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Studies on the Probability of a Called 
Subscriber Being Busy 
Gunnar Lind 
L.M. Ericsson, Stockholm, Sweden 

flip paper treats some models intended to describe the ·losses 
of the traffic towards a group of subscribers, where the 
losses are caused by the called subscriber being busy. 

~lrst a model is developed describing the joint distribu
tlon of the total number of incoming calls and the number 
of lost incoming calls for a single subscriber. The model 
lS ~arkovian. The means, the variances and the covarian
ce of this distribution are derived. 

fhen a method to perform calculations for a whole group of 
subscribers is given, based on the model for a single sub
~~riber. The random quantity considered is the proportion 
of incoming calls to the group of subscribers meeting with 
bus~ subscriber. A method is given to obtain the mean and 
the variance of this proportion. Some special cases are 
dealt with. 

rhp loss in question is usually much greater than the mean 
traffic per subs~riber. 

In measurements we have found, as an example, a mean traf
f lC per subscriber of about 0.0·" erl, while the proportion 
of calls meeting with busy subscribers amounts to 15 a 20% • 
rhe main explanation of this seems to be the skewness of 
thp distribution of the subscribers' traffic. 

ftnally is given a bripf a.~ count of a theory of the same 
principal kind as above, except that it is based on a non
\fal'kovian model for the single subscriber. 
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1. INTRODUCTION 

Considering an arbitrary call attempt in a telephone sys
tem it ~an be unsuccessful by several reasons, such as 
congest10n or technical faults on different points in the 
network, wrong behaviour of the calling subscriber, the B
subscriber does not answer or is engaged by another call. 
It is well known that usually the two last mentioned fac~ 
ors are dominating reasons of a call being unsuccessful. 

In traffic theory in the past the interest has been focus
s/ ·d primarily on problems concerning congestion in the dif
ferent stages of a telephone system, while only lately at
tention has been paid to the inconveniences for a subscri
ber caused by the B-subscriber not answering or being busy. 
This is natural by several reasons, but it seems well moti
vated to make efforts to increase the knowledge of the last 
mentioned inconveniences, considering their relative impor
tance, their influence on repetitions of calls in the sy&
tems, possibilities of introduction in modern or future 
systems of facilities to decrease the effects of them etc. 
To this end more measurements should be made, theoretical 
models of the phenomena ought to be built up and tools of 
statistical analysis should be developed and applied to 
the measurement results. 

The present paper contains a contribution in this field. 
The object of the paper is to study the proportion of calls 
directed to a group of subscribers which meet busy B-sub
scriber. 

In Chapter 2 a Markov model to describe a single subscri
ber is treated. 

In Chapter 3 is treated the proportion of incoming calls 
to a group of subscribers which are lost because the 
called subscriber is busy. A method is given for calcula
tion of the mean and the variance of this proportion. 

In Chapter 4 a corresponding model is briefly treated, 
which,however, is based on a non-Markovian model for the 
single subscriber. 

2. A MARKOV MODEL FOR A SINGLE SUBSCRIBER 

2.1 ASSUMPTIONS 

We consider a single subscriber. The subscriber initiates 
calls, so called outgoing calls, and he receives calls, 
so called incoming calls. The subscriber is either free or 
busy. He may be busy by an outgoing call, initiated by 
himself, or by an incoming call, initiated by some other 
subscriber. The following is assumed. 

a) When th~ subscriber is busy (either by an outgoing or 
an incoming call), he has intensity 0 of initiating out
going calls. Whenever he is free he has a constant inten
sity J..L of initiating an outgoing call. 

b) The incoming call attempts to the subscriber arrive 
according to a Poisson process of constant intensity A , 
independent of Whether he is free or not. 

c) When an outgoing or incoming call attempt occurs and 
the subscriber is free, he immediately becomes busy,occu
pied by an outgoing or incoming call, respectively. When 
the subscriber is busy, according to a) no outgoing call 
attempts can occur but according to b) incoming call at
tempts occur with intensity A . If the latter kind of call 
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atte~pt s occur they will be lost and they do not alter the 
character of the stream of incoming call attempts (no ef
fects of "repeated attempts" are included in the model). 

d) The incoming and outgoing occupations of the subscriber 
all have durations distributed according to one and the 
same exponential distribution with a constant parameter ~ , 
i e the intensity of termination of an occupatio~ going on 
is ~ • 

e) The ordinary independence assumptions are made. 

