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ABSTRACT 

In modern telephone exchanges conditional selec
tion is commonly used to control the multistage 
switching networks. The loss computations then 
become very difficult because of the existence 
of internal blocking. A rigorous solution can
not be obtained for link systems of practical 
size. 

The first to tackle this subject thoroughly was 
Or Jacobaeus whose method was built on the hy
potheses of statistical and functional indepen
dence. More intricated methods were since then 
proposed to take into account the functional 
dependence between the probability distributions 
(p.d. 's) in the various stagesl these methods 
require the determination of the conditional 
blocking probabilities (c.b.p.'s). conditioned 
on the existence of j occupations in stage iJ 
because of t h e functional dependence an itera
tive procedure is necessary to get the c.b.p. 's. 

Now we point out the following fact : The accu
racy of the approximate methods is usuatly dis
cussed on account of the btocking probabi t ity 
(B) values obtained by artificial te8ts. Thus 
we are naturally lead to ask the followiAg ques
tion : Since the c.b.p. 's and p.d. '8 are deter
mined in the course 'of the calcutation of B~ why 
not compare these data with simulation data to 
discuss the fait h fulness (*) of the approximate 
calculation method as wett ? A method which is 
able to predict the c.b.p.'s accuratElly should 
a fortiori yield correct values for B because 
these quantities are related ' through well-known 
equations. 

In this paper the faithfulness of two approxi
mate calculation methods has been evaluated with 
respect to two sample preselection networks. It 
is shown that the methods assuming statistical 
independence only are more faithful than the 
methods assuming functional and statistical in
dependence. A significant trend towards too high 
computed c.b.p.'s is however detected in one 
stage of the network. An attempt is" therefore mad 8 
to improve the faithfulness of the calculation 
method through a partial release of the assump
tion of statistical independence. It is shown 
that the calculated c.b.p.'s then become much 
more accurate and, as a consequence of the equa
tions, so do the p.d.'s and the value of B. It 
is worth noting that the oomputational complexity 
is not increased by the suggested modification 
of the calculation method. 

1. THE FAITHFULNESS OF AN APPROXIMATE METHOD FOR 
BLOCKING COMPUTATIONS 

In modern telephone exchanges conditional selec
tion is commonly used to control the multistage 

(*) By faithfutness is meant the ability to pre
dict all the characteristics of the flow of 
calls and not merely t he value of B. 
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switching networks. Blocking computations then 
become very difficult bec~use of the existence 
of the so-called internat btocking occurring 
when idle links in one stage correspond to busy 
links in another stage. It has been recognized 
that an exact solution is out of reach for link 
systems of practical size, a fact which has lead 
to the development of approximate analytical 
methods. The first to attack this subject tho
roughly was Or Jacobaeus [1], whose method was 
built on the hypotheses of statistical and func
tional · independence (see [2] for terminology). 
More intricated methods were since then propo
sed to take into account the functional depen
dence between the probability distributions 
(p.d. 's) describing the occupations in the va
rious stages [3,4]. These methods require the 
determination of the conditional blocking proba
bilities (c.b.p. 's) 0i,j' conditioned on the 
existence of j occupations in stage i. Because 
of the functional dependence, an iterative pro
cedure is necessary to get the c.b.p. 'so 

Having recalled the usual ways of coping with 
the estimatien of the probability of blocking B, 
we now point out the following fact : The accu
racy of the approxi mate methods is usually dis
cussed on account of the vatues of B obtained 
by artificiat traffic tests. Starting from this 
observation we are lead to ask this question : 
Since the c. b. p. ' s and the p. d. ' s are de termined 
in the course of the calcutation of B~ why 
shoutdn't we compare these data with simulation 
data to discuss the "faithfutness" of the appro
ximate calcutation methods as welt? It is clear 
that the intuitive concept of faithfulness de
serves a more accurate definition : The faith
futness of a catculation method · is essentialty 
its abitity to predict att the characteristics 
of the flow of catts and not merely the value of 
B. Note that a faithful method. thus accurately 
predicting the c.b.p. 's, should a fortiori yield 
correct values for B because these quantities 
are intimately related (see chapter 2 for a des
cription of the mathematical model). 

The purpose of this paper is twofold. First of 
all the faithfulness of some existing approxi
mate methods will be discussed with reference 
to some sample preselection networks. Thereafter 
it will be shown how an increase of the faithful
ness can be reached by partially taking account 
of the statistical dependence between occupation 
probabilities referring ' to different stages of 
the network. This will be done in a simple and 
effective way through a slight modification of 
some combinatorial relationships. 

