

(s=0,1, •.. ,~) 

( 10) 

In the (~) systems (or subsystems) the relations (3) no 
longer are relevant. They should be replaced by the 
requirement of "good behaviour" for s-+<><>, i.e. finite 
moments. It can, however, be verified that any convolution 
(8) of formal solutions of m systems (9,10) formally 
satisfies the system (1,2). In the subsystems the "commons" 
will also be called secondaries. 

3. PARTIAL SOLUTIONS; BEHAVIOUR OF OVERFLOW TRAFFIC 

We now come to solving the systems (9,10). Let the 
generating function (GF) of f~s with respect to s be 
denoted by Fr(Y) (r = 1, ••• ,c). Then (9) and (10) trans
form into: 

dFr dF
r 

pFr _1 + (r+1)Fr +1 + ~ = (p+r)Fr + ~ (11 ) 

(r=0,1, .•. ,c-1) 

dFc AFc 
pFc_ 1 + pyFc + ~ = (p+c)Fc + ~ ( 12) 

Assume (111 to be valid also for r ~ c (the added equations 
determining added unknown functions Fc, Fc+1(Y)' etc.). 
Now let F(x,y) be the GF of Fr(Y) with respect to r. The 
translation of (11) is: 

pxF + aF + aF = pF + aF + aF 
ax ay ~ ray 

Its general solution is: 

( ) _ (~) -p(1-x) 
F x,y - K\l_X e 

where K is some arbitrary function. 

Let us assume the possibility of a series-expansion: 

F(x ) = f a (~)a+n e-P(1-x) 
,y '"- P n 1-x 

n=O 

The functions Fr(Y) and f rs now are (cf. A3; A4) * 

and 

Fr(Y) = £ B q> a+n(l_y}a+n 
n=O n r 

f 
rs 

Comparison of (12) and (11) for r c yields: 

( 13) 

( 14) 

( 15) 

( 16) 

(11 ) 

( 18) 

Substitution of (16) into (18) and equating the coefficients 
of (1_y)a+n to zero results in: 

(C+1)Bnq>~:~ - PBnq>c
a

+
n 

+ PBn_1q>Ca+n-1 ° 
or, using (A1): 

(n=0,1, •.• ) B = - . 6
n

_
1 n (a+n)q> a+n+ 1 

c 

As B_1 = 0, Bo ; 0, the denominator should vanish for 
n = 0, which yields the indicial equation: 

(19) 

(20) 

*) (A ••. ) refers to the Appendix; upper index to q> does 
not mean exponentiation ! 
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The roots of this equation are: (i) a = 0, and (ii) the 
values a = aj = nj-1. (j=1, ••. ,c), where the nj are the 
r roots of ~ = 0, which are known to be negative re·al 
and different. Each of the n+l roots of the indicial 
equation engenders a different solution (11), where the 
coefficients 6n follow from (19), apart from a multipli
cative constant. 

In the case aj (j=1, ••• ,c) the series (16) and (11) consist 
of two terms each, only. As the aj are negative, Fr(Y) is 
not analytical in y = 1. Hence, the moments of s (condi
tional on r) are infinite. Those solutions cannot actually 
enter in the (~) case. 

When a = 0, Fr(Y) is analytical in y = 1. It is the ~ 
solution for the (~) case, contrary to the c aforementioned 
solutions, which are only formal solutions. From (A8) and 
(19) it follows (quotient criterium) that for a = ° the 
series (11) converges absolutely. It is normed by requiring 
that: 

The 

and: 

E :f- f = f- F (1) = aO 1: q>r = a q> 1 = 1 
~=O ~ rs ~ r r=O ° c 

or: aO = 1/q> 1 
c 

final result is: n 
00 n q>r 

F (y) - q> L.L.:.e.l: ----"-- (l-y) n 
r - c n=O n! q> n q> n+1 

f 
rs 

c c 

s . ~ k k+s 
L Z. tlL q>r 

q> cs! k= Ok! q> k+ s k+S + 1 
c q>c 

Especially: 

s ~ k 
f =q> LL:bL._1_ 

cs c s! k=O k! q> k+s+1 
c 

and the unconditional distribution: 

Comparison of (23) and (24) yields: 

(21) 

(22) 

(23) 

(24) 

(25) 

This result may be explained as follows. The quantities to 
the left and to the right are the absolute rates of 
transitions s ~ s - 1 and s - 1 ~ s, respectively. Under 
conditions of stationarity these ~ates should be equal. 