Let us introduce the notation 

Th~ parameters of our model thus are 

a total intensity of call attempts (outgoing 
and incoming), when the subscriber is free 

A intensity of inco~ing call attempts, inde
pendent of whether the sl~bscriber is free 
or busy 

~ = intensity of termination of an occupation 
going on 

(2.1) 

(2.2) 

We note that the above traffic model coincides with the or
dinary Bernoulli model of a traffic source if 

A =0 
Further if 

a = A (2.6) 

the above model coincides with the ordinary Erlang model 
of the traffic on a single device. 

~p are interested in the stochastic process 

(x(t), Y(t); t ~ 0) 
Thp process is vector-valued with the two components X(t) 
and y(t), wh ere 

x(t) = number of incoming calls during the time 
interval (O,t) 

(2.8) 

y(t) = number of inco~ing calls during (O,t), (2.9) 
which arf' lost 

It is easily deduc ed that we have the following eguilibri
um distribution of the subscriber being busy or free. 

a = P(subscriber busy) = ~ 
a+tJ 

1-a = P(subscriber free) = ~ 
a+lf 

(2.10) 

(2.11) 

We shall assume that when the process starts at t=O, it is 
in statistical equilibrium. 

We introduce the notation 

P(n,j,t) = P {x(t)=n, y(t)=j} J 
( j.:O, 1, ••• ,n; n=O, 1, ••• ; t ~ 0) 

(2.12) 

and we are going to deduce a transform of the distribution 
(2.12) in the next section. From this transform we will 
obtain the following characteristics: 

E {X ( t )} = t t n· P (n , j, t ) (2.13) 
n=O j=O 

Vcr (x( t)} = t C[ n - E{X( t )}J~ P(n,j, t )(2.tIi) 
n=D j=O 
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00 n 
E{V(t)} = L L j. P(n,j, t) 

n=O j=O (2.15) 

Var{V(t))= l: tG-E{V(t)}]~p(n,j,t) 
n=O j=O (2.16) 

CD n 

Cov{X( t ) ,V( t n = r: L [n -E{X( t )B· 
n=O j=D 

. [j -E{V(t n] .P(~j, t) (2.17) 

2.2 DISTRIBUTION OF THE NUMBER OF INCOMING AND THE NUMBER 
OF LOST I NCOM ING CALLS 

To deduce the transform of P(n,j,t) we introduce the fol
lowing conditional distributions: 

P O(n, j, t) = p(x( t)=n, y( t)=j I subscriber free at 
t=0) , 

P1(n,j,t) = p(X(t)=n, Y(t)=j I subscriber busy at 

t=O) 

We then have from (2.10)-(2.12) 

P(n,j, t) = (l~p' ~ (n,j ,t) + a~ B . P, (n,j,t) 
The following transforms are introJ~ced 

~(g;'l,Z) = Je-zt L: t gn.~ 'P(n,j,t)dt 
o n=O j=O 
00 00 n 

~(g,ll,Z) = 1 e-zt r: r: ~n."tl( P(n,j,t)dt 
"Q 0 n=O J=O 0 

'I!(g.lJ.Z) = Je-zt t t gn·lJi. ~(n.j. t)dt 
o n=O J=O 

} (2.18) 

} (2.19) 

(2.20) 

(2.21) 

(2.22) 

Now, according to the assumptions of S~ction 2.1, the fol
lowiag is valid 

~(O,O,t) =e-a\{a-:\)e-1* [p, (O,O,t)) (2.24) 

FQ (n,j,t) = [Aea~~ (n-1,jJt U + 

+ ITa -).) e-j. ~ (n,j. t )] (2.25) 