Section 2 of the paper is devoted to the descrip
tion of the models to be discussed upon. The 
physical structure of the networks is presented. 
The hypotheses gov9rning the arrival and depar
ture processes are stated. The classical equili
brium equations are recalled as well as the foun
dations of some approximate methods. namely the 
methods assuming statistical and functional in
dep e ndence [1] and the methods assuming statis
tical independence only [3]. Section 3 is devo-
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ted to the presentation of some standards used 
for comparisons. It is explained why and,' how 
all comparisons are made on a carried 'traffic 
basis. A test is described which will allow 
to discuss the relative goodness of fit of a 
priori or calculated p.d. 's with respect to a 
measured p.d.Secti,an 4 is devoted to a discussion 
of the faithfulness of the abovementioned ap
proximate methods. The blocking probability, 
c.b.p. 's and p.d. 's are extensively compared. 
It is observed that the methods 'assuming sta
tistical independence are more faithful. In 
section 5 a simple and cheap modification of 
the last methods is tested, with the eye on an 
increase , of the faithfulness. This modification 
proves successful with regard to the sample 
networks. Section 6 is devoted to concluding 
comments. 

2. THE MODEL 

2.1. The Exchange Organization 

The sample networks are preselection (PN) link 
systems used to concentrate (expand) the traffic 
between the subscribers stage and the inlets 
(outlets) of the group selection network (GSN). 
A sketch of the considered exchange organization 
is given in Fig. 2.1. Note that the outlets of 
the PN are divided into originating and termi
nating junctors (DJ's and TJ's). 

PItUEUC T ION 

N~TWO/U( 

NfJlf&If4 0"6 

(PN 1) 

GROUP 
SElECTIOIII 

/IIlr-.lO/U( 

TJ's t. 
tJI/.~,. PN~ 

Fig. 2.1. Organization of the exchange 

The borders of the conditional selections are 
the following, depending on the type of call: 

local call a. sub + DJ 
b. DJ + sub via TJ 

outgoing call a. sub + DJ 
b. DJ + outgoing trunk 

incoming ca 11 incoming trunk + sub 

2.2. The Structure of the Sample Networks 

The study has been restricted to two sample net
works featuring the same geometrical structure 
with different parameters. This has been judged 
sufficient to allow a good insight into the 
faithfulness of the calculation methods when 
applied to PN's. Indeed it must be stressed that, 
owing to their goal. many PN's belong to the 
same family characterized by an overall concen
tration ratio in the range 4 .•. 8 and the divi
sion of the outlets into ~J's and TJ's. 

Since the primary goal of the paper consists in 
discussing the faithfulness of some calculation 
methods it has been found an absolute must to 
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select sample networks with a symmetrical struc
ture. This is because any deviation from the 
symmetry increases the computational load or 
even requires the introduction of further appro
ximations to keep the calculations manageable. 
Since the influence of these further approxima
tions gets mixed with the influence of the pri
mary approximations (functional and/or statis
tical independence), the analysis of the c.b.p. 's 
and p.d. 's is disturbed. 

A 3-stage network is believed to be a good choi
ce for both theoretical and practical reasons. 
From a theoretical point of view the study of a 
3-stage link system allows to investigate the 
deviations undergone by the classical p.d. 's, 
since it is current practice to assume the exis
tence of Engset (EN), Bernoulli (B) and Erlang 
(ER) p.d. 's on stages 1,2 and 3 respectively. 
From a practical point of view a 3-stage net
work offers a reasonable compromise between a 
too great simplicity (2 stages) and a still 
greater computational effort (4 stages). The 
structure of the sample networks is sketched 
in Fig. 2.2. 

01 ." 

T3 's 

Fig.2.2. Structure of the sample networks . 

The sample networks feature a fan out structure 
with linkblocks in stages 1,2 (see [5] for 
terminology). Let nlbe the number linkblocks. 
The following relationships then complete the 
description of the structure 

i3 n l 
g1 n

l
i

2 
g2 n l k 1 
g3 k1k2 

k3 2n/g
3 

The parameters of the sample networks L1 and L2 
are given in table 2.1. 

L1 L2 

i1 10 4 

k1 6 4 
i2 10 B 

k2 6 4 
n l 

10 8 
n 72 32 

Tab l e 2.1. Parameters of the sample networks. 
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2.3. The Blocking Probability. 