4. SIMPLIFICATION OF THE GENERAL SOLUTION 

According to section 3 .there exist ci+1 different partial 
solutions for the SUbsystems (9,10), i = 1, •.. ,m. Hence, 
a linear aggregate of the (c1+1) .•. (cm+1) (say N) possible 
convolutions (8) will formally satisfy (1,2). This solut
ion still has to satisfy the N relations (1,2) which are 
modified sub (3). Those N relations are homogeneous. The 
modifications sub (3) specify for every boundary state 
r1, .•. ,rm; y the fact that influx from and efflux to the 
group of states ••• ; y + 1 cancel. This of course entails 
the global result (addition): 

m 
(y+1)f = r .f 

•• ,y+1 ~ p~ •• ci ••• Y 
(26) 

On the other hand this result already follows by addition 
from (1,2). Hence, the N relations modified sub (3) are 
linearly dependent. They may be solved for the N coeffi
cients of the aggregate but for a multiplicative constant, 
which results from norming. The original set of N(y+1) 
equations with a sparse matrix has been replaced by a set 
of N equations with a dense matrix. Whether the "simplifi-
cation" pays depends on circumstances. 

It should be mentioned that Bech [1] has derived another 
simplification based on matrix methods. It is reported to 
be capable of handling the problems by the use of computers. 
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5. VARIANT OF THE SOLUTION OF SECTION 3 

As ~cn has c different zeros n=nl •••.• nc the following 
relation exists: 

1 c Ai 
--n= ~~ 
~c ~= ~ 

(271 

where Ai is the residue in n=ni' Insertion in (23) yields 
(the ni are negative): 

with: 

f cs 

1jI(t) Jf e-pt t;., Ait -ni 

(an integral function. as the ni are negative). 

(29) 

The "closed expression" for fcs with incomplete r-f'unctions 
is of little value as the available tables [14] neceasi
tate higher order interpolation in coarse double-entry 
tables! 
Repeated partial integration of the last member of (28) 
yields: 

where R = J\S+j,(j)(t)dt 
o 

(30) 

(integrated parts for t=O vanish. as , is analytical at 
t=O). 
When M is the maximum of 11jI(u) I for lul ~ 2. Cauchy1s 
inequality applied to the circle lu-tl = 1 (t fixed) 
yields: 

Hence. the integral in the ' remainder term is absolutely 
less than Mj!/(s+j+l) and the remainder vanishes for j~. 
Thus: 

.. ] 
(32) 

When (29) is written as: 

c e-p ( l-x) 
1jI( 1-x) = ' r:. A. (33) 

~ n. 
~=1 

(1-x) ~ 

we have an account of (A3): 

(-1)jw(j)(l) - t n i 
'1 - A.~. 
J. ~=1 ~ J 

(34) 

Now. ~.n is an integral function of n and hence: 
J 

(-l)j1jl(j)(l) = j! ~ {residue of (~jn/~cn) in n=ni } 
i=l 

(35) 

By ' expressing the ~m as a contour-integral (cf. Knopp 
[7U and using the transformation z=1/n we obtain: 

(-1)j1jl(j)(1) j!/Rj (36) 

with 

R. ~ residue of (~. l/z/z~ l/Z) at z=o (37) 
J J c 

The quantity ( •• ) equals zc-j-2 times a function. 
analytic in z=o (cf. A41. Hence, R'=O for j=O, ...• c-2; 
moreover. Rc_l=c and Rc=O. Now, (3~) may be rewritten ,as 

f =!:.iL~ 
cs k=O ~ c+s+k 

with: 

{

1 

~ = 0 
(C+l) .•. (C+k+l)P-~C+k_l 

(k = 0) 
(k 1) 
(k > 1) 

(38) 

The computation of the residues is simple though very 
tedious. Recursion formulae by the author [10] are useful 
until the computation of about d5. More powerful formulae 
by J. Giltay [51 provided an extension upto d9 . The 
results (Giltay) may be summarized as follows: 