(j =0.1, '" ,n; n =1.2 .... ; ~ (n-l .n.t ) =0) 

P, (0,0. t ) = e-(~+I3)t +~ e-(~+I3)~* 

} (2.26) 

* [po (0.0. t LJ 

P, (n,j.t) = [Ae-().+P)t]*[p,(n-1,j-1,t)]+ 

+[~e-(~+I3)j M ~(n,j,t~ (2.27) 

(j = 0,1, .. , n; n = 12, ... ; p,(n-l,-l. t) =0) 

I Tea 

• • 

• 

• 

• • 



• • 

• 

• 

• 

• • 

In (2.24)-(2.27) _ is the convolution symbol, the convolu
tions being taken with respect ·to t • 

\ve shall now apply Laplace transforms with respect to t on 
(2.24)-(2.27). We use the notations 

00 

P-(n,j,z) = le-Z~~(n,j,t)dt 
a a 

p* (n.j, z) = Je -zt, P (n,j,t) dt , , 
o 

(j=0,1, ... ,n;n=0,1, ... ) 

',ye then get 

P; (O,O,Z) = z1a +~~~. P;(O,O,z) 

P;(n,j,z) =z:a P~(n-l,~z)+ 

a.-A P.~( . ) + z+a , nJ.z 

(j = 0.1, .. n ; n = 1,2, .. ~ F{ (n -1 ,n, z ) = ° ) 

.(2.28) 

(2.29) 

~ (o,o,z) = Z+~+~ + ~.P; (O,O,z) (2,31) 

p,*(n,j,z) = z+~+~ . P7(n-l ,j-l ,z) + 

+ z+~+~ . P; (n.j,z) (2.32) 

(j =0.1, .. ,n ~ n =1,2, .. ~ ~(n-1.-1,z)=0) 

Ls i ng the notations 

~(n'll'z) =ta ll
i 

P;(n,j,z) 1 
*PM{ n .11 • z) = t 1\ j P* (n,j,z) ,( n = 0,1... ) 

, j=a' 
and applying these transforms to (2.29)-(2.32) we have 

ICe-a (O,1\,Z) =.-L +a-A~p*, (O.ll,z) 
z+a z+a 

*P,*(O,1\,z) = ~ + z+~ii3 -:~41(O'll'z) 

(2.34) 

} (2.35) 

(2.36) 

"p;C(n,1\,z) =zltl)+~'''Ff(n-l'll'z)+ _ } 
(2.37) 

+ z~~FC7(n'1\'z), (n - 12 ... ) 
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The final transforms (2.22) and (2.23) are obtained from 
(2.34)-(2.37) and we get 

~ (~;Y\,z) = _1_+ .1.t.'4> (~,ll'Z) + a Z+Cl z+a , t (2.38) 

From the system (2.38)-(2.39) we easily get 

Using now (2.20), (2.21)-(2.23) and (2.40)-(2.41) we fi
nally arrive at the sought transform of P(n,j,t): 

00 

4>(~,ll,Z) = f e-zt. E{~X(t),lly(t~t = 
a 

2.3 MOMENTS OF THE NUMBER OF INCOMING AND THE NUMBER OF 
LOST INCOMING CALLS 

From (2.42) we immediately obtain 

le -21 E ( X( dd t = D~<P (1.1. z ) 
le-~ (XI t) [XI t}-1] jdt =D~<p(1,1,Z) 
en 
je-ztE l V( t )}dt = ~4>(l",z) 
o 

re-ztE (Y( tl{ Y( tH]]dt = ~(1,1,Z) 

re~tE (X(t),y{ t)}dt = ~ 4>{1,1,z) 
a sll 

(2.44) 

(2.46) 

(2.47) 
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From (2.42)-(2.47) we get 

CD 

!e-ztE{X(t)}dt = A2 
o Z 

Cl) ] 2 f zt 
E {X( t l{ X ( t ) - 1 } dt = ;~ 

Je-ztE {X( t)· Y( t n dt = 
o 

_ A[Ct{Z + 2A}(Z+a+p)+Apil 
- (a + t3 ) z3 (Z +a + p ) 

(2.48) 

(2.49) 

The calculations are straightforward.As an example we de
duce (2.50)-(2.51). 