The blocking probability to be discussed upon 
is the one experienced by a subscriber trying 
to seize an ~J. The path search thus is effected 
from point to group between an inlet of stage 1 
and the n outlets of stage 3 according to the 
graph of Fig. 2.3. 

Fig. 2.3. Graph of the paths between a subscri
ber and a group of n junctors. 

The p.d.'s which are of interest in the dis
cussion of the approximate ca19ulation methods 
thus are the following 

i=O ..... k
1 

1 =0 •...• n 

probability of i occu
pations among the k

1
links 

connected with a stage 
1 switch 

: probability of j occu
pations among the k1k2 
links outgoing from a 
linkblock 

: probability of 1 occu
pations among the n 
~J's 

2.4. Hypotheses governing the Flow of Calls 

The following (rather classical) hypotheses are 
retained throughout the study : 

* the flow of calls is a stationary process. 
i.e. the transient behaviour associated with 
the loading of the network has vanished 

* the arrivals of calls occur according to the 
PCT2 modeL i.e. the probability of observing 
an arrival within dt is proportional to the 
number of free subscribers 

* the holding times associated with every sub
scriber are identical negative exponentially 
distributed r.v. 's with unit mean 

* a blocked call is immediately drawn out of 
the system (lost calls cleared) 

* the phenomenon of repeated calls is disregar
ded 

* there is no internal traffic in the conside
red PN. i.e. the called party never homes on 
the same PN as the calling party 

* the selection among the free paths occurs 
according to a random discipline thus ensu
ring that the links and junctors are uniformly 
loaded 

For the sake of the study one more assumption is 
introduced regarding the terminating traffic. 
The pOint-ta-point selection between an inlet 
of the GSN and the called subscriber is repla
ced by a point-to-group selection between the 
called subscriber and the group of TJ's. This 
is a reasonable assumption as long as the GSN is 
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nearly fully available. Moreover a PCT1 model 
should be assumed. as the terminating traffic 
originates from a very great number of sources. 
But some of the terminating arrivals will have 
no effect on the network because they are di
rected to busy subscribers. The terminating 
traffic will thus be thinned from a PCT1 to a 
PCT2 model and the functioning of the net
work becomes symmetric with regard to both ori
ginating and terminating traffics. This situa
tion is simply related to the fact that busy 
subscribers cannot make nor receive calls. 

2.5. The Equilibrium Equations 

The following set of equations can be derived 
[3.4] from the hypotheses and equilibrium con
siderations : 

where 

Ai.j(1-cri.j)wi(j)·j=0 •.•.• n i 
i=1.2.3 

(2. 1 ) 

Ai • j is the rate of arrivals on the traffic 
group of stage i 

cr .. 
1..J 

is the c.b.p. conditioned on the existen
ce of j occupations in the traffic group 
of stage i (cri j will be called a first
order c.b.p. stnce it is conditioned on 
the state of one traffic group only) 

is the maximum number of occupations in 
the traffic group of stage i (n

1
=k

1
• 

n 2 =k
1

k 2 • n 3 =n) 

The traffics on each group are easily calculated 
by 

Y
i 

i=1.2.3 (2.2) 

When the set (2.1) is written for stage 1 the 
rate coefficients take the following form 
(PCT2) 

i=O ..... n
1 

(2.3) 

with 

q 1 = i 1 (2.4) 

and u 1 a traffic generating coefficient whose 
value will be discussed later. Although the 
number of sources is relatively much greater in 
stages 2 and 3. the rate coefficients are de
fined for symmetry as in (2.3) 

j=O ..... n
2 

(2.5) 

with 

(2.6) 

and 

1=0 ..... n
3 

(2.7) 

with 

(2.8) 

where Y is approximately the mean number of 
su b scri~ers connected to the second group of 
junctors (Y 3 would be the exact mean number on
ly if the originating and terminating traffics 
we r e perfectly equal. a situation which is not 
to be expected in artificial traffic although 
bo t h values will be very close to each other). 

Th e probability of blocking (unconditional) can 
be calculated in three ways. depending on which 
stage is given a special emphasis : 
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i=1.2.3 (2.9) 

The three formulas of course lead to the same 
result. 