(40) 

with: 

x 0 2 3 4 5 6 7 

0 1 1 1 2 1 2 1 3 2 1 

0 1 

1 -1 

2 -2 3 

3 -6 -4 24 5 -20 

4 -24 -50 180 -6 156 -360 

5 -120 -516 1440 

6 -720 

5< 8 9 

3 2 1 4 3 2 1 

4 7 -112 210 

5 -196 2856 -5040 -8 544 -4736 6720 

6 -5292 12600 -4160 44928 -67200 

7 -5040 -56736 120960 

8 -40320 

Whereas the se!ies (23) becomes rather intractable for 
large values of s. the series (38) is better for large s 
values. 

6. MOMENTS OF £; BEHAVIOUR OF OVERFLOW TRAFFIC 

The unconditional moments of ~ (~ secondaries), which to 
some extent characterise the overflowing traffic. are 
obtained in the following way. By summing (21) for 
r=O •••• ,c: 

F(y)=~ t¥~ 
• c n=O n. ~ n 

c 

(41) 

Hence, we obtain the factorial moments: 

E{s(s-l) •. ~(s-k+l)} = F (~)(1) = pk~ /~ k 
-- - • c c 

(42) 

The computation of these quantities is very simple. The 
ordinary moments may be derived from them. In particular 
we obtain the expectation a: 

a ~ E{~} = p~c/~cl ~ PE 1 •
C

(p) (43) 

where E1 c(p) is the well-known Erlang B-formula for the 
probabilIty of blocking of the group of individuals 
[3.11.191. Hence. a equals the density of the point-pro
cess of overflowing demands. as was to be expected. The 
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variance of s may be obtained from the first and second 
moments. With the aid of (A8) it may be written as: 

v = var s = ~ - a+a2 
- c-p+a+l 

(441 

The first and second moments in the form (42} have first 
been obtained by· Giltay [41, the expression (44) by ' 
Wilkinson [21]. Both authors have independently developed 
an elegant heuristic method for dealing with gradings 
(also more complicated ones) on the basis of the last 
results. 

APPENDIX 

When we define F(x} to be the GF of fr. we shall write: 

f - F(x) ~ F(x) ~ f xr. f = 1- F(r}(O} (A,l 
r r=O r ' r r! 

When F is analytic in x=O, ff grows absolutely less than 
some geometric series, and V1ce versa. 

The Poisson distribution ~r with density p is generated by 

(A21 

We shall furthermore encounter this GF multiplied by 
(1_x)-n (any finite n); the arithmetic function it generat
es will be denoted by ~n. By straightforward multiple 
differentiation we obtain: 

f n ~ e-P(1-X)(1_X,-n De .: ~r l 

e-P r n(n+1) ... (n+j-1)~_ 
~O j! (r-j}! -

e-p (n+r
r
-l) L.r r(r-l 1. .. (r-j+1) ~ 

(n+r-l} •.. (n+r-J·) J'! 
J=O 

(A31 

(A41 

Note that upper indexes to ~r never signify exponentiation! 

The last expression may be meaningless whenever n is some 
negative integer. In case n is some non-negative integer, 
~n is the n-fold sum of ~: 

r i3 i2 

.•. = E··· .L .r. ~i 
1n=0 12=0 1,=0 1 

n 
~ n = r:.: ~. n- 1 

r 1=0 1 
(A5) 

In this case ~rn may be calculated either from (A4) or 
from (A5). 

From the identity: 

we obtain: 

and from: 

(1_x)n 

it results that: 

e-P (1-X) -p(l-n) 
_ p + nn~e-------

(1_x)n (1_x)n+1 

(A6) 

(A7) 

The result (A6) is useful in constructing tables of ~rn 
for natural values of n. 

Finally it follows from (A4) for natural n: 

l' Inn+ 1 j ' In n = 1 
:un .... r .... r 

n-

The equation in n: 

(Al0) 
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is a polynomial equation (cf. A4), yielding r root's 
n=n" .•• ,nr • It can be shown that those roots are 
negative real. For the lemma's proof it is useful to 
include in the induction on r the statements: 
(il the roots nl, ••. ,nr are spaced apart by more than 

unity, and 
(iil the zeros of ~_, interlace those of ~n [6]. 
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