From (2.42) we have 

4' = 4>(g.l1. Z )= ~·t 

T = (a+p)tz+a+p)+Apg(1-11) 

Now from (2.53) 

o"T =-A~g 
D~l1T = 0 

so that 

011 TI~.l1=l = -A~ 

D~llT '~=1l=1 = 0 

and 
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OrtN =-A(Z+a)~ 

D;l1N = 0 

(2.53) 

(2.58) 

Therefore, using (2.45),(2.54),(2.57) and (2.58), we find 

r e-zt E { V( t )1 d t = D-n 4> (1.1. Z ) = a~ . k (2.59 ) 
o 'I a+~ Z 

which is the result (2.50) 

Further from (2.46), (2.55), (2.57) and (2.58) we have 

Cl) le-zt E (Y( t ){Y( t ) -1J)dt = ~ <P (1.1 ,Z) = 
(2.60) 

_ 2a~(z+a}(z+a+C3)2 _ 20A2(Z+a) 
- (a+~).:z3'(z+a+p)3 - (a+p)·21.(z+o+P) 

which is the result (2.51). 

From (2.48)-(2.50), inverting the Laplace transforms, we 
obtain: 

E[X(t))=At 

E(X(t){X(t)-1J}= A2 t 2 

E{V(t)} = aa+~ . t 

Formulae (2.61) and (2.62) give 

Vcr { X( t ) 1 = A t 

The partial fraction expansion of (2.51) becomes 

so that we have, by inversion, 

(2.61) 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

E{V(t).[V(t)-11}= 2atfll .f+-L-.t -1 
a+~ E+~ 2 b+J3)l 

J 

(2.66) 

_ -.JL'(1 _ e-{Cl+P)t~ 
(~ J 

Therefore, using (2.63) and (2.66), we get 

(2.67) 

'Ye could, alternatively, have deduced (2.67) by first de
riving 
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from (2.51) and (2.63) and then inverting this Laplace 
transform. 

As an example we will deduce Cov l x( t), y( t)} by a corre
spond ing method. We have 

[e-zt eov{ X( t )X( t id t = 
Cl) (2.69) 

=fe-zt.E {X(t ).y( t)l dt - f e-Z! E{ X(t )}EtV(f~ 
o 0 

qy (2.52), (2.61) and (2.63) we have 

~-zt C {X( t) Y{t )l dt = An(z+2A){Z+a-+(3)+AP iJ_ 
je OV , J (a+~)'z3(Z+Cl+~) 
o 

_ 2a"A.2 
. 1 = _A_ .a(z+a+~)+W = 

~ if a.+~ z2(z+a+~) 

--1- .rJ+a~A~.l __ lJL .1 +.A.a.._. 1 1 (2.70) 
-a+~ L"a+~ Z2 b+~)2z (a-ti3F z+a+~J 

so that, by inverting (2.70), we find 

} (2.71) 

The results (2.61), (2,63), (2.64), (2.67) and (2.71) are 
: ollected belo ..... 

I E{X( tl} = Var\X(t)\ = xt 

I E{V(t)) = ~.t (2.73) 

Var{V(t)J - aX [(a +af+2 xaJ.t - la +f3 >" -

- ~'(1- e-b.+~)t) 
(a+~ 

cov{X(t),V(t)j = A(~~~et·al.t-

2 
-CA.A.,( , - e- fa+t3)t) 

a+f3 
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Of llourse, X(t) has a Poisson distribution with parameter 
At ,which can easily be derived from (2.42) by putting 
~ =, . Therefore the result (2.72) is to be expected. 