2.6. The Combinatorial Relationships 

The above equations (2.1 - 2.9) are quite gene
ral. They will now be specialized with respect 
to the sample networks. The necessary combina
torial relationships w~ll be developed assuming 
that all the patterns of occupations are equi
probable (a current simplification in the ap
proximate calculation methods whose faithful
ness is to be tested [1.3]). 

Let a(k) be the probability of getting access 
to k stage-3 switches from a stage 1 switch. We 
have 

a (kJ L L h(i.j.k)w
1

(i)w
2
· (j) 

i j 
k=O •...• n

2 

(2.10) 

where the combinatorial part of the equations 
has been isolated in the h-matrix. the term of 
rank (i.j.k) of which stands for the probabili
ty of getting access to k stage 3 switches 
w hen i 1 - 2 li n k san d j 2 - 3 1 ink s are· bus y. The 
terms of h are readily obtained by counting: 

n -k i-k j-(n -k i-k) 
C 2 2 C 2 2 

n2 -k
2

i k2i 
h (i. j. k) i=O •..•• n

1 
j=O •..•• n

2 
k = O ••••• n

2 

( 2.11 ) 

where use has been made of the conventional no
tation : 

o b > a 
b < 0 

(2.12 ) 

From a(k) we calculate 03.1 by the same kind of 
argument : 

L a(k)r(l,k) 
k 

1=0 •...• n
3 

(2.13) 

with r a combinatorial matrix. the term of rank 
(l.k) of which stands for the probability of 
blocking conditioned on the existence of k ac-
cessible stage 3 switches and 1 busy junctors. 
By counting : 

(n
3
/n

2
)1<. 

C
j 

r( l, k) k=O •...• n
2 

j =0 •...• n3 

(2. 14) 

The probability of blocking Bs is now obtained 
by : 

i Cl3 (q3- l )03.lW3(1l 

LCl 3 (q3- 11w3(1l 
1 

In order to simplify the notations a 
weighting coefficients is introduced 

qi- l 

tiel) = qi-Yi 

(2.14) becomes finally: 
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(2.15 ) 

set of 

(2.16 ) 

(2.17) 

The calculation of 02 j proceeds along a simi
lar way. Let a (klj) be the probability of get
ting access to k stage 3 switches. conditioned 
on the ·existence of j occupations among n

2 
in 

stage 2. Of course : 

Then. 

and 

L h(1,j.k)w
1

(1) 

i 

L L a(klj)r(1.k)w
3

(1l 
k 

j =0 •.•.• n
2 

k=0 •.•.• n
2 

(2. 18) 

j =0 ••••• n 2 

(2. 19) 

(2.20 ) 

Comparing (2.17) and (2.20) it appears that the 
definitions of Band B2 are not consistent. 
This is because ~he weighting coefficients des
cribing the variations of the arrivals rates 
with the state of the system were introduced in 
the formulae for the unconditional blocking pro
bability only. The expressions of B can be made 
coherent by introducing the weighting coeffi
cients in the formulae for the c.b.p. 's as well. 
A perfect symmetry is then reached at the level 
of the equations. For instance (2.19) becomes: 

L h ( 1, j • k) r( 1, k)t 1 ( 1) w 1 ( 1) t2 (j ) • w 2 ( j ) 
k 

j=O ••..• n
2 

(2.211 

Symmetrical expressions hold for 01.i and 03.1' 

2.7. The Approximate Calculation Methods 

Hav i ng written the equations of interest it is 
now possible to recall the principles of the 
approximate calculation methods whose faithful
ness is to be tested. 

Assuming both statistical and functional inde
pendence [1] the estimation of B is very easy. 
A priori p.d. 's are chosen and introduced in 
(2. 2 1) and (2.20) (note that the calculations 
might as well proceed via the c.b.p.'s 01.i or 
03.1)' A usual choice consists in selecting 
p.d. 's of Engset. Bernoulli and Erlang respecti
vely with regard to stages 1.2 and 3. The equa
tions are however suitable to treat any a priori 
p.d. 's (measured p.d.'s for instance). 

• 
• 

• 

• 
Assuming statistical independence only [3] an • 
iterative procedure is required to estimate the 
value of B. Moreover the c.b.p.'s must now be 
calculated with respect to the three stages. The 
principle of the method is briefly recalled here: 

a. choose initial arbitrary p.d.'s 

b. compute the c.b.p. 's for the three stages 
by (2.21) and symmetrical expressions 

c. get new p.d. 's by (2.1) 

d. go back to step b. 

When the p.d.'s Wc (C stands for calculated) are 
stable compute B by (2.20). 

3. STANDARDS . USED FOR COMPARISONS 

3.1. Carried vs offered Traffic 

Wh e n comparing two p.d. 's the question arises 
as to what quantity should be common to them : 
of f ered or carried traffic. The carried traffic 
will be preferred here because of its unambigu
ous definition (cf (2.2)). The usual definition 
of the offered traffic. on the contrary. meets 
di f ficulties with the treatment of the calls 
directed to busy subscribers [6]. Moreover the 
offered traffic is not known beforehand in si-
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mUlations, while the carried traffic can be mea
sured accurately. As it is current practice to 
furnish B vs Y diagrams [7] , it thus appears 
reasonable to design the simulation trials on a 
carried traffic basis. The only problem then 
consists in selecting the calling rates from 
the desired value of Y and the guessed blocking 
and busy-subscriber probabilities. This is ge
nerally not too difficult to do, so that the 
effective value of Y should only slightly de
viate from the desired value, thus allowing to 
cover the range of interest in the B vs Y curve. 

When using classical or calculated p.d. 's for 
comparisons or blocking computations it thus 
will be arranged that the mean of the p.d. is 
equal to the measured carried traffic. To meet 
this standard an iterative procedure will gene
rally be required to get the traffic generating 
coefficients ao(cf (2.3),(2.5) and (2.7)). 

~ 

3.2. The Relative Goodness of Fit 

Let w
M

(1) be a measured p.d. Let w (1) and 
wB(l) be classical (or calculated~ p.d. 's The 
rel.ative goodness of fit of wA(l) and w (1) 

with respect to w~(l) is to be discusse~ (see 
[8] for a discussion of the absolute goodness 
of fit). The following index will be used to 
evaluate the deviation between two p.d. 's : 

(3.11 

The lower the index associated with a p.d. the 
closer this p.d. will fit with the measured p.d. 
The zero terms of wM(l) (if any) should of 
course not be included in the summation. The 
near-zero least significant terms at one(both) 
end(s) of the p.d. will be excluded too. The 
limits of summation will be fixed in each case 
by inspection of the p.d.'s. 

It is clear that two types of deviations contri
bute to the growth of ~A:a random devi~tion rela
ted to the finiteness aT the simulation trials 
and the result imperfection of the measurements 
and a determin i stic deviation related to the 
fact that wA is an approximation to wM' The 
part of ~A contributed by the random deviation 
can be estimated in the following way. Let 
wI(l) be the p.d. derived from (2.1)by using 

the measured c.b.p. 's for 0i l' Thus wI(l) is 
some kind of i ndirectl.y measured p.d. If the 
simulation trials were infinite the measure
ments of the p.d. 's and c.b.p. 's would be en
tirely consistent and wI(l) would reproduce 
wM(l) exactly. ~I is thus an estimation of the 
unavoidable random component to be found in ~C. 

~ER'~EN"" One should expect ~I to be a mini
mum with respect to every other deviation ~X' 

3.3. A General Probability Distribution 

It has been thought useful to include the so
called general p.d. wG(l) in the comparisons 
[8]. This p.d. i s obtained by solving the follo
wing set of equations : 

(j+1)W G(j+1) = a(q-j)wG(j) • j=o, .•.• n 

(3.2) 

where the coefficients a and q are adjusted in 
order to match the first and second moments of 
w

M 
(1) • 

4. COMPARISONS REGARDING EXISTING METHODS 

For the sake of notational efficiency the c~l

culation methods assuming both functional and 
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statistical independence [1] will be called J
methods after the initial of Jacobaeus and the 
methods asiumi~g statistical independence only 
will be called I-methods where I stems from 
iterative. All numerical results obtained by si
mUlation will be referred to by the letter M (of 
measure~). The comparisons will be successively 
devoted to the blocking probability, the p.d.'s 
and the c.b.p. '5. 

4.1. The Blocking Probability 

The faithfulness of the J (resp. I)-methods of 
course cannot be discussed in terms of the 
blocking probability B. Comparisons of the mea
sured and calculated B's are however necessary 
as a first step. The B vs Y curves associated 
with L1 (resp. L2) are sketched in Fig. 4.1 
( re s p. 4 0 2) • 

B 
.' 

11 ~-----------T--/7 

y( 

.. 
ttI ., 

.--e 
III-a-'R 

C 

0' 

Fig. 4.1. The blocking probabilities associated 
with L1 measured and calculated (J- and I-

methods) val ues. 