The result (2.73) can also be expected as we have a Poisson 
process of incoming calls with intensity' A and as the 
probability of the subscriber being 'l?usy is a/(a+ 13) • 

The asymptotic results valid for large tare: 

I E{V(t)j= ~.t 

as t---+oo 

cov{X(t),V(t)1 ~ x( 1:~gpxa). t 

We further have 

Var{X(t)} 1 
E{X(t H = 

as t-+CD 

Var{Y(t n..., 1 +ru as t-+oo 
E tV(t n (a+f3)2 I 

(2.76) 

(2.77) 

(2.79) 

(2.80) 

(2.81) 

From renewal theory we know that (2.81) expresses the 
square of the coefficient of variation for the intervals 
between lost incoming calls. 

3. PROPORTION OF LOST INCOMING CALLS FOR A GROUP OF SUB
SCRIBERS WITH MARKOV MODEL FOR THE SINGLE SUBSCRIBER 

3.1 ASSUMPl'IONS 

We will now consider a group of N subscribers. 

With subscriber No. k is supposed to be associated a 
stochastic process l ~(t), Yk( t); t ?:. O} of the kind de-

scribed in Chapter 2, where 

~(t) = number of incoming calls to subscriber No. 
k during (O,t) 

Yk(t) = number of lost incoming calls to subscriber (3.1) 
No. k during (O,t) 

(k=1,2, ••• ,N) 

The parameters for subscriber No. k are 

~. Ak • ~k 
with the same significance as given in (2.2)-(2.4). 

We are now interested in the stochastic process 

{x( t), Y( t); t ~ 0 } 

where 

x(t) = total number of incoming calls to the sub-
8criber group during (O,t) 



Y(t) = total number of lost incoming calls to the (3.5) 
subscriber group during (O,t) 

We then have 

XI t) = 6 Xkl t) (3.6) 

Y(t) = t. Yk (t) (3.7) 
k=l 

'HP assume that ((Xk(t), Yk(t); t~O); k=1,2, ••• ,N} is 

a collection of independent stochastic processes. . 

3. 2 MOt-tENTS OF THE NUMBER OF INCOMING A"ND THE NUMBER OF 
LOST INCOMING CALLS 

From (3.6), (3.7) and the assumptions made we immediately 
have 

(3.8) 

N 

Var {X (t)1 = 1: VadXk( t)\ 
k=1 

N 

E{Y(tli= LE{Vk(t)} 
k=l 

(3.10) 

N 

Var{Y( tH= L Var{Yk ( t)1 
k=l 

(3.11) 

N 

Cov{X(t),Y(t)} = [, CoviXk(t ),Yk(t)l 
k=l 

( 3.12) 

The explicit expressions of (1.8)-(3.12) are obtained from 
(2.72)-(2.75) with a, A and f.:S replaced by Uk ' Ak and ~k 
in the latter formulae. 

Using (2.76)-(2.79) the corresponding approximative ex
pressions valid for large values of t become 

N 

E {X(t H = Vor {X(t )1= L. Akt 
k =1 

(3.13) 

E{Y(t)} 

N 
Va r{ Y ( t ) 1 ~ 1: 

k=l 

3.3 MEAN AND VARIANCE OF THE PROPORTION OF LOST CALJ~ 

The final interest in our studies is the stochastic pro-
cess 

{ 
y( t) } 
X(t) ; t~O (3.17) 

where, according to (3.4) and (3.5) 
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Y(t) = proportion of lost incoming calls 
X(t) during (O,t) 

Approximative expressions for the mean and variance of this 
proportion are obtained from the Tallor expansion of 
Y(t)/X(t) around the point E {Y(t)l/ EVc(t)l taking ac
count only of the linear part of that expansion. We get 

and 

Eiy( t)} 
E{X(t)\ 

Vc rf Y( t )J ~ 02 ( t ) = 
X( t) 

(3.20) 

General expressions for the mean and variance are obtained 
by inserting (3.13)-(3.16) in (3.19) and (3.20). 

B in (3.19) is the "probability of loss" we are interested 
in and a1(t)in (3.20) gives us a :neasure of the accuracy 
in measurements of this type of losses. 