From the graphs 4.1. and 4.2. it appears that 
the value of B obtained by the J-methods (B EN -
B-ER) is almost twice the measured value (BM) 
while the value obtained by the I-methods (BC) 
is only slightly ~igher than BM' Since both 
methods assume statistical independence and thus 
make use of the same combinatorial relationships 
the difference in the results may only stem from 
the p.d. 's used. Indeed the calculated p.d. 's 
(I-methods) will prove closer to the measured 
ones than the a priori p.d. 's are (cf. section 
4.2) . 

Owing to the fact that the measured p.d.'s are 
available we can now proceed with one more test. 
Using the same combinatorial relationships as 
above we put the measured p.d. 's in the calcu
lations. Th~ blocking probabilities obtained 
(B M- M- M) are practically identical with the Bc 
values (and therefore were not sketched in 
order to keep the graphs readable). From the 
results of this test it appears that BM cannot 
be predicted with the usual combinatorial rela
tionships even when the correct p.d. 's are 
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Fig. 4.2. The blocking probabilities associated 
with L2 : measured and calculated (J-and I-me-

thods)values. 

known. To increase the accuracy in the analyti
cal estimation of BM it will thus be necessary 
to modify the combinatorial coefficients some
how . This will be attempted in chapter 5. 

4 . 2 . The Probability Distributions 

The deviations associated with some classical or 
calculated p.d.'s w

1
(i) have been evaluated. The 

results are s ummarized in table 4.1 (observe that 
the p.d. 's wEN and w

B 
are identical for network 

L2) . 

Y1/ n 1 AI. AER AEN . AB AG AC 

. 1 78 4 9321 18 3332 19 4 

. 185 3 10774 42 3408 33 3 
L1 .190 22 12567 133 3114 45 23 

• 194 30 14712 229 3392 121 31 
.203 7 16866 327 3236 80 7 
.1 52 3 26871 8 8 5 3 
. 156 7 28567 10 10 7 7 

L2 .162 6 32960 38 38 1 1 6 
.180 4 46405 207 207 63 5 
. 192 1 3 57899 472 472 191 1 2 

Table 4.1. The relative goodness of fit of some 
stage 1 p.d.'s with respect to the measured p.d. 
(I=indirectly measured. ER=Erlang. EN~Engset. B
Bernoull~, G=general. C=calc ulated by a J-method) 

From table 4 .1 it appears that AC is of the same 
order of magnitude as AI' This proves a very good 
fit between Wc and WM' The performance of wG and 
w N is good at low loads but deteriorates when 
t~e traffic increases. The superiority of Wc is 
related to the fact that the c.b.p.'s are taken 
into account thus forcing a reduc~ion of the 
high-index terms of the p.d. (see appendix). 

The results associated with stage 2 p.d. ' s are 
summarized in table 4.2. Inspection of table 
4.2 shows that the performance of w is good al
though the minimum (AI) is not reac~ed this time. 
Anyway Wc performs better than its alternatives 
wER • WEN and wB · Also wG is. seen to provide a 
good fit to w

M 
for the whole range of loads. This 

is related to the fact that the c.b.p.'s associa'" 
t~d with the states of non negligible probability 
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remain much lower in stage 2 than in stage 1. 

Y
2
/n

2 
6.

1 AER 6.
EN liB liG liC 

.297 9 607 9 2177 9 9 

.308 13 960 41 2034 15 25 
L1 . 317 9. 1164 75 1963 14 40 

.323 33 1402 152 1850 42 87 

.338 13 1622 176 1934 20 49 

.304 5 1597 15 1406 7 7 

L2 .312 8 1667 17 1565 11 9 
.324 3 1443 31 1031 5 8 
.3 60 15 5735 265 1574 17 39 
.384 6 9987 817 1420 53 61 

Table 4.2. The relative goodness of fit of some 
stage 2 p.d.'s with respect to the measured p.d. 

The results associated with stage 3 p.d. 's are 
summarized in table 4.3. 

Y
3
/n

3 AI AER AEN AB AG AC 

.729 106 349 177 20834 122 1 20 

.757 134 319 163 18721 215 198 
L1 .786 60 907 582 26123 362 87 

.832 108 2181 1503 53097 619 128 

.877 152 2896 2020 49620 1729 476 

.608 30 659 128 21142 127 35 

. 626 57 872 207 21972 177 64 
L2 .650 140 1513 485 21728 272 152 

.721 48 1993 839 31204 594 127 

. 767 55 3455 19.69 · 33005 1365 182 

Table 4.3. The relative goodness of fit of some 
stage 3 p.d. 's with respect to the measured p.d. 

From table 4.3 it appears that Wc is a good ap
pro xi mation to w

M 
although the mlnimum value 

(AI) is not reached in this case. Other p.d. 's 
are not competitive with wC' For the sake of il
lustration the p.d.'s w

M 
and w R are presented 

in Fi g. 4.3 (the position of t~e arrow indicates 
the mean value of the p.d. 's). 
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The deformations from wER to wM are clearly appa
rent on the right side of the p.d. where the in
fluence of the c.b.p.'s reflects itself in the 
cutting down of the graph. It is pr~cisely this 
cutting down the general p.d. proves unable 
(less able) to describe when it becomes impor
tant (stages 1 and 3). Since the determination 
of wG moreover requires the p.d.'s variance to 
be known the general p.d. is of little use in the 
present context where Wc can be calculated easier 
and wit~ a greater accuracy. 

After these comparisons between p.d. 's associa
ted with the three stages some preliminary con
clusions can be drawn about the faithfulness of 
the J-and I-methods. We note that the I-methods 
are more faithful than the J-ones with respect 
to the p.d.'s. This faithfulness is moreover re
flected in the estimation of the blocking proba
bility (cf section 4.1.). Still two discrepancies 
remain between calculated and measured quanti
ties : 

a. the deviation ~C is higher than the minimum 
(~I) in stage 3 

b. the blocking probability BC is higher than BM' 

Both phenomenons are of course related. The first 
one indicates that the c.b.p.' s °3 ,1 should be 
estimated with a greater accuracy. The second one 
points to the same defect and moreover suggests 
that the quantities 03,1 are overestimated. This 
point will be investigated now. 

4.3. The Conditional Blocking Probabilities 

Although the c.b.p. 's are measured with large 
confidence intervals some significant trends can 
be observed. Of particular interest is the study 
of ° 1 because of its contribution to B both 3,n

3
-

directly through equation (2.17) and indirectly 
through the determination of w3 (1). The varia-
tions of 03 -1 vs Y are sketched in Fig. 4.4. 

, n3 

.S ~' "",-f 
OJ, "',- f 

~~ 
~,....-
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... ,.... ...... ..... ....... ........... ...... ....... _ ....... 
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-------- " .5 

~ 
~. 
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Fig. 4.4. Variations of 03 -1 vs Y (network L1, 
, n3 

n
3

=72). The curve C' refers to a method discus
sed further. 

The comparison of the measured and calculated va
lues of ° 1 plainly confirm the expectations, 3,n

3
-

i.e. the calculated values are clearly overesti
mated. This result is not surprising since the 
m~thods assuming statistical independence are · 
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known to overestimate the unconditional blocking 
probability B and should of course overestimate 
the c.b.p. 's for the same reasons. 

5. A SIMPLE IMPROVEMENT 

It appeared from the preceding discussions that 
the c.b.p. 's 03 1· are overestimated due to the 
assumption of statistical independence. In this 
chapter a calculation method allowing to estima
te the c.b.p. 's with an increased accuracy will 
be presented. 

5.1. The Modified Calculation Method 

The modified calculation method (C') certainly 
must take into account the correlation existing 
between p.d. 's associated with different stages. 
This however should be done in a simple way in 
order the computational load not to increase un
duly. It was therefore decided to retain all the 
principles of the I-methods but with a modifica
tion in the calculation of the combinatorial 
coefficients r(l,k). 

Let r'(l,k) be the new value of the probability 
of blocking conditioned on the existence of k 
accessible stage 3 switches and 1 busy junctors. 
The correlation between the patterns of occupa
tions in stage 2 and 3 arises from the fact that 
the 2-3 links and the junctors (say DJ's) are 
parts of the same call path. At any time a cer
tain number x of ~J's is thus bounded with 2-3 
links of the calling subscriber's linkblock. 
Then : 

(n
3

/n
2

)k 

Cl - x 

"Tri7Y-
C 

r' (l, k) = ( 5. 1 ) 

n3 

Equation (5.1) of course is not directly usable 
because r'(l,k) is implicitly conditioned on x. 
To get (5.1) under manageable form without in
creasing the complexity of the method, x will be 
replaced by its mean value E(x). Owing to the 
symmetry of the network and loads with respect 
to the n l linkblocks, E(x) is given by 

E (x) (5.2) 

and 

r'(l,k)= k=O, ... ,n
2

(5.3) 

1=0, .•• ,n
3 

The problems originating from the fractionnary 
nature of some arguments in (5.3) are solved by 
interpolation. 