We note that 

constant 
t (3. 21) 

as can be expected. 

Let us consider some special cases. 

If it is assumed that all subscriber processe.s possess the 
same parameters we obtain 

B = a 

(3.22) 

a 
(a=a+f3 . A = N·A ) 

From measurements we know that this is a quite unrealistic 
model. In reality the subscriber traffic characteristics 
vary widely. 

To get a rough idea of the influence of varying subscriber 
traffic characteristics we suppose that 

~ = constant. ~ 

If we let 

(k=l, 2, ••• ,N) 

mean traffic per subscriber 

(3.23) 

(3.24) 
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we get 

variance of subscriber 
traffic 

Ak = constant ·O k (k =1,2, ... , N ) 

(3.25) 

(3.26) 

Thl S formula was first given by B. Wallstrom (ref 1 ). 

If Wf' suppose that 

~k '"' constant· a ik (k=l ,2, ••• ,N) (3.27) 

and lE't 

d 1k = incomi ng traffic of subscriber No. k (3.28) 

aok ~ out gQing traffic of subscriber No. k (3.29) 

a ~ t, ~k (3.30) 
I 

a ~ k °0• 
(3.31) 

.) 

~. ~ t: (Ojk - 0/ (3.32) 

2 
°0= ~ t (OOk- oaf 

(3.33) 

k t, (au. - OJ )(oOk - 00 l (3.34) 

p -1 

OJ . 00 

" obtain 

Ak = constant-0 ik (k = 1,2 •. . . , N ) 

lil t s formula ' .. us given in ref 2. 

'. . PROPORTION OF LOST INCOM [NG CALLS FOR A GROUP OF SUB
SCRIBERS WITH A NON-MARKOV MODEL FOR THE SINGLE SUB
'3 CRI BER 

~ "Ilm measurements performed we can conclude that the sing-
1 f' subscriber process in reality has a greater variation 
than given by the Markov model reported in Chapter 2. 
IhE'refore another model has been constructed allowing for 
greater var i ations. A brief description of this model will 
bp given in the present chapter. 

rhe followi ng is assumed 

1) The holding-times are exponentially distributed with 
parameter p . 

2 ) When the subscriber is busy there is a Poisson procese 
of incoming calls with intensi ty ~ • 

3) Counted from a point of time when the subscriber just 
has become free, the time 't until the next call fol
lows an arbitrary frequency function f(t). With proba
bility p the call will be an incoming call and with 
probability q=l-p it will be an outgoing call. 

El1:1=1/a' E ( 1:2) = ~2 (4.1 ) 

ITea 

4) Ordinary i ndependence assumptions are made • 

It is easily seen that this model contains the Markov mo
del of Chanter 2 as a special case. The Markov model is 

obtained if f( t) = Cl·e-a.t and p=~/a • 

The eq-'lilibrium distribution of the subscriber being busy 
01' free is 

a = p( subscriber busy) = a / (a + f3) 
1-a = p( subscriber free) = f3 /(0 +f3) 

( 4.2) 

(4.3) 

With the same notations as in (2.8), (2.9), (2.12) and 
(2.42) we obtain 

(o+f3}z.A( z) +Pf3·8( z).(1 - g )+).f3·C{ z H1 -gll) 
= (a+f3)z2. ~(2)+Pf3 r(z}(1-~)+~(1 -gll)] 

A( z) = z + f3. B -r (z il 
B(z) = f3 zf*(z) -O·(z+ f3)·G - r(Z)] 

C ( Z) = z - a· B - f* ( z ) ] 

ftC(z) = Te-zt.f{t)dt 
o 

From (4,.4) we obtain the following moments. 

Cov(X(tl,y(t)}~ a~)..p-[1-!~~ + 

+ a2~ ().. + p pI fl.2J. t 
a+ f3} 

( 4.4) 

(4.6) 

( 4.8) 

(4.9) 
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When we want to treat a whole group of subscribers we can . 
proceed in the same way as was done in Capter 3. 
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