Looking at the new method (C') one notes that the 
computational effort has not increased with res
pect to the I-methods. The algorithms are iden
tical but for the calculation of r-(resp.r'-) 
terms which is sli~htly more intricated in method 
C' due to the necessary interpolations. The de
termination of the r' matrix still can be made 
once for all since it remains traffic-independent. 

5.2. Comparisons Regarding the Method C' 

The p.d. 's associated with stages 1 and 2 under
go no significant change when passing from me
thod C to method C'. The deviations ~C and ~C' 

are practically equal for the whole range of 
loads. Of more interest is the situation in stage 
3. The deviations ~C and ~C' are shown in table 
5.1. The values of ~I have been added for refe
rence. 

From table 5.1. it appears that an improvement 
has been reached in the faithfulness since ~C' is 
low e r or equal to 6 C in all cases. Moreover 6 C ' 
is o f the same order of magnitude as 6 1 thus in
dicating a kind of optimum performance. 
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Y3/ n 3 to I to c to c ' 

. 729 106 120 101 

.757 134 19·8 144 

L1 • 786 60 87 57 
.832 108 128 108 
.8 77 152 476 191 
• 608 30 35 29 
.6 26 57 64 57 

L2 .650 140 152 143 
. 721 48 127 47 
.767 55 182 56' 

Table 5.1. The relative goodness of fit of some 
stage 3 p.d.'s with respect to the measured p.d. 

The good fit between wM and w , must be related 
to the (more) accurate estima~ion of the c.b.p. 
's. This can be checked by inspection of Fig.4.4 
where the c.b.p.'s cr 3•n -1 derived by the method 

C' are seen to fit to t~e measured values quite 
better than the c.b.p.'s derived by the method 
C did. 

The above comparisons regarding p.d. 's and 
c.b.p. 's show that the method C' was successful 
in mode ling the characteristics of the flow 
calls faithfully. It can thus be expected that 
the blocking probability BC' is a good estimate 
of BM' This is indeed the case as shown in ta
ble 5.2: all Bc' values fall within one stan
dard deviation of BM' 

Y 3/ n3 B
M

(%) BC' (%) sB (.%) 

.729 0.28 0.27 0.04 

.757 0.57 0.55 0.05 

L1 .786 1 . 14 1.07 0.08 
.832 2.70 2.75 0.17 
.877 6.38 6.32 O. 16 
.608 0.42 0.40 0.04 

L2 
.626 0.61 0.62 0.05 
.650 0.91 0.90 0.05 
.721 2.80 2.85 O. 12 
.767 5.27 5.41 O. 17 

Table 5.2. The blocking probabilities measured 
and C'-calculated values (sB is the standard de

viation associated to BM) 

6. CONCLUSIONS 

The faithfulness of two approximate calculation 
methods has been evaluated with respect to two 
sample preselection networks. It was observed 
that the methods assuming statistical indepen
dence only were more faithful than the methods 
assuming functional and statistical independen
ce. A significant trend towards too high compu
ted first-order c.b.p. 's was however detected. 
An attempt was therefore made to improve the 
faithfulness of the calculation method through 
a partial release of the assumption of statisti
cal independence. It was observed that the cal
culated first~order c.b.p.'s became much more 
accurate and. as a consequence of the equations. 
so did the probability distributions and the un
conditional blocking probability. It 1s worth 
noting that the computational complexity did not 
increase with respect ~o the methods assuming 
statistical independence. 

The criterion of faithfulness might of course be 
made more stringent by requiring the second-
order c.b.p.·s to be faithful and so on. This 
possibility is rather theoretical than practical 
since the increase in the number of variables to 
be monitored would be considerable and would pro
bably lead to the development of an intricated 
and costly calculation method. It is believed 
that the above developed method achieves a rea
sonable compromise between accuracy · and compie
xity. 
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APPENDIX 

The reduction in the high-index terms of the 
measured (M) p.d. w

1 
(iJ is illustrated in Fig. 

A.1. The calculated (C) terms are seen to pro
vide a better fit than the Engset (EN) terms. 
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